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Abstract

Efficient and accurate Chebyshev dual-Petrov-Galerkin methods for solving first-order
equation, third-order equation, third-order KdV equation and fifth-order Kawahara equa-
tion are proposed. Some Sobolev bi-orthogonal basis functions are constructed which lead
to the diagonalization of discrete systems. Accordingly, both the exact solutions and the
approximate solutions are expanded as an infinite and truncated Fourier-like series, respec-
tively. Numerical experiments illustrate the effectiveness of the suggested approaches.
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1. Introduction

Spectral methods are based on orthogonal polynomial/function approximations, which pos-
sess the high-order accuracy and have gained more and more popularity during the past few
decades, see [2,4,5,8,10,24,25] and the references therein. The Fourier trigonometric poly-
ek € 7 are the most desirable basis, which are orthogonal with respect to each
other under certain Sobolev inner product involving derivatives, thus the corresponding alge-
braic system is diagonal. This fact together with the availability of the fast Fourier transform
(FFT) makes the Fourier spectral method be an ideal approximation approach for differential
equations with periodic boundary conditions. If a Fourier method is applied to a non-periodic
problem, it inevitably induces the so-called Gibbs phenomenon, and reduces the global conver-

nomials e

gence rate to O(N~1). Consequently, one should not apply a Fourier method to problems with
non-periodic boundary conditions. Instead, the Chebyshev spectral methods [4,11-13,17] are
of our greatest interests due to the FFT for Chebyshev polynomials.

Standard Chebyshev spectral methods have been extensively investigated for solving second-
order and fourth-order differential equations (see, e.g., [22]). For the one-dimensional fourth-
order linear equation, Shen [22] presented a basis

20k +2) ()+k+1
k+3 TS

or(r) = Ti(x) — Trya(x), 0<k<N -4,

with T (z) being the kth Chebyshev polynomial. Note that the matrix with the term (92, 02
(piw)) in the resulting linear system is not sparse but possesses special structure, where w(z)
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is the Chebyshev weight function. Benefiting from these special matrix structures, Shen [22]
further derived some efficient algorithms. However, there is only a limited body of literature on
spectral methods for odd-order equations. This is partly due to the fact that: (i) for the classical
Chebyshev-Galerkin spectral methods, the discrete systems are not sparse and the condition
numbers increase like O(N¥) for the k-order boundary problem, where N is the number of
modes; (ii) for the direct collocation methods, the discrete systems are also not sparse and
the condition numbers increase like O(N2*) for k-order boundary problems, and often exhibit
unstable modes if the collocation points are not properly chosen (see, e.g., [14,21]).

Since the main differential operators in odd-order differential equations are not symmetric,
it is reasonable to use the Petrov-Galerkin spectral method. Recently, Ma and Sun [18,19]
developed an efficient Legendre-Petrov-Galerkin and Chebyshev collocation method for the
third-order differential equations. By choosing appropriate basis functions, the resulting linear
system is sparse. Shen [23] proposed a Legendre dual-Petrov-Galerkin spectral method for
the third and higher odd-order equations, and obtained linear systems which are compactly
sparse. Moreover, Shen and Wang [26] presented Legendre and Chebyshev dual-Petrov-Galerkin
spectral methods for the first-order hyperbolic equations, which are always stable without
any restriction on the coefficients, the resulting linear systems are also compactly sparse for
problems with constant coefficients and well conditioned for problems with variable coefficients
by a preconditioning method.

In this paper, we consider the first and third order differential equations by using Cheby-
shev dual-Petrov-Galerkin method. As pointed out in [22], it is very important to choose an
appropriate basis such that the resulting linear system is as simple as possible. Motivated by
the success work in [1,16,27], the main purpose of this paper is to construct new Fourier-like
Sobolev bi-orthogonal basis functions [7,20], such that the resulting linear systems are diagonal.

The main advantages of the suggested algorithms include:

e the exact solutions and the approximate solutions can be represented as infinite and
truncated Fourier-like series, respectively;

e the condition numbers of the resulting algebraic systems are always equal to one;

e the computational cost is much less than that of the classical Chebyshev dual-Petrov-
Galerkin method.

The remainder of this paper is organized as follows. In Section 2, we introduce the Chebyshev
polynomials and their basic properties. In Section 3, we construct two kinds of Sobolev bi-
orthogonal Chebyshev polynomials corresponding to the odd-order differential equations, and
propose new Chebyshev dual-Petrov-Galerkin methods. Some numerical results are presented
in Section 4 to demonstrate the effectiveness and accuracy.

2. Notations and Preliminaries

Let I be a certain interval and w(z) be a weight function in the usual sense. For integer
r > 0, we define the weighted Sobolev spaces H[,(I) as usual, with the inner product (u,v);,
the semi-norm |v|,,, and the norm ||v||, .. We omit the subscript w(x) whenever w(z) = 1.

We first recall the Chebyshev polynomials. Let I = (—1,1) and Tx(z) be the Chebyshev
polynomial of degree k, which is the eigenfunction of the singular Sturm-Liouville problem
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(cf. [25]):
(1 —22)0?Ty () — 20, Th(x) + K*Ty(z) = 0, k> 0. (2.1)

Denote L2 (I) = H2(I). The set of all Chebyshev polynomials forms a complete L2 (I)-orthogonal

system with the weight function w(x) = ﬁ, namely,
/Tk(a:)Tl(x)w(a:)da: = ?5;@ L k>0, (2.2)
1

where dj,; is the Kronecker symbol, ¢cp = 2 and ¢, =1 for k > 1. Thus, for any v € L2 (D),

x) = Zﬁka(I), O = 2 ()T (2)w(x)dz.

CkT J1

By virtue of (2.1) and (2.2), we have

/@ﬂ@Wmmwﬁfﬁmz%kﬂ
I

2
Sk k1>0. (2.3)

Moreover, the following recurrence relations are satisfied with Ty(z) = 1 and Ty (z) = z (cf. [25]),

Tii1(x) = 22T (z) — Ti—1(2), k>1, (2.4a)
1 1
k
(1 —2%)0,Ti(z) = i(Tk_l(x) — Try1(x)), k>1, (2.4c)
0p T () = 2k Z (2.4d)
z+lk odd “

Particularly, Ty (—z) = (—=1)*Ty(z), Te(£1) = (£1)* and 9, T} (£1) = (£1)¥~ k2 for k > 0.
In order to construct new Chebyshev dual-Petrov-Galerkin spectral method for the first-
order problems defined on I, we need to consider the following two kinds of polynomials,

sp(x) = (1 + 2)Tk(x), te(x) = (1 — 2)Tk(x), k> 0. (2.5)

Lemma 2.1. For any k > 0, we have

sk(z) = 1+2‘5’“0T,€+1( )+Tk(x)+%Tk,1(a¢), (2.6)
(z) = - “”“nﬂm+n@w§n4m, (2.7)
Opsi(2) = (k+ 1)Th(x +2kZT ) + KTy (x), (2.8)

where T (x) =0 for any k < 0.

Proof. By (2.4) and a direct computation, we can verify easily the result of (2.6)—(2.8) for
k = 0. Next, by (2.4) we deduce that for k > 1,

su(2) = T() + #Ti(2) = %Tkﬂ(:p) FTh(z) + %Tk,l(:p). (2.9)
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This leads to (2.6). Similarly, we can derive the result of (2.7). Moreover, by (2.9) and (2.4d),
we have for k > 1,

1 1
Orsi(x) = §8ka+1(x) + 0. T () + —81Tk,1(:17)

k k-2
1
=(k+1 2k -1 —T;
(+)§ )+ Z k=D ) ST
i—chieven H—k odd i+lzcieven
=(k + )Ty () + 2k Z —T ) + 2k Z
z+k even H—k odd

=(k + 1)Ty(x +2kZT ) + kTo (). (2.10)

This ends the proof. O

Further, in order to design new Chebyshev dual-Petrov-Galerkin spectral method for the
third-order problems, we also need to consider the following two kinds of polynomials,

pe(z) =(1— 3:)2(1 + )Tk (z), qr(z)=01-2)(1+ x)2Tk(x), k>0. (2.11)
Clearly, pr(£1) = Oypr(1) = 0 and qr(£1) = 0,qx(—1) = 0 for k£ > 0.

Lemma 2.2. For any k > 0, we have

1 1 1
pr(r) = g(l +0k,0)Th+3(w) — 1(1 + 6k,0) Th2(z) — g(l + 6k,0 — Ok,1) Tt ()

1 1 1 1
+ mTk(I) — g(l - 5k72)Tk,1(ZE) — ZTk,Q({E) + ngfg(iZ?), (212)
1 1 1
@ (%) = =g (1 + 01,0) Thr3(2) = 7(1 4 0k,0)The2(2) + g (1 + G0 — k1) The1(2)
1 1 1 1
+ mTk(I) + g(l — 6k72)Tk71($) — ZTk72($) — ngfg(I). (213)

Proof. By (2.4) and a direct computation, we can verify easily the results of (2.12) and
(2.13) for k =0,1,2. Next, by (2.4b), (2.4c) and (2.4a) we deduce that for k > 3,

pr(@) = (1~ 2)2(1 + )Tk (@)
_a- x);(l + 1) (k+ 0T (@) = i 0 Tkl(:zr)>
=1 Tha(a) + 2Th(a) — Tis ()
= (~Tipa(a) + 2T0(r) ~ Tio(2))
E (_ Do)+ Tees®) | 7y 7,y - el ;TH@))
= Tirs(@) — 1Thra(a) — T (&) + 3 Th(@) — $Ti 1 ()

— —Tp—2(x) + 1Tk 3(z). (2.14)
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This leads to the result of (2.12). Similarly, we obtain the result of (2.13). O

We denote by A = (ak,1)o<k,i<n the symmetric matrix with the element ax; := (pk, @1)w- By
the Lemma 2.2 and (2.2), we derive readily the nonzero elements ax; (k < 1) of A as following,

_ (1 + 35]@10)(2 + 5]@71) 1 (1 — 5]@72)
Hede = 128 TS T T 12
1 1
39 k=21 T g k3T
- 7(1 + 5]@,0) + (1 — 5k,0)(1 — 5]@11) 1 1-— 5k,2
Hek+2 = 128 T o) T Ty T
_ (1 + (5]@)0)(6 — (519)1) B (1 + (519)0)
Ak k+4 = 128 ™, Gk k+6 = 128 . (2.15)
Lemma 2.3. For any k > 0, we have
k+3)(1+6 k+2)(1+36
Oupi(z) = (k+ 3+ ko) )(4 k’O)Tk+2($) _ (b F DA+ ko) )(2 k’O)TkH(iﬂ)
146 k-2 k-3
+ g Ti(@) + =5 Tima (2) = =~ Tha(a), (2.16)
k+2)(1+6 k+1)(1+6
ou(an(zof@) = (- EFDULEIO gy gy EXDOFO0) o
5 k-1 k-2
- (@) + 5= Thea (@) + Tk_g(x))w(:v). (2.17)

Proof. By (2.4) and a direct computation, we can verify easily the results of (2.16) and
(2.17) for k =0, 1. Next, by (2.4¢) and (2.4a), we deduce that for k > 2,

—2)*Th(2) + (1 — 2)*(1 + 2)0, Th(2)

(T (z) — Tk+1($))>

Dupr(z) = —2(1 — 2*) Ty (2) + (1
=(1—2x) (—3ka(x) — Ti(z) + g

—(1—2) <k 3 e (@) — T(z) — 3Tk+1(a:)>

2 2
0 a) - B2 @) + 5T + ST - P 0T, )
and
Oy (g (z)w(z)) = (1 + x)( — 22Ty (z) + Ti(x) + (1 — :102)8wTk(x))w(:C)
=(1+x) (—k ;— 2Tk+1($€) + Ty (z) + i ; 2Tk—1($)> w(x)
= <—k 1— 2Tk+2(:1:) _k _2|— 1Tk+1($) + il lkal(I) + ko 2Tk2($)) w(z). (2.19)
This ends the proof. O

We denote by B = (bg)o<ki<n and C = (ck1)o<k,i<n the matrixes with the elements
bi,i = (Pk, Oz (qw)) and cg; = (Oupr, Oz (qw)), respectively. By using (2.12), (2.17) and (2.2),
we can derive the nonzero elements of B as following,

(14 30k0)(2k +5— (k+2)0k1) 1 k—2 k-3

brr = T — —CRM — 57— Ck—1T — —=— Ck—2T,

32 8 32
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Drosesr = 67T—4(8(k +2)— (k+3)(1— 5,670)) 32(1 — Spa)er + E(k: 2en_1 — a(k 3) s,
Dy 1s = &((% +8)(1 + Gp0) +2(1 + 35,@,0)(1_5,&1)) - % 4(k: 2)(1—8r.2)cho1,
bi 2 = _ﬁ(l +0k0)(k+4+ (k+2)dk0) + 16(1 +6p)cr + oo 39 (k —2)Cp—1,

Doy = —3—7;(1 +010) (2K + 2 — kbp1) + %,

bi kg3 = —a(l + 0k,0)(Bk + 11) + 3—7;(1 + Ok,1)ck,

btk = 64(1 + 8k,0)(6 + 5k — Kby 1), bikta = bogak = ;—2(1 + 0k,0),

Doty = a(k +3) (1 +0k0),  brisk = —67T—4(k +2)(1+ 6r0). (2.20)

Similarly, by (2.16), (2.17) and (2.2), we have

eri = 55 ((k +2)(3k + 1)(1 + 300) = 40k,1) + (k= 1)k = 2)en—s — 7o (k = 2)(k — 3)er—,
ki = 1o (26(1+ 81) = (b +2)(k+ 3+ (b + 1)dk0) ) + 12 (b = 1)k = 2ex1,

g = 26 (6 2)(k+ 3)(1+ 8h0) — 20k + 1)(1 +3610)) = 7o (s — 1)(k = Dep1,

ikra = 70 (KO 81) = 20k + 1)k +2)(1+ 510)),

Chaah = —1”—6(2/{4’ + 3k +2)(1 + 6r.0),

Chk+3 = %(k +2)(1 + 0r,0), Ch43.k = —g(k + 1)(1 + dk,0)s
™ ™
Cl k44 = ﬁ(k}+2)(k}+3)(1 +5k,0); Cht4,k = ﬁ(k—I— 1)(k+2)(1+5k,0) (221)

Lemma 2.4. For any k > 0, we have

(k+2)(k +3)(1 + dk0)
2

(k+1)(k+6)

O?pr, (x) = 5

x

Tri1(z) — (k+1)(k +2)Tk(z) + Ty—1(z)

+6kZ D)HRT (1) + (—1)PH 0k 31Ty (). (2.22)

Proof. By (2.4) and a direct computation, we can derive the result of (2.22) for k = 0,1
easily. Next, by (2.4d) we deduce that for k > 2,

k—1 k-2
OpTi(x)  0uTha(z) _ Z lT( ) — Z l_Ti(:v)

2k 2(k - 1) 1=01+k odd Ci 1=01+k even Ci

N

-1

= ST @) + (<) () (2.23)

Il
-

Therefore, by (2.16), (2.4b), (2.4d) and (2.23), we have for k > 2,

k+3

e (2(k+2)Tk+1(I) + AL

Ppi(x) = Taxma;))
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k+2 k+1 1
T (2(k+1)Tk(CL') + mamTk—l($)> + §asz(x)

o5 (e k- ori)

= S+ 2)(k+ 3)Thin (&) — (k4 Dk +2)Ti()

(9IT;€($) _ (9IT;€_1($))
k k-1

DN | =

+

(k —-2)(k - 3)Tk_1($) + 3k (
= S0+ (k4 3)Thn () = (k + 1)k + 2)Ta(2) + 5 (6 + Dk + 6T 1 (2)
k—2
+6k > (=) T (2) + (—1)M 3Ty (x). (2.24)
i=1

This ends the proof. O

We denote by D = (dk)o<ki<n the matrix with the element dy; = (9upx, d2(qw)). By
using (2.22), (2.17), (2.2) and integration by parts, we can obtain the nonzero elements of D as
following,

dpe = g(k: F1)(k +2)((k +3)(1 + 368.0) — dr,1)

™

= g = 1)k + 6)e + %?»k(k —2)cp_a,

diipr = 3 (06 +2)(k + 8)00,0 + 26k + 1)k +2) ) = (K = 1)k + 6,
ik = =15 (3k(k+2)(k +3)(1 + 00) = (k + 2)(k + 7)o )
+ 37”(1@2 —1Dep1 — ?%(k +1)(k — 2)ck_o,

djopss = —%(k: + 1) (k+2)(3+ (k +3)k0),

3
iz = 5 (3k(k+3)(1+30) = 6(k+2)8k,1) = Tk = Dk +2)eis

+ 3_7T(k2 - 4)Ck—27
4
o pss = —1—7T6(/€ +1)(k +2)(k 4 3)(1 + 61.0),
dison = % (k:(k2 — 9k — 34)(1 + Gj0) + 12(k + 3)5k,1)
3 3
+ 7”(1@_ 1)(k + 3)cp_1 — Z”(k- 2)(k + 3)ci_o. (2.25)

3. Chebyshev Dual-Petrov-Galerkin Methods

In this section, we propose new Chebyshev dual-Petrov-Galerkin methods for solving the
odd-order equations. The main idea is to find bi-orthogonal polynomials with respect to the
bilinear forms, such that both the exact solution and the approximate solution can be expressed
explicitly.
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3.1. First-order equation

To illustrate the attractive properties of new Chebyshev dual-Petrov-Galerkin method, we
first consider the following first-order linear hyperbolic equation (cf. [26]):

ut + auy = f, (x,t) € I x (0,77,
u(=1,t) = ¢(¢), t e 0,T], (3.1)
u(z,0) = uo(x), rel,

where a is a positive constant. Since the non-homogeneous boundary condition u(—1,t) = ¢(t)
can be easily homogenized by subtracting a simple linear function from the exact solution, we
shall only consider, without loss of generality, the case ¢(t) = 0. The existence and uniqueness
of the solution for (3.1) can be found in [9]. Moreover, the dual-Petrov-Galerkin method is
always stable without any sign restriction on the coefficient a as shown in [26].

Let Pn(I) be the space of all polynomials of degree < N. We define

X(I)={ue HX(I):u(-1) =0},  Xn(I)=X(I)NPx(I), (3.2a)
X*(I) ={u e HL(I): u(1) = 0}, Xn(I) = X*(I)n Py (1), (3.2b)

and denote by 7 the time step size, M = [£] and u¥)(z) = u(z,k7), k =0,1,--- , M. Then a
standard centered difference scheme in time is given by

u* ) (z) —u® (2) N aamu““*”(w) +0,u® (x)  fED (@) + fB)(a)
T 2 B 2 ’

u®(=1) =0, k=0,1,---,M (3.3)

)

u(O)(z) = ug(z), zel.
A weak formulation of (3.3) is to find u**) € X (I) such that

A (@Y ) i= 2u*H) 0), + ar(0,u* Y ), = (¢W) v),, Yo e X*(I), (3.4a)
where

g®(z) = 7D (@) + 7P (2) + 20 (2) — ardpu(2). (3.4Db)

The Chebyshev dual-Petrov-Galerkin scheme for (3.4) is to find ug\l,ﬁl) € Xn(I) such that

A, 0) = (08, 0), o€ XN(D), (3.50)
where
gg\]f)(x) = rft+D) (x) + T (x) + 2u§\l,€)(x) — aTBwug\]f) (x). (3.5b)

To propose efficient Chebyshev dual-Petrov-Galerkin approximation scheme for (3.5), we
need to construct two kinds of basis functions {pr} and {tr}, which are bi-orthogonal with
respect to the bilinear operator Ag,(,-).

Lemma 3.1. Let o € Xi11(I) and ¢y, € X;H(I) be the bi-orthogonal Chebyshev polynomials
such that o — s, € Xi(I), v —tx € X5 (I) and

Aapr, 1) = 06k 1, Vk, 1> 0. (3.6)
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Then we have

k() = sk(@) + er,106—1(2) + er20k—2(2), (3.7a)
P(x) = te(z) + fr1vr—1(x) + fr2tp—2(x), (3.7b)
where pi(z) = ¥(z) =0, 0, =0 for k <0, eg; = fr; =0 for k < i, and
1+ 36,0 +a7'k+a7'+2c 2a7k+5;€,1—|—1c
oK = — ™ m— Y
b 4 2 b 41+ 6k 1) e
—er1frk10k—1 — ek 2fr20K—2, (3.82)
1 at(k —1 1+6
€k,1 = - ( >7T + ek,sz71,10k72 ) €k,2 = k2 T, (3-8b)
Ok—1 4 Yo )
1 atk 1+96
fr1 = —cCp1T + ep—1,1fr,206—2 | , Jr2 = — k2, (3.8¢)
Ok—1 4 4og_o
Proof. Let
k k
pe(@) = si(@) + Y enir—i(x),  Yr(x) =tr(@) + > fritn_i(@). (3.9)
i=1 i=1
Then, by (2.7), (2.8) and (2.2), we deduce that for any 0 <[ < k — 3,
((%csk, tl)w = 0
Hence, by (3.4), (2.6) and (2.2), we further derive that for any 0 <1 < k — 3,
Aa(8k,101) = 2(8k,1)w + a1 (0281, 91)w = 0. (3.10)
On the other hand, by (3.9) and (3.6) we get that for 0 <1 <k — 3,
k
Aa(sk, 1) = Aa(or — Zek,ﬂﬂkﬂ', Y1) = —ek k—101. (3.11)
i=1
Thus, ey ;—; = 0 for any 0 <! < k — 3. This means
or(r) = sk(x) + ex10r—1(7) + er2pr—2(x). (3.12)
Similarly, we deduce that
Yrp(x) = () + fe1Vr—1(x) + fr2¥p—2(x). (3.13)

It remains to confirm the coefficients ey ;, fr; and 0. By (3.4), (2.6)—(2.8) and (2.2) we

know that
1+ 0k

Aa(skvtk72) - 2(Sk; tk72)w + QT(asz; tk72)w - - 4

. (3.14)
On the other hand, by (3.4), (3.12), (3.13) and (3.6) we get
Aa(Sks ti—2)

=A(ok — €k1Pk—1 — €k2Pk—2,Vk—2 — fri—21Vk—3 — €k—2,2VK_4a)
= — Ck20k—2. (3.15)
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1+96
Thus e 2 = Mﬂ'. Similarly, we have
Ok—2
T
Ao (Sk,thi—1) = —€r10k—1 + €k 2fk—1,106—2 = ZGT(]C -1),

Aa(sk,tk) = ok + ex 1 fe10k—1 + er2fr20k—2

T T m2atk + 01+ 1
=——(1+36 ) —( k 2) - Ck—1,
4( + 30k,0 —|—2 atk +at+2)cy, 1 (%00 Chk—1
™
Ao (Skytit1) = = frr1.10k + €1 for1,206—1 = —ZGT(k + Deg,

w
Ao (Sk, tht2) = — fot2,208 = —Z(l + 0k,0)-

These give the results of (3.8).

Obviously, Xy (I) = {¢x(z) : 0 <k <N —1} and X5 (I) = {¢x(x) : 0 <k < N —1}. Thus
the variational formulation (3.5) together with the biorthogonality of {¢(z)} and {x(z)}
leads to the following main theorem in this subsection.

Theorem 3.1. Let ug\];+1)(:1:) be the solution of (3.5). Then we have

N—

R R 1
uS ) () = Z " Vo (@), Y = EAG(UE\];H)WU
=0

[u

1
@W,),  1>0. (3.16)

ai

Remark 3.1. The convergence of a semi-discrete Chebyshev dual-Petrov-Galerkin scheme for
problem (3.1) can be found in [26], which states

lu —unllzqo,miz, (1)) + lu = unllz2o,mi22, (1)

1— —1
<cN r(||8t8; u||L2(0,T;LiT75/2’T75/2)+Ha;uHLW(O,T;LiT73/2,T73/2(I)))a

where u is the numerical solution of the semi-discrete Chebyshev dual-Petrov-Galerkin scheme,
wol) =(1—2)2(142)" 2%, wi(zx)=(1—a2)"2(1+2)"2 and w*P(z) = (1 — 2)*(1 + z)°.

3.2. Third-order equation

We next consider the following third-order equation (cf. [23]):

o — Puy — YUgy + Ugae = f, x €I1=(-1,1),
(3.17)

u(£1) = uy(1) =0,
where «, 3,7 are given constants. Without loss of generality, we consider only homogeneous
boundary conditions, since the nonhomogeneous boundary conditions u(—1) = ¢1,u(1l) = ¢

and u;(1) = ¢3 can be handled easily by considering v = u — @, where @ is the unique quadratic
polynomial satisfying the nonhomogeneous boundary conditions.

Define
V(I)={ue€ HL(I) : u(£1l) = u,(1) = 0}, Vn(I) =V ()N Py(I), (3.18)
V*(I) = {u e HL(I) : u(£1) = uy(—1) = 0}, V(D) =V*(I)Nn Px(I). '

A weak formulation of (3.17) is to find w € V(I) such that

(au — Buy — Yuge + Uzaz, V)w = (f,0)w, Yo e V*(I). (3.19)



Efficient and Accurate Chebyshev Dual-Petrov-Galerkin Method 53
The Chebyshev dual-Petrov-Galerkin scheme for (3.19) is to find uy € Vi (I) such that
Aa,B,'y(uNa (b) Z:CY(UN, ¢)w + ﬁ(uNu aw (¢w)) + 7(6EU’N= aw (¢w))
+ (Ooun, 05 (¢w)) = (f, P)ws Vo € V(D). (3.20)

To propose an efficient approximation scheme for (3.20), we need to construct two kinds of
basis functions {®} and {¥;}, which are bi-orthogonal with respect to the bilinear operator

‘AOABKY('? )

Lemma 3.2. Let ) € Viq3(1) and Wy € Vi7 5(1) be the bi-orthogonal Chebyshev polynomials
such that @y —pr € Viyo(I), Vi —qx € V5 o(I) and

A8, (Pre, W) = 10 Vk, 1 > 0. (3.21)
Then we have
6 6
O (2) = pr(z) + Y gri®ri(x), Ui(x) = qr(z) + > heiUroi(z), (3.22)
=1 i=1

where @ (z) = VUi(z) =0, n =0 for k <0, gk = his =0 for k < i, and

6
Mk = alkk + Bbrk + Yerk + drr — ng,ihk,z‘nk—i, (3.23a)
i=1
] 6
k1 = ” ( — Bbr k-1 — YCr,k—1 — A k—1 + ng,ihk—l,i—lnk—i>a (3.23b)
-1 i—2
6
1
k2 = ” ( —aag k-2 — Bbrk—2 — YCrk—2 — dgp—2 + ng,ihk2,i277ki)a (3.23¢)
-2 i—3
] 6
k3 = P ( — Bbik—3 — YCk k-3 — Ak, k—3 + ng,ihk—&i—3"7k—i>a (3.23d)
- i—4
1 6
4 = - ( — alg k—4 — Bbrk—a — YCkk—a + ng,ihk4,i477ki>7 (3.23e)
—4 i=5
1 — Qg k—
9i,5 = —— (=B k—5 + Gr,6Pk—5,1Mk—6 ), Ik,6 = kRS (3.23f)
Nk—5 Nk—6
6
hi1 = - ( — Bbr—1,k — YCh—1,k — dk—1,k + Z hk,igk—l,i—lnk—i)a (3.23g)
- =2

6

1

hio = ” (— oak—2,, — PBbr—ok —YCh—2k — dp—2.k + g hk,igkz,iznki>, (3.23h)
—2

i—3
6

his = p— ( — Bbr—3.x — YCh—3,k — dk—3k + Z hk,igk—B,i—Bnk—i)a (3.231)
- =
. 6

hga = T ( — alp—4. — Bbr—ak — YCh—ak + Z hk,igk4,i477ki)a (3.23j)
- i=5
1 —QAk—6,k

his = (—Bbr—5,1x + hi6gk—51Mk—6), hie = S UL (3.23k)

Nk—5 Nk—6
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Proof. Let

k k
Py () = pr(x) + ng,iq’k—i(w), Uy (r) = qu(x) + Z P, i Wg—i(x). (3.24)
i=1 i=1

Then, by (3.20), (2.15), (2.20), (2.21), (2.25) and integration by parts, we deduce that for any
0<I<Ek-T,

Aa,ﬁa'}’(pka \I/l)
=a(pr, V1)w + B(Pk, e (V1)) + ¥ (Orpr, 0u(W1w)) + (8upr, 2 (Viw)) = 0. (3.25)
On the other hand, by (3.24) and (3.21) we get that for 0 <! <k — 7,

k
Ao,k V1) = Ao g (Pr — ng,ﬂ)k—i, V) = —grk—1m- (3.26)

i=1

Hence, gi,,—; = 0 for any 0 <1 < k — 7. This means

6
O (2) = pr(@) + Y gri®ri(2).
i=1

Similarly, we deduce that
6
Up(z) = q(@) + Y hr i Upi(2).
i=1

It remains to confirm the coefficients g ;, hx; and 7. By (3.20), (2.15), (2.20), (2.21) and
(2.25) we know that

Ao, 8, (Pk, Qk—6)
=a(Pr, @h—6)w + BPks Oz (qh—6w)) + ¥(Oui, O (qr—6w)) + (Oxpr, O2(qh—6w))
:Oéa/k:,k:—ﬁ' (327)

On the other hand, by (3.21) and (3.22) we get

A,y (Dks Gr—6)
6 6
=Aa8y (‘I)k - ng,iq)k—ia U6 — Z hk—s,i\l’k—ﬁ—i> = —0k,6Mk—6- (3.28)
i=1 i=1

—Qag k-6
Nk—6

Thus gr6 = . Similarly, we have

Ao, 84Dk, G—5) = —Gk,5Mk—5 + Gk,6hk—5,1Mk—6 = Bbi,k—s,

6
Ao~ Pk QG—a) = —Gr,afk—a + Z Gkihk—ai—ank—i = aag g—a + Bbr k—a + YCk k-4,
i=5
6
Ao, gDk, Q—3) = —gr,3Mk—3 + Z Gk ihk—3,i—3Mk—i = Bbr k-3 + YCk k-3 + di k3,
i—4
6

Ao g Pk, G—2) = — Gk, 2Mk—2 + Z Gk,iPk—2,i—2Mk—:
i=3
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= aag g—2 + Bbrk—2 + vcr k-2 + di k2,

6
Ao gy Pk, G—1) = =Gk, 1Mk—1 + ng,ihk—l,i—lnk—i = Bbrk—1 + YCk k-1 + Dk k-1,
i—2
6
Aa,s~ Pk, qr) = 1 + Z 9k,iPk,iMk—i = aakk + Bbrr + yerk + dik,
=1
5
Acpy(Pr: Gh1) = =110k + > G ibkr1 14— = Bkt + Yk ki1 + ki,
im1
4
Aa,p~ Pk, Qrt2) = —hig2,2mc + Z Gk,iPk42,24iMk—i
=1

aak k+2 + Bk k+2 + Yk k+2 + di k+2,

3
Ae 8Pk, Gret3) = —hit33M + Z 9k,iPk+3 34iMk—i = Bk k+3 + Vi k+3 + i k+3,
=1
2
Acp Dy Gy a) = —hipaatie + Y gkilkraarie—i = Qg ki + Bk ka + Y0k k4,
im1

Ao 84Dk Qlts) = —hiys 506 + gk, 1 Pkt5,6M—1 = Bbi kts,

Ao, g4 (Pky Ger6) = —hit6,67k = QQk k46

These lead to the desired results in (3.23). O

Obviously, Vi (I) = {®r(x) : 0 < k < N —3} and V3 (I) = {¥(x) : 0 < k < N — 3}. Thus
by (3.19) and (3.20) and the biorthogonality of {®x(z)} and {Ux(z)}, we obtain the following

main theorem in this subsection.

Theorem 3.2. Let u(z) and un(z) be the solutions of (3.19) and (3.20), respectively. Then
both u(x) and un(z) have the explicit representations in {®y(z)},

oo N-3
u(z) =Y apli(z),  un(@) =Y wP(z), (3.29a)
k=0 k=0
= A (0, 01) = —(f U)oy 20, (3.290)
Nk Nk

Remark 3.2. According to Theorem 2.2 of [23], for any «, 8 > 0 and —% <7y < %, there exists
a unique solution for the system (3.20), satisfying

ol = s + N U0 (1 — uy)lmro
<1+ |y|N)N~"|0F ul| ym-2,m-1, m > 1,

where w®?(z) = (1 — 2)*(1 + z)°.

3.3. Application to the KdV equation

There exist a large body of literature on the theoretical and numerical results of the KdV
type equations (see, e.g., [3,6,19] and the references therein). As an example of Chebyshev dual-
Petrov-Galerkin method for nonlinear problems, we consider the third-order KdV equation on
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a finite interval (cf. [23]):

€Uy + Vg + putly + Ugpre = f, (x,t) € I x (0,7,
u(£1,t) = u,(1,¢t) = 0, t €1[0,T], (3.30)
u(z,0) = uo(x), zel.

Denote by 7 the time step size, M = [%} and u® (z) = w(z,k7), k =0,1,--- , M. Then a
standard centered difference scheme in time is given by

y(k+D) _ () NN w D BFD) (k) (K)
€ +v +
: 2 2
(k+1) (k) (k+1) (k)
Ugrzr 2"' Ugxx _ f 2+f , = I, k:(),l’ ,M, (331)
u® (£1) = P (1) = 0, k=01, M,
w0 (2) = uo(z), x el

A weak formulation of (3.31) is to find u*+1) € V(I) such that
(2eu® D) 1+ urou* ) 4 7930 4), = (¢, 0),, Yo e V), (3.32)
where
g ") =7 D L) 4 9ey®) — prou® — pr (w9 u kY
+u®9,u®)) — 7934k,
The Chebyshev dual-Petrov-Galerkin scheme for (3.32) is to find ug\]frl) € Vn(I) such that
Bewuluy ™, 0)
::2e(u§5+1), V)w — Vr(ug\l,ﬁl), Ox(vw)) + T(@zug\l,ﬁl), 02 (vw))
=(g%) ), Yo € VD), (3.33)
where
gj(\];) :Tf(k+1) + Tf(k) + 26u§\1;) - uraxug\]f) - ur(ug\lﬁﬂ)@zu%ﬂﬂ)
+ u§§>amu§§>) - Tagus\];).

Let @5 and ¥y be the bi-orthogonal Chebyshev polynomials as defined in Lemma 3.2 with
o= %, 8 =—v and v = 0. It is clear that

Bew (@1, Y)) = T A0 5.0(Pr, ;) = 711051, Vk,1 >0, (3.34)

Theorem 3.3. Let ug\]fﬂ)(ac) be the solution of (3.33). Then we have

N—
ufy (@) = Y af ey (@), (3.35a)
=0

w

where

1 1
ﬂ[(k—i_l) - _77357U,#(u§\];+1)5 \I/l) = _(gj(\];)’ qjl)’ ! 2 0. (335b)
™ I
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4. Numerical Experiments

In this section, we examine the effectiveness and accuracy of the Chebyshev dual-Petrov-

Galerkin spectral method for solving the odd-order equations.

Let zn, = — cos (22];;:;”, 0 < k < N be the zeros of the Chebyshev polynomials T 41(x),

and wy = NLH, 0 < k < N stand for the corresponding weights of the Chebyshev-Gauss
quadrature. The discrete L2 (I) and L>°(I) errors are measured by

v :
Exi=()Y_ - 2 Eno= - .
v = (L tuowa) —unoxaPowa) s By = max lu(ons) — un(on )

k=0

4.1. First-order equation

We first use (3.16) to solve problem (3.1) with @ = 1 and take the exact solution
u(z,t) = (1 + ) sin(kz + t), (4.1)

which oscillates seriously for large k. In Fig. 4.1, we plot the log;, of the discrete L2 (I) errors
vs. N with £k =4 and 7 = 0.1,0.01,0.001, 0.0001. Clearly, the numerical errors decay rapidly
as NN increases and 7 decreases. In Fig. 4.2, we plot the log;, of the discrete L2 (I) errors vs
N with k£ = 20 and 7 = 0.1,0.01,0.001, 0.0001, which shows that our new spectral approach
still works well even for the solutions oscillating seriously. In Fig. 4.3, we plot the values of
discrete L2 (I) and L>°(I) errors for 0 < ¢t < 100 with k = 20 and 7 = 0.0001. It demonstrates
the stability of long-time calculations of the suggested Chebyshev spectral approach (3.16).

2 2
—A-1=0.1 —A-1=0.1
—0—-1=0.01 —0—-1=0.01 ||
——1=0.001 ——1=0.001
—O—-1=0.0001 ol —O—-1=0.0001
ol
z 2 -4
ué _al ué
g 8 -6
_6l
_gl
-85 -10f
~10 ; ; ; ; _12 ; ; ; ;
0 4 8 12 16 20 0 10 20 30 40 50
N

N

Fig. 4.1. The discrete L2(I) errors with the Fig. 4.2. The discrete L2(I) errors with the

exact solution (4.1) and k = 4. exact solution (4.1) and k = 20.

4.2. Third-order equation
We next use (3.27) to solve problem (3.17) with & = 8 = v = 1 and take the exact solution
uw(z) = (1+2)(1 — z)?sin(kz), (4.2)

which also oscillates seriously for large k. In Fig. 4.4, we plot the log;, of the discrete L2 (1) and
L°°(I) errors vs. N with k = 10. The near straight lines indicate a geometric convergence rate.
In Fig. 4.5, we also compare the discrete L2 (I) errors of our new method with the classical
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Chebyshev dual-Petrov-Galerkin method for k = 20. Clearly, the numerical errors are almost
the same. The main reason is that the approximation spaces of these two methods are exactly
the same.

-8
-0 EN,1
-8.5- -0 EN,Z i
ol
o 95 o
e e
i i
S S
o [=2]
o o
- -10.5f -
_11F
-11.5f
12 ; ; ; ; ; ; ; ; ; ;
0 20 40 60 80 100 4 8 12 16 20 24 28 32 36 40
t N

Fig. 4.3. Stability of (3.16) with the exact so- Fig. 4.4. The discrete errors with the exact

lution (4.1) and k£ = 20, 7 = 0.0001. solution (4.2) and k = 10.
4 : : 1
—0 Classical method —A-1=0.1
ol —O—Diagonalized method || s —0—1=0.01
—0-1=0.001
—0-1=0.0001
or -3t
)
Z -2t g 5
'g "o
S -ar g -7
_6— _9—
-8F -1}
10 13 6 12 18 24 30 36
N

Fig. 4.5. Numerical comparison of our method Fig. 4.6. The discrete L2 (I) errors with the
with the classical method. exact solution (4.3) and k = 10.

We now use (3.35) to solve the third-order KdV equation (3.30) with e = v = = 1 and
take the exact solution

u(z,t) = (1 +2)(1 — z)? sin(kz + 1), (4.3)

which oscillates seriously for large k. In Fig. 4.6, we plot the log;, of the discrete L2 (I) errors
vs. N with 7 = 0.1,0.01,0.001,0.0001 and k = 10. Clearly, a geometric convergence rate is
observed. It also indicates that the smaller the time step size 7, the smaller the numerical errors
would be. In Fig. 4.7, we plot the values of discrete L2 (I) and L°(I) errors for 0 < ¢ < 100
with £ = 10 and 7 = 0.0001. It demonstrates the stability of long-time calculation of our new
Chebyshev spectral approach (3.35).
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-9 1200 T T
- EN . —O—Classical method
o E ' ——Diagonalized method
N.2 1000{ o
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Fig. 4.7. Stability of (3.35) with the exact so- Fig. 4.8. Comparison of the CPU time (the
lution (4.3) and k = 10, 7 = 0.0001. unit is seconds).

4.3. An extension to the fifth-order equation

The suggested methods can also be extended to the fifth-order equation. For instance, let
us consider the solitary wave solutions of the following Kawahara equation (cf. [15,28]),

Ut + UUy + Uggr — Ugzrze = 0; u(a:, 0) = Ueg (za 0)7 S (—OO, +OO)7 (44)

where

105 4 1 36t
Ueg(2,t) = —sech” | —— (0 — — — =z
(1) (2\/—13( 169 ‘”)

is an exact soliton solution of (4.4).

In order to apply the dual-Petrov-Galerkin method, we fix g = 0 and restrict problem
(4.4) to the finite interval [—L, L] with L sufficiently large such that the solution w,(+L,t),
Optier(£L,t) and O%ue,(L,t) are essentially zero for t € [0,T] (where T is given). As in [28],
we apply the scaling (%,f) = (L~ 'z, L™'t), and for the sake of simplicity, we still use (z,t) to
denote (Z,%). Then, we are led to consider the following scaled Kawahara equation:

Ut + Uy + %ummm - %ummmmm = 07 rel= (_15 1)7
W(EL 1) = up(2£1, 1) = (1, t) = 0, (4.5)

u(z,0) = %sech‘*(%x).

Denote by 7 the time step size, M = [%} and u®)(z) = u(z, k7). The second-order Crank-
Nicolson leap-frog scheme in time of (4.5) is given by

L (@D — D) £y ® 0 ®) L (@3t 4 93y

2T
b (3D p Pu-Dy =0, zel, k=1,---,M, o)
4.6
uM(£1) = ng)(il) = ug;)(l) =0, k=1,---, M,
u®(z) = %sech‘*(#ﬁx), cel

In order to apply the dual-Petrov-Galerkin method for the spatial discretization of (4.6), we
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choose the basis functions ¢; € Py(I) and ¢; € Py(I), such that

@i(£1) = Opipi(£1) = DZ¢i(1) = 0,
Y;(£1) = 0,05 (£1) = 92¢p;(—1) =0,

(¢i + =020 — 220500, 15)w = 1ibi 5, Vi, j > 0.

To shorten the length of the paper, we omit specific details. In Table 4.1, we take L = 200
and N = 500 in our dual-Petrov-Galerkin scheme, and list the L?-errors at different times with
two different time steps. In Table 4.2, we also list the corresponding numerical results given
in [28] with L = 200 and N = 1000. It can be observed that we get almost the same numerical

results as in [28] with only half of the basis functions.

Table 4.1: L2-errors with L = 200 and N = 500.

Time | L2-errors with 7 = 10~* | L2-errors with 7 = 2 x 107%
0.5 3.445e-07 1.378e-06
1.0 5.956e-07 2.382e-06
2.0 1.150e-06 4.601e-06
3.0 1.829e-06 7.317e-06
4.0 2.981e-06 1.173e-05

Table 4.2: L*-errors given in [28] with L = 200 and N = 1000.

Time | L2-errors with 7 = 10~% | L%-errors with 7 =2 x 10~*
0.5 3.440e-07 1.374e-06
1.0 5.926e-07 2.358e-06
2.0 1.104e-06 4.389e-06
4.0 2.147e-06 8.494e-06

Table 4.3: Condition numbers of the classical Chebyshev dual-Petrov-Galerkin method.

Matrices N =20 N =40 N =60 N =280 N =100
a(pr, q1)w 2.1425e+4-05 | 8.4529e+4-06 | 8.1079e+07 | 4.1712e+08 | 1.5081e+09
B(pk, Ou(qw)) | 7.2978e+04 | 2.0854e+06 | 1.5369e+07 | 6.4014e+07 | 1.9432e+08
Y(Dupr, O (qiw)) | 3.0807e+04 | 5.1311e+05 | 2.6905e+06 | 8.7219e+06 | 2.1702e+07
(Oupr, 02(quw)) | 1.5696e+03 | 1.5886e+04 | 6.0025e+04 | 1.5242e+05 | 3.1217e+05
A(pr, @) 1.5597e+03 | 1.5757e+04 | 5.9601e+04 | 1.5148e+05 | 3.1044e+05

Table 4.4: Condition numbers of our Chebyshev dual-Petrov-Galerkin method.

Matrices N =20 N =40 N =60 N =280 N =100
Pk, U)o 1.4185e+05 | 6.0063e+06 | 5.9768e+07 | 3.1486e+08 | 1.1580e+09
B(®r, 02 (Viw)) | 2.5813e+03 | 3.3275e+04 | 1.5946e+05 | 4.9417e+05 | 1.1977e+06
V(02 Pk, 02 (Tiw)) | 1.0592e4+02 | 3.6569e+02 | 7.9066e+02 | 1.3843e+03 | 2.1490e+-03
(0. D, 02(Viw)) | 1.3826e+00 | 1.3842e+00 | 1.3846e+00 | 1.3848e-+00 | 1.3848e+00
A(Dy, ¥;) 1.0000e+00 | 1.0000e+00 | 1.0000e+00 | 1.0000e+00 | 1.0000e+00
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4.4. Comparisons of condition numbers and computational costs

To demonstrate the essential superiority of our new Chebyshev dual-Petrov-Galerkin method
to the classical Chebyshev dual-Petrov-Galerkin method, we examine the issues on the 2-norm
condition numbers for the resulting algebraic systems and the computational costs.

For the classical Chebyshev dual-Petrov-Galerkin method, the basis functions are chosen as
{pr(2)}12> and {g(x)}n=y’ for problem (3.17). The corresponding matrices have off-diagonal
entries. In Tables 4.3 and 4.4, we list the condition numbers of two kinds of numerical methods
for problem (3.17) with @« = 8 = v = 1. Notice that the condition numbers of the mass
matrices are almost the same, but the condition numbers of the total matrices are very different.
Particularly, the condition numbers of the total matrices for the classical Chebyshev dual-
Petrov-Galerkin method increase asymptotically as O(N?), while the condition numbers of
the total matrices for our Chebyshev dual-Petrov-Galerkin method with respect to the basis
functions { \/%Qk(:r)}kN:BS and { \/%\Ilk(x)}fg\:o?’ are always equal to 1.

In Fig. 4.8, we consider the problem (3.1) with N = 60, T = 100 and 7 = 0.0001 and
compare the computation costs of our method with that of the classical Chebyshev dual-Petrov-
Galerkin spectral method. Clearly, our method costs much less CPU time.
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