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Abstract

Here we consider the numerical approximations of the 2D simplified Ericksen-Leslie
system. We first rewrite the system and get a new system. For the new system, we propose
an easy-to-implement time discretization scheme which preserves the sphere constraint at
each node, enjoys a discrete energy law, and leads to linear and decoupled elliptic equations
to be solved at each time step. A discrete maximum principle of the scheme in the finite
element form is also proved. Some numerical simulations are performed to validate the
scheme and simulate the dynamic motion of liquid crystals.

Mathematics subject classification: 52B10, 656D18, 68U05, 68U07.
Key words: Nematic liquid crystal, Ericksen-Leslie system, Constraint preserving, Finite
element.

1. Introduction

Here we consider the 2D simplified Ericksen-Leslie system which models the hydrodynamics
of nematic liquid crystals. The system is a simplified version of the Ericksen-Leslie system
introduced by Ericksen [12] and Leslie [20]. Since the full Ericksen-Leslie system is too compli-
cated, Lin [21] proposed this simplified version in 1989. The model is derived as the following
coupled system:

d; + (u-V)d = Ad + |Vd|?d, (1.1)
|d| =1, (1.2)
w+u-Vu+ VP =Au-V-((Vd)'vad), (1.3)
V-u=0. (1.4)

Here, Q is a bounded domain in R?, the given time T' > 0. u,d : Q x [0,7] — R? are the
fluid velocity and the mean orientation of the molecules respectively, P : Q x [0,7] — R is the
fluid pressure. Equation (1.3) is the Navier-Stokes equation [31] coupled with the extra term
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V - ((Vd)TVd), and equation (1.1) is the harmonic map heat flow with the convection term
(u-V)d [25].

We will investigate the system with homogeneous Dirichlet boundary conditions for the
velocity field and homogeneous Neumann boundary conditions for the director field:

od

=0 —_— =
" " On

0, on 9Qx (0,T), (1.5)

where n denotes the outer normal vector on the boundary.
The initial conditions are used as follows:

d(x,0) =do(x), u(x,0)=ug(x), in £, (1.6)

where ug : Q — R? satisfying V- up = 0, and dp : Q — R? satisfying |dg| = 1 are given
functions. Under the boundary conditions mentioned above, the system (1.1)—(1.4) satisfies the
following energy law:

d (1 1
S (GIl? + GIVal?) + I7ul? + [Ad + [vaRal? ~o (1.7
where || - || denotes the L? norm in 2.
It requires that d must have the unit length, i.e., |d| = 1 almost everywhere. From the

numerical point of view, this constraint makes it difficult to manage since we can not imply the
sphere constraint at the nodes via interpolation. In addition, the presence of the extra term
V- ((Vd)TVd) causes strong coupling [27]. Hence, a penalty function such as the Ginzburg-
Landau approximation is widely used to overcome these difficulties [22], and the general penalty
version reads as follows:

1
di+ (u- V)d + —f(d) - Ad =0, (1.8)
uwHqu+VP:Au—V-QV®TV®, (1.9)
V-u=0, (1.10)

where € > 0 is the penalty parameter, f(d) is the Ginzburg-Landau approximation of the

constraint |[d| = 1 for small e. The penalty function is the gradient of a scalar-valued function
F(d), i.e., f(d) = VaF(d), where,

1
FUdP =17 iffdl <1,

F(d) = (1.11)

(|d|* = 1), if |d| > 1.

It is still an open problem that whether weak solutions (u.,d¢) of the system (1.8)—(1.10)
with Dirichlet boundary conditions weakly converge to that of the system (1.1)—(1.4) as e — 0
[27]. Tt has been proved that, up to a subsequence, (u,d.) weakly converge to (u,d) which
satisfies a system the same as (1.1)—(1.4) except for an additional measure-valued tensor in the
equation (1.3) [24].

In [22], Lin and Liu proved the global existence of the solution of (1.8)—(1.10) with Dirichlet
boundary conditions in the dimension two and three. Later, Lin and Liu in [23] proved partial
regularity of weak solutions to the system in the dimension three. Since the Ericksen-Leslie
system with |d| = 1 is complicated, it was a challenging problem to prove global existence of
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solutions to the system (1.1)—(1.4). In the 2D case, the existence was obtained by Lin-Lin-Wang
[25], where the domain should be bounded and smooth. The associated uniqueness problem
was later studied in [26]. In [17], Hong considered the same system but on the whole space R.
Lin-Lin-Wang and Hong also showed the partial regularity of the global weak solutions, which
are smooth away from possibly finitely many points. In the 3D case, by giving a representation
formula for the solutions of incompressible liquid crystal flow in arbitrary dimensions, Huang [19]
obtained a unique strong global solution to the system (1.1)—(1.4).

Recently, many mathematicians are absorbed in investigating solutions of the Ericksen-
Leslie system. Based on the finite time singularities of the 2D heat flow of harmonic maps [6],
solutions of (1.1)-(1.4) with finite time singularities have been recently constructed in [18],
where the spatial domain is a bounded open set in R*. The long time behavior of solutions
of (1.1)—(1.4) is concerned in [9,10]. The behavior of defects is also an important subject in
the study of liquid crystals. The Ericksen-Leslie theory can be used to study the motion of
point defects. Readers can refer to [8] and references therein for more details. Some numerical
simulations of point defects in the Ericksen-Leslie theory can be found in [3,5,8,28,29].

The sphere constraint |d| = 1 is difficult to achieve at the discrete level, therefore many
numerical studies for the system (1.1)-(1.4) are based on the discretization of the penalized
problem (1.8)—(1.10) (see e.g., [3,5,14,28,29]). Readers can refer to [1] and references therein
for more details. In order to achieve the sphere constraint, based on a convergent discretization
of the harmonic map heat flow without the convection term [2] (i.e., (1.1) with u = 0), Becker
proposed an energy-stable and constraint-preserving scheme directly discretizing (1.1)—(1.4)
in [3]. However, solvability of the scheme requires restricted mesh parameters. And when
the discrete time and space parameters go to zero, the convergence is an open problem. In
[13], a nonlinear constraint-preserving finite difference scheme for the 2D system (1.1)—(1.4) is
proposed, and the unique solvability is also gained.

The goal of this paper is to design a stabilized, decoupled, constraint-preserving scheme for
the system (1.1)—(1.4) in the dimension two. Inspired by [11,15,19], we rewrite the system
(1.1)~(1.4) in the dimension two by denoting d(x,t) = (d1,d2)" as

d(x,t) = (cosf(x,t),sin (x, 1)),

where 0(x,t) = argd(x,t) with arg being the argument from the polar coordinates, and get
a new system of functions 6, u and P. Inspired by [7], we design a numerical scheme for the
new system. The main features of our scheme include the following: (i) it satisfies the sphere
constraint for d at each node; (ii) it is unconditionally solvable and satisfies a discrete energy
law; (iii) it leads to decoupled elliptic equations to solve at each time step which is easy to
implement; (iv) it satisfies a discrete maximum principle in the finite element form under some
conditions so that equivalence between the new system and the system (1.1)—(1.4) is ensured
when we perform numerical experiments.

This paper is organized as follows. In Section 2, we rewrite the 2D simplified Ericksen-
Leslie system and derive the energy law. In Section 3, we construct a decoupled, energy stable
numerical scheme for the new system, which satisfies a discrete energy law. In Section 4, we
present the spatial discretization using the finite element method. In Section 5, we prove the
discrete maximum principle of the scheme in the finite element form. In Section 6, we present
some computational experiments to validate the scheme and simulate the dynamic motion of
liquid crystals. Some concluding remarks are given in Section 7.
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2. Alternative Formulation and Energy Law

In this section, we first show that the sphere constraint |d| = 1 is satisfied automatically
due to the equation (1.1) if d is smooth. Then we rewrite the system (1.1)—(1.4), and establish
the new energy law.

Theorem 2.1. Assume that (u,d) is the smooth solution of the following equation:
d; + (u-V)d = Ad + |Vd|?d, (2.1)

in Q x (0,T) with d(x,0) = do(x). If the initial condition satisfies |do| = 1, then |d| = 1 for
all t belonging to (0,T).

Proof. Multiplying both sides of (2.1) by d, we obtain

S C
il S W bl B
2

190
d? +u-V 5

551 —|Vd]* + [Vd[?*|d|*. (2.2)

Thus, changing the formula yields

0 |d?* —1 d]* — 1 d]* — 1 201412
- . =A di“(|d|* - 1). 2.
% 32 +u-V 5 5 + |Vd|*(|d] ) (2.3)
Denoting v = ldlzfl, we have
9 2
§v+u-Vv:Av+2|Vd| v. (2.4)

According to the maximum principle [30], [v] < |vo|, i-e., [|d]? — 1] < ||do| — 1.
Since |dg| = 1, finally, we obtain |d| = 1. O
Hence, we can write the orientation field vector d in the polar coordinate to rewrite the
system (1.1)—(1.4), i.e.,
d(x,t) = (cosf(x,t), sinf(x,t))",
where x = (z,y) € Q C R% Here, 0(x,t) = argd(x,1), arg is the argument from the polar
coordinates and 0(x,t) € [0,27). Then

dy = (d1gb;, dooby)” = (—sin6, cos6)"6,,

| digbs dig0y| | —sinff, —sindd,| [—sind
vd= |: d2p0: d299y N cos 60, cos 9974 - cos (990; Gy)a

Va]* =62 + 62,

Ady = (d1g0y)s + (d160,), = — cos0|V|? — sin OAH,

Ady = (doply)s + (d28,)y = —sin0|V6|? + cos A,

Ad = (Ady, Ady)T = AO(—sinb, cos)T — (62 + 95)(005 9, sind)”.

Hence,

Ad + |Vd|*d
=Af(—sinb, cosf)T — (6% + 6‘5)(608 6, sin0)”  + (0% + 95)(005 0, sing)”
=Af(—sinb, cosh)’.
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Moreover, observing that
(vd)"Ad = (6., 6,)" A¥,
we have
V- (Vd)Tvd) = (Vvd)TAd + %V(|Vd|2) = (0.,0,)TA0 + %V(W@F).
Eq. (1.1) can be rewritten as:
(—sinf, cosf)f, +u-VO(—sind, cosf) = Af(—sinb, cosb). (2.5)

The whole system (1.1)~(1.4), denoting P = P + 1|VO|? and 6 € [0, 27), reads as:

O+ (u-V)0 — A =0, (2.6)
w +u-Vu+ VP — Au+ AdVE = 0,
V-u=0.

To these equations we add the following boundary and initial conditions which are derived from
(1.5) and (1.6) respectively:
u=0, VO-n=0, on 90 x(0,T), (2.9)
0(x,0) = 0p(x), u(x,0) =ug(x), in O, (2.10)

where ug : Q — R? satisfying V- up = 0, and 6y : Q — [0, 27) are given functions.
The next theorem derives the energy law associated with the system (2.6)—(2.8).

Theorem 2.2. The system (2.6)—~(2.8) satisfies the following energy law:

d
EEJr A% + || Vul®* = 0, (2.11)

where E = Z|lul? + 5[ V0|2
Proof. We can rewrite (2.7) by using (2.6):
W, +u-Vu+ VP —Au+ (6; + (u-V)§)Vl = 0. (2.12)

Multiplying (2.6) by (—6;) and integrating over ) , we get
d /1
= (5IV017) = =116 + (- V)02 + ((u- V)0, 6; + (u-V)0),
where (+,-) denotes the inner product in . Multiplying (2.12) by u and integrating over 2 |
we get
d /1 9 9
= (SIl2) + IVl + ((0: + (u- 7)), w) = 0.

Combining these two equations above, we can get the energy law:

d /1 1
= (Sl + SIV8I2) + 1160 + (a- V)01 + |Vl = 0.

This completes the proof of the theorem. O
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Remark 2.1. The new system does not need an extra constraint |[d| = 1 and it is computa-
tionally cheaper. One only needs to calculate the scalar function 6(x,t) instead of the vector
function d(x,¢) which has two components.

Remark 2.2. Due to the definition of function 6(x,t), it is obvious that 6(x,t) € [0,27) and
there is a one-to-one correspondence between function d(x,t) and function 0(x,t), so that
system (2.6)—(2.8) is equivalent to system (1.1)—(1.4).

If we assume that u is bounded, according to the maximum principle [30] for equation
(2.6), if the initial data 6y € [0,27), then function 6(x,t) € [0,27). Hence, in order to ensure
0(x,t) € [0,2m) and obtain the equivalence between the two systems, we only need to let
Oy € [O, 27T).

Remark 2.3. The penalized system (1.8)—(1.10) can describe the cases where the orientation
field d has singular points, which are defined as the points where |d| = 0 [3]. However, the
system (2.6)—(2.8) is not suitable to describe these singular points since |d| = 1.

3. Energy Stable Scheme

This section is devoted to constructing a decoupled energy-stable scheme for the system
(2.6)—(2.8) and proving the discrete energy law. Our numerical scheme reads as follows.

Algorithm 3.1.
Given the initial conditions 6%, u® and P°, having computed for §", u”, P"
and P" = P" + £|V6"|* for n > 0, we compute "*! u"*1 PFl by
Step 1.
9n+1 —_Hn
— (u? - V)o" = A", (3.1)
where
9n+1 — o
u; =u" — ot — + (ul - V)o" | VO™ (3.2)
Step 2.
ﬁ'n+1 B U.Z: n ~n+1 ~n+1 PN
5 + (" -V)a"m — A" 4 VP =0, (3.3)
ﬁn+1|69 =0. (34)
Step 3.
n+l _ mn+l _ ~
% L V(P - Py =0, (3.5)
V.-u"t =0, (3.6)
U_nJrl . n|aQ =0.
And
- 1
prtt = prrl 5|v9"+1|2. (3.8)




Constraint-Preserving Energy-Stable Scheme for Ericksen-Leslie System 7

Remark 3.1. We use the pressure-correction scheme [16] to decouple the computation of the
pressure from that of the velocity.

Remark 3.2. We introduce u? to decouple the equation (2.6). It can be computed directly
from (3.2), i.e.,

u? = (I +6tve™(vem)T) =™ — (" — 9m)ven). (3.9)

It is easy to see that the matrix I + 6tV0"(V0™)T is invertible. A similar term was used in [7]
for a phase-field vesicle membrane model.

Remark 3.3. The scheme (3.1)—(3.7) is a totally decoupled linear scheme and is first order in
time. (3.1) can be transformed into a second order elliptic equation which is shown in Section
4. Step 3 can be transformed into a Poisson equation for Prtl — P Hence, at each time step,
we only need to solve three decoupled elliptic equations.

Remark 3.4. We can prove that the above scheme is unconditionally energy stable, see (3.10).

Here we establish the discrete energy law which exactly mimics the differential energy law
(2.11).

Theorem 3.1. The scheme (3.1)—(3.7) is stable, with the following discrete energy dissipation
law:
9n+1 —_9n

En+1 + 6_t2|‘vpn+l||2+6t”7
2 ot

+ (. - V)0 + ot Va2
St2 -
gE"+7HVP"||2, (3.10)

where E™ = %||u"||2 + %HV@"HQ.

Proof. By taking the inner product of (3.1) with (—9n+;t_9" ), and using the identity

2(a—b,a) = |af* = [b]* + |a — b]?,

we obtain
1 n n U3 n
557 VO 2 = [[V0" | + [[ Vet — vor||?)
g+l _ gn gn+1 _ gn
= | (V)R (e, e (ulV)E). (31)
ot ot
We derive from (3.2) that
u” —u” 9n+1 —_ 9"
= = — nLve ) Vor. 12
5 < 5 +uy -V >V (3.12)
Then by taking the inner product of (3.12) with u?, we obtain
e 2 - = - (T e w). (eas)
20t * B St : ) '
By the same way as (3.3) with @"*!, we obtain
1 -
2—&(Hﬁ"+1|\2 = [l + @ =l ?) + [vartt? + (VPR @t = 0. (3.14)
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Similarly, taking the inner product of (3.5) with u"*!, we obtain
1

g7 T = P 4l — @) = o. (3.15)

To deal with the pressure term, we take the inner product of (3.5) with 6tV P" to derive

1 - - - - -
SOtUVPTEZ = [VP||* = [P = VP|?) = (VP am ). (3.16)
We also derive from (3.5) directly that
1 - -~ 1
—0t| VPP — VPP = —[lu™ T — a2 3.17
] 2 = gl (317)

Combining all the identities above, we obtain

1 1 ~ 1 1 .
n+1|2 n+1|2 - n+1)2 _ n||2 n|2y _ — n||2
(VO [ 2) + S0 VB2 — (907 + u” ) — 5o 9P
1 U3 n ey n n n
= (VO = VO P+ [ w4l — )
9n+1 - 0" n n|(2 ~n+112
_”7& +ul - VO*|)E — ||[vVa e (3.18)
Then we can get the energy law (3.10). O

4. Spatial Discretization

We use the finite element method for the spatial discretization here.

4.1. Weak forms

We rewrite the equation (3.2) as follows:
u? = (A") " u" — (0" - 0m)Ve"] (4.1)
with
A" =T+ 6tV (Vo)
where I is the unit matrix. So the equation can be transformed into:
AL 4 {[(A")—lven] v %}9"“
1

= 0"[(A™)"IVO"] - VO™ + [(A™) "] - Ve — gon. (4.2)
Denote
a" = [(A") O] V"
b = 0" [(A™)TIVO"] - VO™ + [(A™) T - Ve — %9”.
By simple calculation, we can get |A"| = 6t|VO"|? + 1,
(AM~! = ;[I -+ 5t(0y, —07) " (07, —0m)]. (4.3)

oot VOn2 +1
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Then we have

1 1 1
n __ ny—1 ny . no_ - _ L n__
a" = [(A")7 Ve - Vo 5t (5t|v0n|2+1w ) Vo 5t
A S A T
SV 1 6t StVOr2 +1 S5t
IR SR R B )
ot Ot(6t|VOm2 +1) 5t St(5t[Vor|2 +1)° '
Obviously, ¢ < 0. And we have
b = q"O" + [(An)—lun] v/
_ non n _gn\T gn _ gn n{ . n
— a0 +{6t|w"|2+1[1+5t(9y, o) (O, —00)|u } Y
npon 1 n n
RRRAR e R LS (4.5)

The weak form of (4.2) can be obtained by taking the inner product of both sides with a
trial function and using the integration by parts:

Find 0"+ € HY(Q), such that for any ¢ € H*(Q),
—(VO"T1, Vo) + (a0, ¢) = (b, ¢). (4.6)

For the equation (3.3), the corresponding weak formulation reads as follows. Find a"*! €
(H}(£2))?, such that for any v € (Hg(Q))?,

l~n+1 n ~n+1 ~n+1 o i n _ DN
<5tu + (U V)art, v) + (Vi ,Vv)—(étu*,v) (VP", v). (4.7)

For the pressure equation (3.5), the corresponding weak formulation reads as follows. Find
Pl e HY(Q) 2 {P: P e HYQ), [, Pdx = 0}, such that for any ¢ € H}((),

(V(P+! — P™), Vq) = —%(v -amt g). (4.8)

Remark 4.1. It is easy to prove that the above scheme avoids an inf-sup condition for the
velocity and pressure [4].

4.2. Finite element approximation

Let S, C H'(Q) and M}, C L(2) be the finite-dimensional subspaces constructed by the
piecewise linear functions, where L3(2) £ {q € L*(Q2), |, qdz = 0}. Let Sy C H}(Q) and
Vo, = (82)2

Thus, we rewrite the equations in finite element forms.
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Step 1.

Find 02“ € Sy, such that for any ¢ € Sp,
—(VOIT, V) + (a0, ¢) = (b, @), (4.9)
VOt nfpn =0, (4.10)

where

n ny— 3 n 1
ap, = [(A}) lveh] -V — 5t
1

h=OR((AR) I VOR] - VO + [(AR) T huR] - VOR — =07
with A7 = I + 5tVep (Vo).

Step 2.
Find @)™ € V4, such that for any v € Vj,,,

St St
i) p0 =0, (4.12)

1 1 -
<_ﬁz+1 =+ (UZ ' V)ﬁz+17 V) + (Vﬁz+15 VV) = (_uZha V) - (VP}?v V)a(411)

where ull, = (A7)~ ![uf; — (6, — 67)Vp).
Step 3.
Find P,’;H € Mjp,, such that for any g € My,

_ . 1 .
(VB = B), Va) = =5 (V@ g), (4.13)

VP nfpg = 0. (4.14)
Then, we can obtain,
u = aptt - stV (PPt - P, (4.15)

. 1
Pt = pptt — 5|v92+1|2. (4.16)

Since each step in the scheme consists of a linear elliptic equation, the scheme is uniquely
solvable.

Remark 4.2. Actually, 6} should take values within [0,27) for any n > 1. We omit this
constraint in this section for simplicity. In Section 5, we prove that under some conditions,
07 € [0,27) for any n > 1 if 8 € [0,2), which shows that the constraint is satisfied.

5. Discrete Maximum Principle

In this section, we show that under some conditions, the above scheme in finite element form
satisfies that 07 € [0,27), if ° € [0,27), for any n > 1. According to Remark 2.2, it ensures
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the equivalence between system (2.6)—(2.8) and system (1.1)—(1.4) when performing numerical
experiments. It is easy to see that, by mathematical induction, we only need to prove that
03t € [0,2m), if 07 € [0,27), for any n > 0.

Assume that we use P; — P; element for the velocity and pressure, and linear element for the
function 0(x,t), since the scheme avoids an inf-sup condition for the velocity and pressure. As
in Section 4, denote {(bZ}N ®, as the piecewise linear basis for S;. Having computed for 6}, uy,
P’ and Ph =P'+5 |V¢9”|2 for n > 0, we need to find 9”“ € Sy, such that for any ¢; € Sy,

_(vo’rh%Fla V(bz) =+ (a292+17 ¢’L> = ( Za ¢’L>a 1 S ) S Nb7 (51)
where aj!, b} and A} are the same as those in Section 4. Namely,

n =1+ 5tV (Ve

ny\— 1 3 3 n n
(Ap) = SV + 1 I+ 6t(65,, —05.)" (07, — hx)}a
" 1
ay = ———————

h 5t(3t|VOp|2 + 1)

1

bn — nagn n . 971,'
=it gt Vo

Denote 0} = ZJ 1 27 ¢j, then VO = Zjvbl z?V¢j, (5.1) can be rewritten as

Ny

> [ Vo, - Vidx + / ahqﬁj@dx} n+l
= Q
= apojpidx + / (Tu” . V¢»)¢idx] x’. 5.2
;[/Q " o \St[Vop+1" ! (52)
Therefore, (5.1) can be transformed into a linear equation
Mx" ! = Cx", (5.3)
where M = {m”}” ., C= {cl-j}f-\;l?zl and X" = (27, , 27 )" Here,

- / V4, - Voidx + / AP budx,
Q Q

1
Cij /Qahnggb X—i_\/&:2 <5t|vez|2+1uh ¢J>¢ X

We first describe a lemma of our main result in this section, which is inspired by Lemma
3.1.1 from [33].

Lemma 5.1. Let A = {ai;}7;_;,

(1) Z?Zl Qij :E?Zl cij <0 fori=1,---,n,

(2) C’LJSO fOTZ,j:1,7TI,,

C = {cij}'j=1 be n X n matrices satisfying the conditions

(3) aijZO fOTi:lu"'anu 3#27
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and assume that a n-dimensional vector w' satisfies the linear equation

Aw' = Cw, (5.4)
where W is a n-dimensional vector. Then each component wi(i = 1,---,n) of W' is estimated
by

w; > min wj, w; < max wjs (5.5)
j=1,--.n Jj=1,-

where w; denotes the j-th component of w.

Proof. Assume that minj—; ... , w’;, = wj. The i-th equation of (5.4) is written as

J
n
/ E : ’ E :
i W; = (—aij)wj + CijWsj.
i j=1

Since the coefficients of w} and w; in the terms on the right-hand side of this equality are
non-positive from the conditions (2) and (3), it holds that

aiiw; < (—Za”)w + <i > _HllIl wj

i =
Namely,
n n
<Zaij> §<Z >_m1n wy.
j=1 =1
Since E?:l a;; = E?Zl cij < 0, then we have wj > minj—; ... ,wj, ie., minj—; . ,w; >
minj—q,... , wj. Thus w, > minj—; ... , w; for each i = 1,--- ,n. The latter half can be proved

in the same manner.
Here, we consider the bounded domain Q@ C R2 Let 7, = {e} be a triangulation of
consisting of N, elements. The piecewise linear finite element space S}, is defined as
Sy, = {wy, € C(Q); wy, is linear in each e € Ty}

We denote P;(i =1,---, Np) as the mesh nodes, and denote

Q; ={e € Tp; P, is one of the vertexes of element e},
N; = number of elements in ;, N = maxN;,
1

h{ = length of the edge opposite to the vertex P; in element e, h, = max h{, h=maxhe,
i ee

e€Th

S. = area of element e, Spqr = maxSe, Spin = min Se.
e€Th ecTh

Denote the matrix M = {mij}i‘\g’ﬂ as M = MM + M® with M®) {m }” , and

{m }” 1, where

- / Vo, - Vidx, ml) = / al ¢ ddx.
Q Q
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The lumped mass method is employed here by replacing the mass matrix M) by the diagonal

matrix M®) | where m(i) ]kvil mﬁ).

Thus we get to study the linear equation
Mx" ! = Cx", (5.6)
where M = M) + M®) = {7,;;}

if=1s 1€

My =miy) = / Vo - Vidx, forij,
Q

Ny
i = _/ |V¢i|2dx+2/ aydjpidx.
Q =1/

For the linear equation (5.6), since

Ny

> (Yo, Vi) = (Vi Vi) =0,

Jj=1

where 1j, is the constant function whose value is equal to unity, it holds that

Ny Ny, Ny,
> i :Z(—/ Vo; -V(bidx—i—/ aga;j@dx) :Z/ aydjdidx,
J=1 j=1 Q Q =/e

Ny, Ny 1 Ny,
cij = a"¢¢idx+/ ooy Un - Vo (bidx) = /a"¢¢idx.
> ;(/ﬂ sttt [ ook - Vepwax) =3 [Lais
And a} = _Weﬁlﬂl) < 0 implies that
Ny Ny,
Zmij:Zcij<O, fori=1,-- Ny (5.7)
j=1 j=1
For i # j,

gy =mi}) = = [ Vo, Vouix.
It has been proved that [32] if the triangulation 7}, is of Delaunay type, (V¢;, V¢;) < 0, for
i # 7, ie.,

For the matrix C, since we use the P; element for the velocity, denote uj = ZkN:bl up, bk,
_ T
where u}, = (uf},,, u%,,)" . Then

Nb Nb
1
cij = | apojpidx+ | —=5—— E u, »w—i—g U, iy | pidx
J / hiP 0 5t|V02|2+1 <k_1 1hk Pk ®j £ 2hk¢k¢]y>¢

e (5.9)

1] )

||I>

(2)

For ¢;;” with i # j, we have

= 2 /5t|v9"|2+1[Z(u?’mmﬂ+“3hk¢k¢jy)]¢idx.

ecQ; N,
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For e € ©; N Q);, assume that the vertexes of e are P;, P; and P, ¢ # j, due to m <1,
it holds that
2 n n
'Ej) Z /(5t|v9"|2 1 { Z (Ul P19jz + uzhl¢l¢jy)] Pidx
e€Q,;NQ
< Y | X whitin + ugusion, o ix
eEQ N, v e Ni=ij,m
< S [ X hullosla+ lugllonladiax.
eEQ N, Y€ i1=i,j,m
By simple calculation, we have,
S .
2e for [ =
/gbl(bidx: R (5.10)
e Fe, for | =i.
And in the element e,
1
IV, = 2_Sehj' (5.11)

é hj. Since there exists two elements in

Hence, [¢jz| < |Vo;| = 55-hy, byl < [Voy] = 5
Q; N Q;, it holds that,

Z {Z |U1hl|+|uzhz|)

ecQ;NQ; ~l=i,j,m

1
< Z §hek IflaXN Ll [ugngl }
eGQiﬁQj

<h n n ' 5.12
< k:TébeﬂulhkLthkH ( )

For 0(2) assume that e € ; and the vertexes of ¢ are P;, P, and P,,. Then we have

S| W@np - 1[ D (Wingdedis +u3hq¢q¢z-y>]¢idx

ecQ; q=i,lm

NP>

ec);

ulhq¢q¢im + Ughq¢q¢iy)¢i dx

q=1i,l,m

1

n n Se
<30 ST (gl ) x 5 X S

e€Q; g=i,l,m €

1
< Z gh _max {lufpel, [uznel}

ecQ; — Y

N n n
< ?hkjlnaXNb“ulhkL [uspel}- (5.13)

=1,...,

1
Cij —/Q—W%@dx
1
Z / m%@dx

ec ;N
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For the element e € ;N 2;, assume that the vertexes of e are F;, P; and P, as before. Due to
o = SO0 algn, VO = S0 a?Vey, Bq. (5.10) and (5.11), it holds that

VO] = 2V, + Ve,

< 2(|2 Vol + Va5 + o Voml?) |

1 1 1
_9 h)2 n2 )2 n |2 B )2 ‘
(Iat 2o ho? + I P + e P g ho? |
o 1
< 2X7 (5 )* (b7 + b + h)

€

3h2X" _ 3R2X"
< b
o 2562 o 25]?[111]
where X" £ maxg—1, N, |27[%. And then

ey
z] < Z / 6t t3h2Xn )¢j¢ldx

e€Q;NQ; 252 .

min

_ Z 2Smm is
B © 6t(3h20tXn + 282 ) 127°

e€;NQY; min
252, 1
< min : _Smin'
<D m t(3h26tX" + 252 ) 12
e€;NY; min

Since there exists two elements in Q; N Q;,

2 3
(1) < 2Smm . lS Lo Smln 5.14
=53 R25tX™ +252, ) 6 ™" 30t(3h26tX™ + 282, )’ (5.14)
Similarly, for i = j, since N; > 1,
252, 1
Z / ¢2dx _ min . _Se
3h2Xn 2 n 2
ot St(ot3h X" i+  6t(3h26tX" +252. ) 6
3 3
< Z _ Smin _ NSmln
30t(3h26tX™ + 252, ) 35t(3h25tX" +252.)
SB
< - min . 5.15
—  30t(3h20tX™ 4252, ) (5.15)

Combine Eq. (5.12)—(5.15), and due to the fact that N > 2, it holds that, for i, j = 1,..., N,

Cij = Ci;’ + ¢4
93
< min h
S T3siehtsixe 1252 ) T2 ety {lufhil, [uzngl}-

Assume that 6} € [0,27), ie., 2} = 0}(Py) € [0,27), for k = 1,--- ,N. Then it holds that
X" =maxg_1, N, [27]* = (27T) =472, and

S8 N
Cij < — i 5— + 5 h max  {|ufyl, [ugnel}
30t(3h26t - Am2 4255, ) 2 k=1...N,
Sﬁlln N
= 65t(67r2h2(5t+5§1m) h ppax {ulnel, [ugpel}- (5.16)
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Therefore, ¢;; <0, 4,5 =1,---, Ny, under the condition that
93
n n < min . 1
k:q}?‘i(Nb{|ulhk|’ |u2hk|} — 3Nh5t(67r2h25t + Sr2nin) (5 7)

Our main result is stated in the following theorem.

Theorem 5.1. For the linear equation (5.6), if the triangulation Ty, is of Delaunay type, under
the condition (5.17), M = {mij}%’?:l and C = {cij}%{’:l satisfy the conditions

(1) Z;V:blmij:z:jy:blcij<0 fori=1,---,Ny,
(2) ¢ij <O forij=1,--- N,
(3) mij >0 fori=1,--+ Ny, j#i.

If x™ = (af,- - ,x}{,b)T satisfies ' € [0,2m), for i = 1,--- | Ny, then x?"’l € [0,27), where

x?"'l denotes the i-th component of x" 1.

Proof. From (5.7) and (5.8), conditions (1) and (3) follow at once. From (5.16), condition
(2) is satisfied if (5.17) holds true. The rest of the proof is similar to that of Lemma 5.1. O

Remark 5.1. In Theorem 5.1, we prove that 6} € [0,27), if 67 € [0,27), for any n > 0,
under conditions that the triangulation 7} is of Delaunay type and Eq. (5.17) holds true.

Remark 5.2. Since Spin = O(h?), assume that 6t = O(h®), Eq. (5.17) can be rewritten as

n n 1
s Al el < O gy emmms )
In order to make sure that the analysis is applicable for non-trivial cases when h — 0, the
condition that a > % should hold true.

Remark 5.3. Condition (5.17) requires that u} should take values satisfying

3.
n n < min
pnex il uznl} < s s enes T o2

min

to make sure that 0} € [0, 2x), for any n > 0. However, it is actually not necessary in specific
numerical experiments since the estimate of 6} and V@} here is coarse. In this paper, we
choose the suitable mesh size and time step when performing numerical experiments, so that
the discrete maximum principle is satisfied, i.e., the function 6} € [0,27). Evidence for the
discrete maximum principle of the numerical solutions is provided in Section 6.

6. Numerical Experiments

In this section, we will show numerical experiments to validate the scheme constructed above.
We simulate the smooth solutions of (1.1)—(1.4) by solving (2.6)—(2.8) and the numerical results
are in good qualitative agreement with those obtained in [3]. We use the piecewise linear element
for the function 6(x,t) and the P; — Py element for the velocity and pressure, since the scheme
avoids an inf-sup condition for the velocity and pressure. All our experiments are computed on
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(6.1)

almost remain

n
h

)

are plotted as functions of
In Figs. 6.6 and 6.7, we

0.05

t

27 (cos(x) — sin(y))

a
if cos(x) —sin(y) <0,

if cos(x) —sin(y) =1,

else.

3

the maximum and minimum values of 6

= (cos(a),sin(a))”
21 + a,

(0,1)? and Ty, is a uniform triangulation, where each element is an isosceles
do

According to the analysis in Section 5, we choose the suitable mesh size and

u =0,
1000 and when n > 400

3

In order to measure the time error, we choose the reference solution as the numerical approx-

imation computed on the discrete parameters (h, §t) = (0.02,0.0005).

The maximum and minimum values of the numerical solutions 6}
n to validate the discrete maximum principle. It is shown in Figs. 6.2 and 6.3 that 0} € [0, 2)

We consider the system (2.6)—(2.8) with the initial conditions:
and the reference solution at ¢ = 1 with different time step size dt = 0.005,0.01,0.02,0.04 and

the same, which indicates that the system almost reaches a steady state. Thus, it is reasonable
plot the L? errors of the velocity, pressure, and the function 6 between the numerical solution

We choose the mesh size h = 1/50, and the time step size 6t = 0.001. The numerical results of
to conclude that 6} € [0, 2) for all n € N.

all the numerical experiments. Evidence for the discrete maximum principle is also shown in
d are shown in Fig. 6.1.

time step, so that the discrete maximum principle is satisfied, i.e., the function 6} € [0,27) in
this section.
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Fig. 6.1. Numerical results of d.
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451
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n 351
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n n

Fig. 6.2. The maximum values of 0} for different n (left) and the local magnification (right).

The minimum value of Gh
~
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n

Fig. 6.3. The minimum values of 6} for different n.
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Fig. 6.4. The maximum values of 0}, for different ¢ (left) and the local magnification (right).

0.05. The maximum and minimum values of the numerical solutions 6} are plotted in Figs.
6.4 and 6.5 as an evidence to validate the discrete maximum principle for these different time
steps. The numerical results show that scheme (3.1)—(3.7) is first-order accurate in time for all
variables.

7. Conclusions and Remarks

In this paper, we rewrite the 2D simplified Ericksen-Leslie system (1.1)—(1.4) and propose
a new system (2.6)—(2.8). We construct a time discretization numerical scheme for the new
system. The scheme is the first constraint-preserving, decoupled and energy-stable scheme for
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dt=0.0005
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dt=0.01
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t

Fig. 6.5. The minimum values of 0} for different Jt.
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Fig. 6.6. L? errors of the function f(left) and pressure(right).
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log(dt)

Fig. 6.7. L? errors of the velocity (u = (u1,u2)).

the 2D simplified Ericksen-Leslie system so far. The scheme is quite easy to implement. One
only needs to solve linear and decoupled elliptic equations at each time step. It also satisfies
the discrete maximum principle, which ensures the equivalence between system (2.6)—(2.8)
and system (1.1)—(1.4) when performing numerical experiments. Numerical experiments are
presented to validate the scheme and simulate the dynamic motion of liquid crystals.
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