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Abstract

This paper designs a hybrid scheme based on finite difference methods and a spectral
method for the time-dependent Wigner equation, and gives the error analysis for the full
discretization of its initial value problem. An explicit-implicit time-splitting scheme is used
for time integration and the second-order upwind finite difference scheme is used to dis-
cretize the advection term. The consistence error and the stability of the full discretization
are analyzed. A Fourier spectral method is used to approximate the pseudo-differential
operator term and the corresponding error is studied in detail. The final convergence result
shows clearly how the regularity of the solution affects the convergence order of the pro-
posed scheme. Numerical results are presented for confirming the sharpness of the analysis.
The scattering effects of a Gaussian wave packet tunneling through a Gaussian potential
barrier are investigated. The evolution of the density function shows that a larger portion
of the wave is reflected when the height and the width of the barrier increase.

Mathematics subject classification: 65M06, 65M70.
Key words: Finite difference method, Spectral method, Hybrid scheme, Error analysis,
Wigner equation.

1. Introduction

With the development of micro-manufacturing engineering and technology, the quantum
effects (such as the tunnelling effects in Resonant Tunnelling Diodes) play an important role in
transport property and can not be neglected. In order to clearly understand the quantum effects,
quantum transport models have to be considered. One of such models is the Wigner equation,
which was proposed by Wigner in 1932 as a quantum correction of the classical statistical
mechanics in the phase space [1]. As its classical counterparts, the Boltzmann equation and the
Vlasov equation are popular models in simulating of carrier transport in classical mechanics for
clear description of scattering effects and boundary conditions. Thus, the Wigner equation has
advantages over other quantum frameworks in handling scattering mechanisms and boundary
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conditions [2]. The Wigner equation is also suitable for describing time dependent dynamics
and connecting quantum and semi-classical regimes [3], and it has been found many applications
in different fields, e.g., quantum optics [4], nano-scale semiconductor devices [5].

The Wigner equation and its numerical solution have attracted more and more attention
since Frensley successfully reproduced the negative differential resistance phenomenon of res-
onant tunnelling diodes (RTDs) in [5], where the first-order upwind finite difference method
was used. Then the second-order upwind finite difference method was proposed and used to
study the tunneling characteristics of double-barrier semiconductor structures [6,7]. Many
more numerical methods have developed for the Wigner equation, e.g., a WENO solver [8],
a spectral method [9], a spectral collocation method [10], high-order upwind finite-difference
methods [11], a Gaussian beam method [12], moment methods [13,14] and a cell average spec-
tral element method [15]. Many mathematicians also devoted to analyze the Wigner equation.
Markowich proved the existence and uniqueness of the solution to the initial-value problem of
the time-dependent Wigner equation by studying the equivalence between the quantum Liou-
ville equation and the Schrodinger equation [16]. Jiang et al. studied the effect of the inflow
boundary conditions of the stationary Wigner equation in [17,18], and proposed a device adap-
tive inflow boundary condition in [19]. Readers interested in the research on the well-posedness
of related problems can refer to, e.g., [16,20-23].

There are also many works on the Wigner equation that focus on the numerical simulation
and investigate the parallel computing, where the nonlinear iteration technique is used when
the self-consistent potential is included. However, works on a detailed numerical analysis of
the consistency, convergence and stability of numerical methods for the Wigner equation is
still inadequate. In this paper, we propose a hybrid explicit-implicit scheme of finite difference
methods and a Fourier spectral method for the time-dependent Wigner equation. We adopt the
second-order upwind finite difference method for the discretization of the advection term as did
in [6], which has gained its popularity comparing with the first-order upwind finite difference
method used in [5]. The pseudo-differential term of the Wigner equation, which corresponds
to the force field, is approximated by the Fourier spectral method. Because of the non-locality
of the pseudo-differential operator of the Wigner equation, the semi-discretization in the phase
space results a matrix with much more nonzero elements than that of the Vlasov equation.
Thus the forward Euler method used in [5] is popular since a linear system (whose matrix
is not very sparse) need not to be solved at every time step. However, the time step in the
forward Euler method is restricted due to the CFL condition restraint. An implicit scheme
can be used to alleviate the CFL restraint. For example, a backward Euler method is used
in [9]. In order to take advantage of the computational efficiency of the explicit method and
the big time step of the implicit method, we apply the implicit method for the advection term
(which actually can be solved very efficiently) and the explicit method for the pseudo-differential
operator term. A prediction-correction technique is implemented to achieve a second-order
accuracy in time integration. For the discretization with respect to velocity, many methods
have proposed, such as the collocation spectral method [9], the adaptive cell-average spectral
element method [15], the moment method [13,14]. In this paper, we adopt the collocation
spectral method to approximate the pseudo-differential operator term as used in [9], which
guarantees the conservative conditions automatically. The high-order truncation error of the
proposed full discretization scheme is proved, and the stability is analyzed by using the von
Neumann method. Finally, we give a proof of the convergence of the full discretization scheme.

This paper is arranged as following: Firstly, we introduce an initial boundary value prob-
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lem for the time-dependent Wigner equation in a finite phase space. Secondly, the hybrid
explicit-implicit (EI) scheme is developed to solve the time-dependent Wigner equation. Third-
ly, the local truncation error, the stability and the convergence of the high-order EI scheme are
analyzed. Finally, numerical simulations are implemented to validate the convergence of the
scheme, and the scheme is adopted to simulate the evolution of Gaussian wave packet tunneling
through a Gaussian barrier.

2. The Wigner Equation

The initial value problem of the Wigner equation

of(w,k,t)  khof(xkit) 1 B
ot + m Ox + 277716(f)($’ k1) =0,

(x,k) € (—00,0) X (—00,00), t>0,

f(kaao) = fO(Ia k)v

éRof(,T, k’, t) =

(2.1)

describes how the Wigner distribution function f(z, k,t) evolves in the phase space (z, k) with
time ¢ when the initial distribution fy(x, k) is given. Here m is the effective mass, h the reduced
Plank constant, and © is the convolution operator

O(f)(x, k1) = /OO Vi, b — k) f(a, 1 £)dR,
Vi (2, k) = i/m v (z+ g) —V (- g)} exp(—ikr)dr,

where V (z) is the potential energy function to denote the external barrier imposed to cause the
scattering of the wave, and then changes the distribution function. In our case, V() is assumed
to be independent of time. O(f) is a pseudo-differential operator term for having differential
form if V(z) is infinitely differentiable. The Wigner equation is a kinetic equation in the
phase space which includes quantum effects, so it is also called quantum Boltzmann equation.
Inflow boundary condition is usually imposed on Wigner equation due to its similarity with
the Boltzmann equation. The initial value problem (2.1) can be recast as the following initial
inflow boundary value problem (IBVP) in a finite domain

L L
%Qf(f[],k,t):o, —5 <(E<§,t>07
L
[z, kt) = fr(k), r<——,k>0,t>0,
2
. (2.3)
f(x,k,t) = fr(k), 12§,k<0,t>0,
L L
f(I,k,O):fo(x,k), —§<I<§,

where L is the length of the device which is sandwiched by two contacts.

3. The Hybrid Explicit-Implicit Scheme

Usually it is impossible to solve the initial value problem (2.1) or the IBVP (2.3) analytically
for the complexity of pseudo-differential operator term. The finite difference method and Fourier
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spectral method are used to solve the IBVP (2.3) numerically. The derivatives with respect
to time t and space x are approximated by applying the finite difference method. The Fourier
spectral method is applied to approximate the double integral in the pseudo-differential operator
term O(f). A high-order hybrid accurate scheme is designed by the following three steps.

3.1. The discretization of pseudo-differential operator term

Firstly, we consider the discretization of ©(f) which is composed of a double integral with
respect to the variables & and r. The Fourier spectral methods are used for the semi-discrete
Wigner equation in the k direction. Denoting Lj as the length of the computation domain
for the wave number k, Wigner function f(x,k,t) can be expanded as the Fourier series with
respect to k

= 2nm
fla, k,t) = Z pn(z,t) exp <_iL—kk) ,

n=—oo

. (3.1)
1 2 2nm
i) = [, S ke (L—kk> d.

where py,(z,t) are the Fourier coefficients. Substituting the Fourier series (3.1) into O(f) and
exchanging the integration and summation yield

o = 2n
O(f)(x, k,t) :/ Vi(a,k—k) > pulw,t)exp (—iL—kk’> dk’'

— 00

+oo
2
= 271'1";00 (2, 1) [V <x + Z—Z) -V <x — Z—Z)] exp (—iLL:k) . (3.2)
If the Fourier series is cut off as
= 2nm
N . .
Yz, k,t) = _Z_N pn(2,t) exp <_1L—kk) , (3.3)

applying operator © to fV

O(fN)(x, k,t) = 27i N_;pn(x,t) [V (w + Z—Z) -V (w - T)] exp (_1?—%) . (3.4)

n=—

The Fourier coefficients p, (x,t) will be approximated by the discrete Fourier transform(DFT)

coefficients
hk = 2nm
P, (x,t) = I, Z f(x, kj,t)exp (iL—kkj> , (3.5)
j=—N
where
1
kj:<j+§>hk’ j=—-N,—-N+1,--- /N —1, (3.6)
are the sampling points. They are obtained by partitioning interval [—%, %} into a uniform
mesh with mesh size hy = 2L—J(} The fast Fourier transform (FFT) is used to calculate these

DFT coefficients. The full discretization formulation of the pseudo-differential operator term is

N—-1

O(f) (@ k,t) =211 > B(x,t) [V (:17 n Z—Z) B <x - Z—Z)] exp <—12£L—:k) .37

n=—N
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Noting that [V (:C + %) -V (:C — %)} is odd with respect to r, the calculation formula for ©(f)

can be simplified as

O(f)(x, k. t) = hy, Z V(. k — kjr ) f (2, kjr 1),

Jj'=—N
N N—-1 nh
w 7k - 2h'T . -
Vi (z, k) nz:% {V( 5 > 1% (:17

where h, = i—: Denote L, = 2Nh, = i—:, where L, is the coherence length. In fact, these

are the conservative conditions for quadrature rules in [17,18]. It is concluded that the Fourier

(3.8)

ngT ﬂ sin(nh,k),

spectral methods satisfy the conservative condition naturally. After the semi-discretization in
the k direction, the Wigner equation (2.3) is approximated by a hyperbolic system

Of(x, kj, 1) t) ho Of(z, ki, t) 1 ~ o
S T EI%T‘F%@U)(%%J)—O,

j=-N,-N+1,---,N—1. (3.9)

Rof(w, ki t) ==

Defining a vector function F(z,t) as

F(:E,t) = [f(ka*Nvt)af(xak*NJrlvt)a o af(xakalat)]Tv

where T means the transpose of a matrix, the matrix form of the hyperbolic system (3.9) can
be written as

OF (z,t) . KBF(x,t)

Y e + A(x)F(x,t) =0, (3.10)
h
where K is a diagonal matrix, K = —diag(k_n,k-n+1, - ,kn—1), and
m
he =~
Alz) = (ajy (@))anxan,  ajy (@) = 5= (Va (@, kj — ky)), (3.11)

for all j,5' = —N,—N+1,---, N —1. The discretization formulation of the pseudo-differential
operator term can also be written as

27Th@(f)(:1:,kj,t) =a;(x)F(x,t), (3.12)

where @;(z) is the j-th line of matrix A(x).

3.2. The discretization in the x direction

The second-order upwind finite difference scheme is used to discretize the advection term in

(3.9). [-£, L] is partitioned into N, equal sized subintervals, and grid points are
L L
e lhzx; hz:_v 12051725"'7]\]1'
n=Ty T N,

We define the difference operator D*, which is the second-order accurate one-side difference

scheme of the first-order derivative with respect to =

—4g(z1-1) + 39(x1)
2h ’

—g(x112) +4g(w141) — 3g(21)
2h, ’

Dtg(x) = 9(z1-2) (3.13a)

D g(x;) = (3.13b)
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where g(x;) is the value of function g(x) at x;. Denoting
Dt kj >0,
D, =
D~ kj <0,

and applying (3.13) to approximate the first-order derivative with respect to x, the discretization
of (3.9) yields

dffi;-t(t) + %ijjflj(t) +a;(@)Fi(t) =0

l=1,---,N,—1, j=-N,—N+1,---,N—1, (3.14)

Ro f1(t) =

where fi,;(t) is the approximate value of f(z,k,t) at (x;,k;) and the corresponding vector
function is Fi(t) = [fi,-~n(t), fi—n+1(L), .., fl_,N,l(t)]T. Denoting D as the diagonal operator

matrix D = diag(D_n,D_Nn41, -+, Dn—1), the matrix form of (3.14) can be written as
dF(t
O{t( ) L KDR(t) + A@)F(t) =0, 1=1,-- N, —1. (3.15)

In fact, (3.15) is the discretization of (3.10) in the 2 direction.

3.3. The discretization in the ¢t direction

After the discretizations in the k and x directions, a first-order ordinary differential system
(3.14) which only depends on ¢ is obtained. By combining the computational efficiency of the
explicit scheme and robust stability of the implicit scheme, a prediction-correction scheme is
proposed to discretize (3.14) in the ¢ direction

—n+1 —n+1
fy = f; n T+ 1y
lj m Jly g + Ek D % _i_aj(xl)Fln =0,
S5 =4k fp+ £ FY 4 F .
— iy lj _ + B
B0 b (B (B0 g
where f/; is the approximate value of fi;(t) at t, and the vector F}" = [f"_n, fi'"_ny1, 0,

fﬁN—l]T- Although the scheme (3.16) includes implicit character in upwind term and convolu-

tion integration term, TZ and f[; can be calculated explicitly for inflow boundary conditions.
The prediction step determines the relation of the prediction value and the initial value

—1
1R (I 4 KD) (I - @KD + A[> (3.17)

—n+1
While f?;_ is calculated by the prediction step and substituted into the correction step, the
relation of fg“ and f;7 is derived

n+1 n+1
Rs(fiH 1) = i » i 1§ %ijj <fl] i ) + @;(x1) <T;I) F'=0. (3.18)

So far, the full discretization of the time dependent Wigner equation is obtained. We name the
scheme (3.16) as explicit-implicit (EI) scheme. The high-order accuracy and the unconditional
stability of the scheme will be analyzed in Section 4.
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4. Error Analysis

In this section, the proof of the high-order accuracy of the EI scheme will be given. The
stability and convergence of the EI scheme are also analyzed. The main results in this section
are Theorems 4.1-4.3.

4.1. Truncation error

The truncation error 7 is the difference between the full discretization operator f3 and
Wigner operator Ry applying to f(z, k,t)

T(,Tl, kj, tn) = %3(][(,@[, kj, tn_;,_l), f(CCl, kj, tn)) — %Of(:vl, kj, tn). (4.1)

It is convenient to separate the truncation error 7(z, kj,t,) into two parts. One part comes
from the difference methods and the other is due to the Fourier spectral method. Introducing
the following notations

Tl(xlakjutn) = éle(.’I]l, k]7tn) - %Of(xhkjutn) = % |:®(f) - é(f) (xlu k]7tn)7
TQ(xla k]u tn) = éR?)(f(xla k]u tn-i-l)u f(‘rlu k]atn)) - %lf(xla k]u tn)u (42)

it is obvious that,
T(Ila kja tn) =T (xlv kjv tn) + TQ(xlv kja tn) (43)

Lemma 4.1. Assume that there exist constants M and Q, such that

[V(x)] <M, (4.4a)
07 f (ks 1) Ly |

o |S@ k<5 ) 7=01-p, (4.4b)

6jf($7 kvt) Lk .

T:O |k|27 ., j=0,1,---,p—1, (4.4¢)
forallz e [-5,%], k€ [—%, L—;} and t > 0. Then the local truncation error i (x, kj, ty,)
satisfies

MQL]C 5p -1 p—1
|T1(, kj, tn)| < 5ot 1]; (p—l hy . (4.5)

Proof. The truncation error 7, caused by the discretization of the pseudo-differential oper-
ator term is

- % {e(f) - é(f)} (@1, ko ). (4.6)

The discretization of the pseudo-differential operator term consists of two steps. Firstly, the
infinite Fourier series are truncated into a finite series f~ (z, k,t). Secondly, the Fourier coef-

7_l (xlu k_]7 tn)

ficients are calculated approximately by DFT. Thus the truncation error 7 can be separated
into two parts. One is the summation of the cut-off Fourier coefficients and the other is the
total difference between the Fourier coefficients and discrete Fourier coefficients,

0(f) —6(f)l < 10(f) =™ +10(N) - (/). (4.7)
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Denoting Vy(z,7) = V (:1: + g) -V (:1: - g) and assuming |V (z)| < M, the errors can be
estimated according to (3.2), (3.4) and (3.7),

—N-—-1 “+o0

lo(f) — ()| = ‘( Z + Z) pn(, t)Vy(z, nh,.) exp(inh,.k)

n=—oo n=N

—N-1 +o0
<or( 3743 )t (1)
n=N

N—-1
(M) 0N =] Y (pule,t) — B, (x,1)) Valz, nh,) exp(inh,k)
n=—N
N—-1
<M S Ipulant) — Do)l (19)
n=—N

The relation of the discrete Fourier coefficients and Fourier coefficients is
ﬁn(.%',t) = pn(xvt) +an+2lN(x7t)' (4'10)
140

Thus we have
N-1 N—-1
S a@t) = pal@t) = > > lpnian(@,t)]. (4.11)
n=—N n=—N 140

It is obvious that

N—-1 0o N—-1 00
DBty = D pal@t), DY Pa@tl < D lpalat)]. (4.12)
n=—N n=-—00 n=—N n=—oo

The main task is to give the estimation of the Fourier coefficient. The Wigner function f(z, k, t)
and its (p — 1)-th (p > 1) order derivative are assumed to be continuous. As a quantum
distribution function, the Wigner function is damping very fast with |k| increasing. Applying
integration by parts p times and using assumption (4.4), it can be attained

Lk
1 2 2nm
pn(x,t) = I, /LTxc flx, k t)exp (IL—kk> dk

Ly
1 (L \' [ 0P f(x, k) 2nm
=1 (127”) /—sz e &P lLk k) dk. (4.13)

Using (4.4) and (4.13), the following estimate arrives

Ly,

L |
27T> — (n#£0). (4.14)

n[?

Ion(@ )] < @(

Thus 1-norm of the discrete Fourier coeflicients and Fourier coefficients are bounded by

N—-1 e’} Lk 2
ACOEDS |pn<x,t>|<c2<1+<7) ) (4.15)
n=—N

n=—oo
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It is easily derived that
o0

Sl ()

n=N-+1

Thus we can obtain the following estimates:

n=+oo . ,
( Z Z ) | |p Np + Z |n|P <ZP%1> Np_la (417)

Ne — oo n=N+1
i <L 4 /OO —_de
L (n+2INY " (n+2NP " )i (n+2Na)
1 (2p— 1) 1
1 , 4.18
N (2p—2 (n+2N)P" e
_1 oo
_ 1 , 4.19
z;oo In + 2IN|P l; @N—-ny "N <2p— 2) (2N =)' o

Then we can get

Ny fop—1 1 1
Z Z|n+21N|P = X_:NN <2p—2> ((n+2N)p1 " (2N—n)p1>

—N 1#£0
-1\ 1
2 . 4.20

= (p—1>N”1 (4.20)

Using the conclusions above, we obtain the following estimate

~ 5p—1 1
_ < i [ .
o) - 8l < 23101 (P21 ) s (1.21)
where ()1 = Q (%)p. According to (4.6), the conclusion (4.5) can be attained. O
Lemma 4.2. Assume that there exist constants M and P, such that

[V(z)] < M, (4.22a)

01f (x, k,t) B f(x,k,t) O*f(x,k,t) Ot f(x, k,t) <p

oz Ox 1 Ok42 043 0x20k? Oxotok? ’
(1+e+e=3 0<q, ¢,q <3 ¢g=1,2), (4.22b)

for all x € [—%, %}, k e [—%, %} and t > 0. Then the local truncation error To(xy, kj, ty,)
satisfies

1 h 28 M Lk 2 Lk Lkh
T < 2 _ - - _ 2 .
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Proof. In order to analyze the truncation error due to the finite difference method, the
Taylor expansions which will be used later in the discussion of the truncation error are listed

f($l7kj7tn+1) - f(xhk]utn)

hy
. 2 . 3 .
af(l'l,kj,tn) 16 f(xl’k]’t”)ht—i—la f(‘rluk_ﬁtn"i_eht)h?’ (424)

ot 2 ot? 3! ot?
D+f(Il, kj, tn)

78f(xlakj7tn) 1 83f('rl - ohzvkjatn) 83f(17[ - 29h$akj7tn) 2
n Ox + 3 Ox3 -2 Ox3 iz, (4.25)
6f($[,]€',tn) 62f($l,]€',tn) 163f(xl7k7tn+6ht)
+ ) _ j j 1 J 2
D7 f @ ks tnia) = Oz e Ty Dz ot2 h
1 [D3f () — Oha, ki, tn) O3 f(x1 — 20hy, ki tn)] o
+3 [ — 9 = } 2, (4.26)

where 6 € (0,1) and it is different for all formulas. Operator D~ has the similar expansions as
D*. Supposing g(z) € C? [—%, %}, it is easy to derive the following conclusions by Lagrange
mean value theorem,

DYg(x;) = gg/(iﬂu) - %g/(l“w), (4.27a)
(D*)?g(r) = gg”(azzl) - gg”(m), (4.27D)
(D*)’g(ar) = ggm(fﬂsl) - ggm(fl?sz), (4.27¢)

where xj1, 250 € (—%, %) for j = 1,2,3. Operator D~ satisfies the same conclusions. Assuming
that g(z;) = wexp(iwlhy), it is easily verified that

Dtg(x) = hi [(cos(whg) — 1)* +i(2 — cos(why)) sin(whg)] g(x1),
. (4.28)
D g(x;) = W [—(cos(why) — 1)* 4+ i(2 — cos(why)) sin(why)] g(z:).
Denoting o = (cos(wh;) — 1)%, 8 = (2 — cos(why)) sin(wh, ), we have
(ki Dj)g(ar) = (kjla +ik;B)g(ar). (4.29)
It is concluded that

Thus it is reasonable to expand the inverse operator of (I + %K D) as

hy ! hy h2 0 -
(1 + ?KD) =1-5 KD+ gt (I + 5htKD> K*D?, (4.31)
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where 6 € (0,1). Substituting (4.31) into operator 1" yields

T = (1+ htKD>_1 (I— b gep - hi Az ))

-3
=I—-hKD — hA(z) + K?D? + 2KDA(x) + % (I - ghtKD> KQDQ]
h3 0 - KD
— st (I + 5h,J(D) K?D? ( 5+ A(:v)) (4.32)

Based on the above preparations, Rs(f (a1, kj, tnt1), f(@1, kj,tn)) can be separated into three
parts

R3(f (21, kjytnrr), (T, ki tn)) = Rz + Raz + Ras, (4.33)
where
Ry — f(xlvkjatnﬂzl— F@u ki tn) (4.34a)
Rooy — "ip, (f(xl, };7 tn+1)2+ fla by, tn)> 7 (4.34b)
Roy = 7, (2) (TF(xl, tn)2+ F(zy, tn)) . (4.34¢)

According to the Taylor expansions (4.24)-(4.26), we can obtain

af(.%'l,kj,tn) 1 a2f($l,kj,tn) la3f($l,/€j,tn+9ht)

%31 = 8t 5 8t2 ht + 3' 8t3 ht27 (435&)
5 hkj Of (w1, kjotn) | hk; 0 f (21, Ky tn) Tikj 0% f (21, kj tn + 9ht)h2
27 83: 2m oxot P om Oxot? ¢
+ hk; (O3 f(ay £ Ohy, Kk, ty) B 283fj(:vl + 20h,, ty,)
6m ox3 or3
O O ki) O (@1 £ 2R by )]
o - - ] h2. (4.35b)

The error 33 can be computed by (4.32)

Ry =7y oy L D o)
-

— 0 (a1, t) - ) (K + 4@)) Flont)

hih? O¥F(x 4 0hy,ty)  OPF (x4 20h,,t,)
+ 6 @ (z)K [ Ox3 —2 Ox3
2 -3
+ % () lK2D2 +2KDA(z) + (I + ghtKD) K2D?| F(a,t,)
_hi_ 0 . o (KD _
T aj(2) |\ T+ 5mED)  K2D?* ( ==+ A() ) | F(xi, tn). (4.36)
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It is easily verified by (3.9) and (3.10) that

O*f(x, kj, t) | hk; 0% f(x, kj,t) OF (xz,t)
a2 T m owot (@)= =0
O*f(x,ky,t) | hk; O f(x,kyt) | _ 0 B
el LR () [ K —A} Fla,t) = 0. (4.37)

Applying (4.35)—(4.37), the expression of the truncation error 7o can be calculated as

T = b2 1 & f(an, kj, tn + Oht) LB h 1(93f(:1cn,kj,tn+9ht)
3! ot3 m4 O0x0t?

1_ o ) ) 0 IR
+8aj(a:)<KD +2KD< 5~ Koo + I+ 5WKD)  KD?| F(x,tn)

N 2 T O3 f (w1 + Oy, by, tn) 283f(:vl + 29hw,kj,tn)
“6m or3 ox3
83f(xl £ 0he kj tng1) 283f(:cl + 20h,, kj, tni1)
ox3 ox3

hih? _ OPF(x+06h,) _O3F(x; 4 20h,)
+ 5 a;(z)K { 5 -2 53

h} 0 N KD
- 1-%@( ) (I + = htKD> K?D? < 5 A(a:)> F(xy,ty). (4.38)

Supposing that g(x, k,t) is periodic in the k direction with period length L; and denoting

G(I t) = (g(ZC k*Na )7 (Iak*NJrlat)v"' ag('rkaflat))Ta
N—-1

2
_— L_k Z (z, kj, t) exp <1Ll:kj> (4.39)

the following estimate can be obtained

i = 2
[@j(z)G(x,t)| = | U Va(z Jexp | i—Fk;
: h Lk
—N
N-1
2M
<= ol (4.40)
—N
According to (4.15), |@;(x)G(z,t)| is bounded as the function g(z, k, t) satisfies
0?g(z, k, )
— < 4.41
e (4.41)

where C' is a constant. From (4.27), we can get

5 0% f(z11,kj,t 3 0% f(z12,kj,t
kD] f (20, ko tn) = S5 ( 81;2 ) _ L ( 81;2 ), (4.42a)
8f(xl7kjatn) 3 a f(:rlekjatn) 1 a f(x227kjatn)
kjDj———— = _kj————— — _fj———— = 4.42b
I ot 2 dzot 2 dzot ’ ( )
Of (@i, kj tn) 3,0 f(war, kj t) 1,0 f(ws2,kj,t)
2 ) ) . 2 ) ) 2 ) 9
e T TR L TR (4.420)
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Applying (4.38), (4.41), (4.42) and assumption (4.22), the estimation (4.23) for error 75 is
arrived and 75 has the second-order accuracy with respect h, and h;. ]

The estimation of local truncation error 7(zy, kj, t,) is summarized in the following theorem.

Theorem 4.1. Under the Assumption of Lemma 1 and Lemma 2, the local truncation error
T(x1, kj, tn) defined in (4.1) satisfies

7 (1, k), tn)| = C1h2 + Coh2 + Csh? ™1, (4.43)
where
o =Ly 28 2+L’“2 1+ Ly )" P (4.44a)
Al Tam T TR 2 ™ ’ '
([ Lyh . MQLy (5p—1
02_<2m)13, Cs = 5m (p—l , (4.44D)

and C; (i =1,2,3) are constants which are independent of hy, hy and hy.

4.2. Stability

The EI scheme (3.16) can be reformulated in matrix form

—n+1 —n+1
F" —Fp Fr+F
il S - L + KD <7l +2 L >+A1Fl”—0,
t

(4.45)
Frtl e Fp 4 Frtt J Oy i
. - 1+KD(7l 21 )+Al + -t 21 =0.
t

The von Neumann method is used to analyze the stability of the EI scheme through (4.45).

Supposing that F* = Umel“= and vector U" = (u” pyul nyqse ,uy )T, we insert the
expressions into (4.45). It is easily verified that

1 1
DR == (a+if) B, DR = o (—a+if) FY, (4.46)

hhy
mhy

where o = (cos(wh,) — 1)%, 8 = (2 — cos(wh,)) sin(wh,). Denoting \ = 5 and fixing the

matrix A; as A, we can derive that

(I + M| K| +iINBK)T" ' = (I — M| K| +iABK)U™ — hy AU,

L ho. (4.47)
(I + Ml K| +INBK)U™ ! = (I = Ml K| +INSK)U™ — ZLAU™ — - AT *1,

where |K| = diag(|k—n |, |k-N+1], -, |[kn—1]) and K = diag(k_n,k—-N+1, ..., kn—1). Introducing
the following notations

Hi =1+ a)K|+ipAK, Hy = I — a)| K| +16AK,
substituting these into (4.47) yields

h h
Ut = Hy 'HLU” — EtHl_lAU" - EtHl_lAHl_l(Hg — hyA)U™. (4.48)
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Matrix Hl_1 is a diagonal matrix with the j-th diagonal element h;

1

h; = . 4.49
T 14 alkj| +iBAk; (4.49)
H, 'H, is also a diagonal matrix with the j-th diagonal element gj
1 — a\|kj| + 18BNk,
g — IRy DM, (4.50)
14 al|k;| + iBMk;
Observe in (4.49) and (4.50) that |g;| <1 and |h;| <1 for & > 0. Thus we have
+1 he a2
O™z < U2 + Ael All2l U™ 12 + - AT |2 (4.51)

It is obvious that the matrix 27h- A is the discretization of the pseudo-differential term defined
n (3.11).

Lemma 4.3. Under the assumptions of Theorem 4.1, let the 2N x 2N matriz A with the
elements (A(x));;» = a;j be defined in (3.11). Assuming |V (z)| < M, then

@)l < 20 (1.5

holds.

Proof. The j-th element of AF' can be written as

b, Nl
<AF>J‘=#¢1 S° Ve ks — k) Ky, )
j/=—N
N-1 N-—
- h2N Z Z Va(x, nh,) exp(—inh,(k; — ki) f(z, ki, t). (4.53)
j’=—Nn=—N

One can find that AF is a discrete convolution, i.e.,

N—1 N-1
1— — 1 .
AF = 7_1Vd xF, Vg= {_2N ZN Va(z,nh,) eXp(—thkj)} , (4.54)

where V4 is periodic with the period length 2N and F' = F(z;,t,). Applying Parseval equation
to the discrete convolution yields

1,— 1 _ 1
JAF|l2 = £V % Fllz = 1 |[Va (@,nhe) | <5 Vi @onbo) o IFlley (4.55)

where F is the Fourier transform of F. On the other hand, we have
1Va (z,nhs )] o < 2|V (2)lloe = 2M. (4.56)

Using (4.55) and (4.56), (4.52), we can arrive the conclusion. O
Denoting M; = %M, it is derived that
1
0" < (14 bty + 22 ) U (4.57)

According to von Neumann theorem, the conclusion can be obtained as follow.
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Theorem 4.2. Under the assumptions of Theorem 4.1, there exists a constant My, = %M such
that ||A(x)||2 < My. Then the EI scheme (4.45) is stable

1
1500 < (14 hadds + G202 ) 17, (4.58)

where norm || - ||4 is defined by || F"||% = \/ZN”_l EJ__N |flj|2hkh

4.3. Convergence

In this section, we describe the convergence theorem of the hybrid EI scheme. Firstly, we
rewrite (4.45) as

h h
<I+ tKD) Fpt = (I - —tKD + Al(I + T)) . (4.59)
Denoting
h h
L=1I+ éKD, R=1- éKD+ LA +T), (4.60)

it is obvious that [[L™!|| < 1 according to (4.30). Numerical solution F/* and exact solution
F(xy,ty) satisfy

LEM™' — RE =0,  LF(x),tn1) — RE(z1,tn) = heR3 F (21, ty). (4.61)
According to the stability conclusion (4.58), we can get
IF S = 12 RE" I < (14 ke + 502022 ) P71, (1.62)
The error vector between numerical solution F}* and exact value F(z,t,) is denoted by
E(x,t,) = F(xy,t,) — FJ. (4.63)
Due to (4.61), the error vector E(xz;,t,) satisfies
E(x1,tns1) = L'RE(21,t,) + he L' R3F (24, t,). (4.64)

Applying the conclusions in Theorem 4.2 and (4.62), it is derived that

1
||En+1||}21 < (1 + Mih; + §M12ht2) HE"HS + "Ly LiToo, (4'65)

where 7o = C1hi + CohZ + Cshy~ " and |[E"[|} = \/ENm_l ZN 1N |fls = f( kg tn) [ hache.
It is a trivial process to arrive at the convergence conclusion.

Theorem 4.3. Under the assumptions of Theorems 4.1 and 4.2, the global error E™ defined in
(4.63) satisfies

L,.Ly (eMlT

7 —1 (C1h2 4 Coh? + C3h?™h) (4.66)

1E™I3 < T ECYS +

for all x € [ 5 2} ke [—%, %] and 0 <t < T, where Cy,(j = 1,2,3) and My are constants

which are independent of hy, hy, and hy.
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5. Numerical Results

In this section, we carry out a series of numerical experiments to illustrate the convergence
of the EI scheme. The tunneling of a Gaussian wave packet through a potential barrier is
simulated. The initial distribution is set as a normalized Gaussian function

(z — 0.5)2> o <_ (k + 0.25)2> |

1
0.5 0.5 (51)

2
f(CC,k,O) = — ¢Xp <_
T
which is located to the right of a potential barrier. The potential is chosen to be a Gaussian

function of the form 5

V(z) = v exp (-%) : (5.2)

where parameter vy denotes the height of potential barrier and parameter ¢ indicates the width
of potential barrier. Some variables, parameters and their values or units in (2.1) and (2.3)
used in our codes are listed in Table 5.1.

Table 5.1: The meaning, units and values of the independent variables and coefficients.

Variable Meaning Unit Value

T position nm

k wave number nm~!

t time 10~ s

m effective mass kg 0.61 x 10731
h reduced Plank constant J.s 1.055 x 10734
V(zx) potential eV

The density function is the zero momentum of the Wigner function

n(et) = [ okt (5.3)
which can be calculated by
N-1
n(ztn) = Y flihk. (5.4)
j=—N

5.1. The convergence order of the EI scheme

Firstly, we implement our method for the Wigner equation with zero potential, i.e., vg = 0.
In this special case, the Wigner equation is reduced into a set of advection equations

01w k1) | KhOI(w, k1)
ot m Ox
The exact solution of (5.5) and (5.1) is

x— 0.5 — khy)2 2
f(z, k,t) = %exp (—#) exp (—%) . (5.6)

=0. (5.5)

The second-order upwind scheme is used to discretize the advection term and the explicit-
implicit scheme is used to discretize time integration. The simulation region is chosen as
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Table 5.2: The numerical error and numerical order of accuracy at different spatial mesh size h, for
the Wigner equation with potential vg = 0.

ha 0.5 0.25 0.125  0.0625 0.03125 0.0156
E  0.0808 0.0315 0.0092 0.0024 6.0121e-004 1.5029e-004
p * 1.3590 1.7756 1.9386 1.9971 2.0001

L =6, Ly = 0.4, which is large enough to reasonably impose homogenous Dirichlet boundary
conditions. The numerical error in L?-norm is defined by

2

E(h) = |hohi Y S (fii(h) = flan ki ta)?] (5.7)
l i

where f (21, kj,t,) denotes the exact value at (z;, kj, ¢,) and f}7(h) denotes the numerical value
computed with mesh step h. If the exact solution of the Wigner equation can not be obtained
as the reference solution, we can estimate the error on each grid by using the next finer grid
as the reference solution [24]. In this case, the numerical error in L?-norm is defined by the
difference between two solutions with refined steps as

B0 = nah 35 (7500 5 (%)) ) 5:9)

The convergence order of the numerical solution with respect to h is defined as

E(h)
p =logy, —+~. (5.9)
E(%)
In order to analyze the convergence order of the EI scheme with respect to h,, the time step
h: is set to be 0.001 which is too small to affect the numerical solution.
When the mesh size h, is halved every time, the numerical error and the convergence order
are calculated and listed in Table 5.2. It shows the convergence order with respect to h, is

0gr .

08r 1

1 1

06r &

0sr 4

YK

04r 4

03r =

024 1

e = =1

Fig. 5.1. The potential function V(z), where vo = 1 and o = 0.05.
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approaching to 2 and this verifies the results of convergence analysis. The convergence orders
with respect to h; and hj are also investigated by simulating a Gaussian wave packet function
tunneling through a time-independent potential barrier with barrier height vg # 0. Firstly , we
investigate the convergence of the density function with respect to hy and L. In the proposed
hybrid EI scheme, the parameters Ly and hy are related to h, and L, by Ly = %—7:, h = %—7:
Figure 5.2(a) shows the convergence of the density function n(x,t) with respect to h, or the
length of the wave number domain L. It is found out that h, = il (eg, Lr = 8.0) is good
enough for the density convergence. Figure 5.2(b) presents that the density function n(z,t)
converges with the coherence length L,. The numerical test illustrates that it is not necessary
to use too big coherence length L, or too small wave number step hy. It is demonstrated that
the hybrid EI scheme has spectral accuracy with respect to hj in Table 5.3. Table 5.4 studies
the convergence order with respect to h; with fixing h, = 0.1, hy = 0.1 and Ly = 8.0. It shows
the hybrid EI scheme has the second-order accuracy with respect to the time step hy.

density

0.7

h=a

density

07

4,{;:, L=t

The convergence of the density function with respect (b) The convergence of the density function with respect
to Ly, where h, = 0.1 and b = 2.

(a

Nay

to hy,, where hy = 0.1 and a = 7.

Fig. 5.2. Density functions calculated by using the EI scheme with different h, and L,.

Table 5.3: The numerical error and the numerical accuracy of order with respect to hy when applying
the EI scheme for the Wigner equation with a Gaussian potential barrier.

2N 20 40 80 160 320
E *0.0879 0.0345 0.0017 1.5750e-005
p * * 1.3474  4.3735 6.7253

Table 5.4: The numerical error and the numerical accuracy of order with respect to h; when applying
the EI scheme for the Wigner equation with a Gaussian potential barrier.

hy 0.1  0.05 0.025 0.0125 0.00625
E *0.0110 0.0047 0.0014 1.3259e-005
p * * 1.2268 1.7472 1.9429

The evolution of the Gaussian wave packet is depicted in Figure 5.3. The initial Gaussian
distribution function (5.1) is given in Figure 5.3(a). Figure 5.3(b) shows the distribution func-
tion f(x,k,t) at T = 0.4 with barrier height vy = 0.0 and presents the smooth dispersion of
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(a) T=0 (b) T=0.4,v90=0,02=005 (c) T=04,v=1,0%=0.05

Fig. 5.3. The evolution of the Gaussian wave packet.

= 0

25 2 45 4 05 0 05 1 15 2 25 3 2 45 4 05 0 05 1 15 2 25 3

(a) T=0 (b) T=0.4,v90=0,02=005 (c) T=04,v=1,0%=0.05

Fig. 5.4. The contour lines of the Gaussian wave packet.
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B -4 | o = ) 1 2 | 4 a

Fig. 5.5. Density functions calculated by using the EI scheme at 7' = 0.4 and 7' = 1.4, where ¢ = 0.05.

a free Gaussian wave packet; Figure 5.3(c) depicts the tunneling of the Gaussian wave packet
through a Gaussian potential barrier with barrier height vy = 1.0. Negative values of the Wign-
er distribution appearing in Figure 5.3(c) reflect the quantum property of the Wigner equation.
In order to observe the scattering effects of the potential barrier clearly, the corresponding con-
tours are plotted in Figure 5.4. Obviously, the free Gaussian wave packet disperses smoothly
while the Gaussian wave packet tunneling through a barrier oscillates due to the scattering

effect of the potential barrier.

5.2. The scattering effect

The scattering effect can be investigated clearly by computing the density function (5.4). It
is obvious that the initial density function is a Gaussian function with respect to x according
to the initial Gaussian wave packet (5.1). The density functions at T = 0.4 and T' = 1.4 are
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08 0.8
initial density initial density
o7l i T=1 4,70 - 07k —— T=1.4,o%=0.025 |
Wi — e T=1.4,,=0.25 R i T=1 4,0%=0.05
—&T=14y,=05 ——— e A
s}l —a—T=1.45=1 4 o5t —&T=1aco=020 |

density
density

a1 \ \ . , . . . . . a1
5 . E 3 - 5

(a) 02 =0.05 (b) vo =1

Fig. 5.6. Density functions with different barrier height and width calculated by using the EI scheme.

depicted in Figure 5.5. The left figure is the density at 7' = 0.4 with vg = 0.0 and vo = 1.0. It
shows the density functions disperse and shift to the left. The density function with vg = 1.0
moves a little slowly than the density function of the free Gaussian packet. The simulation
time scale is enlarged to 7" = 1.4 in the right figure. It shows that the density function with
vo = 1.0 collapses at x = 0 where the barrier center is located for the scattering effect of the
barrier. The effects of the barrier height and width to the scattering phenomenon are studied
in Figure 5.6. The left figure presents that the density functions collapse more seriously as the
barrier height increases. It indicates that a larger portion of the wave is reflected back when
encountering a higher barrier. The right figure gives the density functions with different values
of o which indicates the width of the barrier. It can be easily seen that the density functions
collapse less as the width is decreased. It shows a larger portion of the wave is reflected back
when encountering a thicker barrier.

6. Conclusion

In this paper, we proposed a hybrid explicit-implicit scheme that combines the finite differ-
ence method and a spectral method for the time-dependent Wigner equation. The consistence
error and the stability of the full discretization are analyzed. In the numerical results, we
demonstrate that the scheme is convergent second-order accuracy with respect to time and
space variable and the spectral accuracy with respect to hg. The tunneling of a Gaussian wave
packet through a Gaussian potential barrier is simulated, and the effects of the barrier’s shape
to the scattering phenomena are investigated. It is concluded that a larger portion of the wave
is reflected when the height and width of the barrier increase.
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