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Abstract. We establish local and global well-posedness of the 2D dissipative quasi-
geostrophic equation in critical mixed norm Lebesgue spaces. The result demonstrates
the persistence of the anisotropic behavior of the initial data under the evolution of
the 2D dissipative quasi-geostrophic equation. The phenomenon is a priori nontrivial
due to the nonlocal structure of the equation. Our approach is based on Kato’s method
using Picard’s interation, which can be apdated to the multi-dimensional case and
other nonlinear non-local equations. We develop time decay estimates for solutions of
fractional heat equation in mixed norm Lebesgue spaces that could be useful for other
problems.
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1 Introduction and main result
We study the Cauchy problem for the 2D dissipative quasi-geostrophic equation

{ wp+ (=A)"u = R(u) - Vu_in R* < (0,T), (1.1)

u(-,0) =0(-) in R?,

where a € (0,1), u : R?> x (0,T) — R is an unknown solution with some T > 0, 6y :
R? — R is a measurable function of initial data, and

R(u) = (=R2(u), R1(u))
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in which Ry is the kth Riesz transform which is defined by

1

Ri(u) = 05, (—A) 21, k=1,2.

Moreover, in (1.1), (—A)* denotes the fractional Laplace operator of order « whose precise
definition will be recalled in Subsection 2.3.

The goal of this paper is to study the well-posedness of (1.1) in critical mixed-norm
Lebesgue spaces. To make sense what we mean by this, let us recall the following scaling
invariant property of (1.1). From a simple calculation, we see that for each solution u of
(1.1) and each A > 0, the rescaled function u” defined by

uM(x, t) = A% u(Ax, A%t),  (x,t) € R? x (0, T/A%%), (1.2)

is also a solution of (1.1) with the corresponding scaled initial data 9())‘ defined as in (1.2).
Now, for each py, p2 € (1,00), the mixed norm L,, 5, (IR?) of a measurable function
f: R? — R is defined in [1] by

1
22 B
P1
Hf”L,,l,,,z(lRZ) = (/IR (/IR ’f(xllx2)|p1dx1> dx2> .

Similar definitions can be formulated with either or both of p; = oo, po = co. Then, we
observe that

H”/\("t)HL,,l,pZ(W) = ||u('/)\2at)”L,,l,p2(R2) forall A >0 andforall t € [0,T/A*)

if and only if
— + — =20 —1. (1.3)

Note that (1.3) is valid only when a > 1.

The study of (dissipative) active scalar equations has seen a great topic of research in
the last decades, starting with the seminal works of Constantin, Majda and Tabak [7, 8].
It is commonly known that (see also (1.3)), Eq. (1.1) is critical for & = %, subcritical for
a > 1 and supercritical otherwise. For the latter, the global well-posedness is largely
open (see e.g., [24]). For the subcritical case, the problem has been investigated in [6]
(see also e.g., [10,16]) and for the critical case in the seminal work [5] (see the predecessor
paper [19] for smooth data and also [9]). The super-critical case has been addressed in [11,
12] where some regularity is assumed for the velocity. It is important to notice that even
if in the present work we are considering a subcritical problem as far as the scaling is
concerned, the fact that the initial data is chosen in a critical space does not allow to
obtain easily a global well-posedness result for large data in our framework. Indeed, the

local well-posedness in the critical Lebesgue space Lz obtained in [6] can be improved
to a global one using the LP-maximum principle in [13]. However in our case, we do not
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know if such a maximum principle in mixed Lebesgue norms is available, leaving open
the global well-posedness for large data. We plan to address this issue in the next future.

There is by now a huge literature dealing with this type of equations with or without
dissipation and we refer the reader to the excellent survey paper [18].

In this paper, we focus on well-posedness of (1.1) in critical mixed norm spaces
Lp, p, (R?) in which ps, p; satisfy (1.3). In particular, the results of the paper demonstrate
the persistence of the anisotropic behavior of the initial data under the evolution of the
2D dissipative quasi-geostrophic equation. Due to the nonlocal structure of the equation,
the phenomenon is a priori nontrivial and interesting. To state our result precisely, we
introduce some notations. Given p = (p1, p2) and q = (41, 92) such that p; € (1,0) and
gk € [pk, o) for k = 1,2, assume that (1.3) holds and

l—i—l:ée (0,201—1). (1.4)
q1 qz

Then, given T € (0, co], we denote X, ; 1 the space consisting of all measurable functions
f:R?2x[0,T) — R such that for

20—1

g(x,t) =" f(x,t) and §(x,t) ==V f(x,t) with (x,t) € R2x (0,T),

then

g € C([o, T)/qu,qz(]Rz))/ g € (o, T)/Lpl/p2(R2)2)/

and moreover g(x,0) =0, §(x,0) = 0 and the norm

1f e, = Sup 180 8) 1y w2y + 1121, )| < 00 (15)

We also denote Y,, 1 the space consisting of all functions f € C([0, T), Lp, p,(R?)) such
that 2V f € C([0,T), Lp, », (R?)2) and

1
£l = sup [1F Ol ) + EEITF D),y ] < (1.6)

The following result exhibits local and global existence together with uniqueness in
mixed norm Lebesgue spaces Ly, p, (R?).

Theorem 1.1. Let a € (3,1], p = (p1, p2) and g = (q1,q2) with py € (1,00), gy € [p, ) for
k = 1,2. Assume also that the conditions (1.3) and (1.4) hold and

Z"+ 1<pe k=12 (1.7)
k

Then, there exist a sufficiently small constant Ay > 0 and a large number Ny > 0 depending only
on a, p, and q such that the following assertions hold.
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(i) For every 6y € Ly, ,,(IR?), if HGOHLPI,pz(]RZ) < Ag, then the Cauchy problem (1.1) has
unique global in time solution u € Xp .00 N'Yp,co with

4]l 000 < NollOollr,, ,r2) and lully,.. < Noll6ollr, ,r2)-

(ii) For every 6y € Ly, p, (R?), there exists To > 0 sufficiently small depending on a, p, q and
0o such that the Cauchy problem (1.1) has unique local in time solution u € X, 41, N'Yp,T,
with

lullxy,zy < Nolléolls, , ey and [l < Nolléolls, , e

The previous theorem is proved via the Kato’s method which is based on the Picard’s
iteration. A straightforward inspection of the proof of Theorem 1.1 shows that similar
results also hold if in (1.1) we replace R? by R" for any n > 2, and R is any operator so that
each of its components is bounded in weighted Lebesgue space L,(R",w) — L,(R", w)
for any Muckenthoupt A, weight w, like for instance a Calderon-Zygmund operator
(see Section 2.1 for its definition). It is also possible to extend the results and ideas in
this work to more general equations and systems of equations in more general setting
of mixed-norm functional spaces such as mixed norm Sobolev spaces and mixed norm
Besov spaces.

2 Preliminary estimates in mixed norm Lebesgue spaces

For p1,---,pn € [1,00), and for a given measurable function f : R" — R, we say that f
belongs to the mixed-norm Lebesgue space Ly,,... », (R") if its norm

1Ly, (R)

pn X
Pn-1 Pn—1

% Pn—2 "
- ( a (/ |f(xq, - -xn)|”1dx1> "y - ) dx,—1 dxy, < oo.
R

Similar definitions can be also formulated if some of the indices in {p1, - - - , p, } are equal
to co. Note that it follows directly from the definition that if p = p; = --- = pj,, then
Ly, p,(R") is the same as the usual Lebesgue space L,(IR"). For more details on mixed
norm Lebesgue space Ly, ... , (R"), one can see [1].

2.1 Riesz transform in mixed norm spaces

This subsection proves that the Riesz transforms are bounded in the mixed-norm
Lebesgue spaces. The main result of the section is stated in the following theorem.
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Theorem 2.1. Foranyj=1,--- ,nand any p1,--- ,pn € (1,00), there exists a positive con-
stant N = N(p1,- -+, pn, n) such that

1Ri Iy, ey < NIfllL, ..., )

for every f € Ly,..p,(R"), where R; is the j"-Riesz transform defined by R;(f) =
dy,(—A)"2f.

To prove Theorem 2.1, it requires several definitions and results from analysis. We
first recall the definition of Muckenhoupt A, (IR")-class of weights. For each g € (1,0), a
non-negative, locally integrable function w : R" — R is said to be in the Muckenhoupt
Ay(R")-class of weights if

1 1 a1 \7!
wlas =: su —_ w(x)dx _ w(x) 7 1dx < 00,
wla R>o,xfew<|BR<xo>| o ) (Bt oy ) 70%)

where Br(xo) denotes the ball in R" of radius R centered at xg € R". In the following,
for each given p € [1,00) and each given weight w : R” — IR, a measurable function
f :R" = R is said to be in the weighted Lebesgue space L,(R", w) if its norm

1Nz, (R w) = (/]R |f(x)\”w(x)dx>; < co.

We recall the following amazing result from [21, Theorem 6.2], which is a beautiful appli-
cation of the Rubio De Francia extrapolation theory (see [14] and [15, Corollary 2.7] for
instance).

Theorem 2.2. Let py € (1,00) for all k = 1,---,n. Then, there exists a constant Ky =
Ko(n,p1,- -, pn) such that the following holds true. For a pair of given measurable functions
f,8: R" = R such that if

£z, R w) < 1811, (R7w)

for every w € Ay, with [w]a, < Ko, then we have

1ALy, ey < %M1&L, R
Now, we are ready to provide the proof of Theorem 2.1.

Proof of Theorem 2.1. We plan to apply Theorem 2.2. For given py,---,pn € (1,00), let
Ko be as in Theorem 2.2. By using the truncation and a multiplication with suitable cut-
off functions, we can approximate f € Ly, ... »,(R") by a sequence of bounded com-
pactly supported functions (see [1]). Therefore, we may assume that f is bounded
and compactly supported in R". Without loss of generality, we can also assume that
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p1 = min{py,---,ps}. Under these assumptions, we see that f € L, (R",w) for every
weight w € Ay (R"). Then, since p; € (1,0), by the classical Calder6n-Zygmund theory
(see [14,17] for instance), there exists a constant N = N(p1, n, Kp) such that

IR (L, R w) < NIfllr, (Rrw) (2.1)

for every w € A, with [w] Ap, < Kp. From (2.1) and Theorem 2.2, we infer that

IR Ly, ey < 4*NIIfllL,, - (R0)-

This is the desired estimate and the proof is therefore completed. O

2.2 Young's inequality in mixed norm Lebesgue spaces
The following Young’s inequality in mixed norm Lebesgue spaces is needed in this paper.

Proposition 2.1 (Young’s inequality in mixed norm). Let py, rx and qj be given numbers in
[1, 0o] that satisfy

R U
Pk TGk Tk
Then
1f*8llz,, ey < fllL,, e I8lL,, e (2.2)

forevery f € Lg,,... 5,(R")and g € L, .. ,, (R").

Proof. The proof can be done using induction on the dimension n. For details, see [23,
Theorem 1.2]. O
2.3 Fractional heat equations in mixed norm Lebesgue spaces

We consider the Cauchy problem of the fractional heat equation

{ ur+ (—A)*u=0 in R" x (0,00), 2.3)

u(x,0) =up(x) for x € R",
where s € (0,1] is a given number and 1y : R" — R is a given measurable function. The

fractional Laplace operator (—A)° can be defined through its Fourier transform or by the
presentation (see [25] for instance)

(~8) (1) = NGws) [ LS8y

Under some sufficient conditions on the given initial data ug, the function

u(x,t) = e %y (x) = /]R” Ps(x —y, t)up(y)dy (24)



T. Phan and Y. Sire / Anal. Theory Appl., 36 (2020), pp. 111-127 117

is a solution of (2.3). Here, in (2.4) the function P;(x, ) is the fractional heat kernel. When
s = 1, the fractional heat equation becomes the usual heat equation and
1 lx?

Pl(x, t) = we_ﬁ, (x, t) € R" x (0, OO)

For general s € (0,1) the formula of Ps(x,t) is not explicit, except for the case s = % for
which

N(n)t
Pl(x,t):%, <x,t>ERnX(0,00),
? (£ + [x[)2
where N(n) = T'(n+ (1/2))/7"*(1/2) is a normalization constant. However, for every
s € (0,1), it is known from [3,20] that Ps € C®(R" x (0,00)). Moreover, it also follows
from [2] that

Py(x,t) = R (|x|t %),
where F; € C*(IR) satisfying the following asymptotic property

lim |&|"T%F,(&) = N(n,s).

] —e0
In particular, for s € (0,1), we have

Ni(n,s)t No(n,s)t
( >ﬂ SPS(xlt)S ( )ﬂ/

P e T — ,t) € R" x (0,00), 2.5
GETRE oy F RO @

for some universal positive constants Ny, N».
The main result of this section is the following theorem on time decay estimates for
the fractional heat equation in mixed norm Lebesgue spaces.

Theorem 2.3 (Time decaying of solutions for fractional heat equation in mixed-norm).
Let s € (0,1 and 1 < g < py < oo. There exists a positive constant N depending only on
P1,-c  Pnq1, - . qn,s and n such that for the solution u(x,t) = e_(_A)stuo(x) defined in
(2.4) of the Cauchy problem (2.3) with ug € Ly, ... 5,(R"), it holds that

_1lym 1_ 1
Ju( ), ., ey < Nt 2 Liea (5 pk)||uoy|%”,qn(w) for t>0. (2.6)

pn
Moreover, for everyl =1, - -- and for t > 0
) ’%’%U:ﬂ(l*i)
IDLuC, )], ey < NE 2 w5 ol s @7)

where D', denotes the 1""-derivative in x-variable.
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Proof. When s = 1, Theorem 2.3 follows from [23, Theorem 2.9]. Therefore, we only
consider the case s € (0,1). We begin with the proof of (2.6). Foreachk = 1,--- ,n, by
the assumption that q; < py, we can find 7 € [1, 0] such that

—+1=—4 —. (2.8)
Pk e 4k

Then, because u(x,t) = (Ps(+, t) % up)(x), we can use the mixed-norm Young’'s inequality
in Theorem 2.1 to see that

[uC D)L, pprey < IPCOL, ey ol r)- (2.9)

We now estimate [|P5(+,#)[|, _, (re)- By (2.5), we see that

1P ), ey < N, 8)E (GO, vy

where

1
Gi(x) = ———-.
t( ) (1+‘ J; |2)n+225
t2s

Then, by the change of variable y = -, we see that
t2s

:t% Yot o G

oI ol

=N(n,ry,--- ,rn)t% [”*ZZ’:l (iil}ik)]

This last estimate and (2.9) imply (2.6).
Next, we prove (2.7). We only demonstrate the proof of (2.7) with I = 1 as the general
case can be done in a similar way. We observe that foreachi =1,--- ,n,

Dyu(x,t) = ([Dy,Ps(-, t)] xug)(x), (x,f) € R" x (0,00).
Then, by the mixed norm Young’s inequality in Theorem 2.1, we have
1D ), ey < DR o llio) e, oy (210)

It remains to estimate the mixed norm HDx,-Ps('/t)HLrl/A../,n (R1)-  Observe that (see [4,
Eq. (1.5)] for instance)

N(n,s)tx; " T
Dy P b)) € N gtk B
(E + [x) B A+ =P

t2s




T. Phan and Y. Sire / Anal. Theory Appl., 36 (2020), pp. 111-127 119

Then, by using the change of variable x — -, we see that
t2s

w1 Llyn 1
| D, Ps (-, 1) ||L,,1,4,.,,,I(IR") <N(ns,r,--, ”n)t_z_%stzs Let i
:N(TZ, 5,71, /rn)tiéiézz:1 (iii) .
From this, (2.7) with [ = 1 follows. The proof is completed. O

Next, we introduce and prove the following simple lemma on the continuity property
of the solutions of the fractional heat equation (2.3) in mixed norm spaces.

Lemma 2.1. Let s € (0,1] and py € [1,00) fork =1,--- ,n. Assume that ug € Ly, ... p,(R").
Let u(x,t) = e~ ("tuy be the solution of the fractional heat equation (2.3) defined in (2.4).
Then, the following assertions hold

(i) u e C([0,00),Lp,, .. p,(R")) and

lim [Ju(-, £) —wuollr, , & =0. (211)

t—07t

(ii) For every gy € [py, o) withk =1,--- ,n, let

k=1 Pk Ak
we have
jlim 2 Ju(, ), &) =0, (2.12a)
. 1o
tl_l)t(])n+ t 2 ||Vu(-,t)|\Lq1,”_,qn r7) = 0. (2.12b)

Proof. We start with proving the assertion (i). We only prove (2.11) as the proof of the
continuity of u at ty > 0 can be done similarly. Let € > 0, from [1], by using the truncation
and a multiplication by a suitable cut-off function, we can find a bounded compactly
support function i such that

i €
o = follr,,..... &) < 757

where N = N(n,p1,---,pn) > 1is the number defined in Theorem 2.3. Then, by Theo-
rem 2.3, we have

=1 |

le™ A (g — 1o Ly, ) < Nolluo —dollr, ., we) <
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From the previous two estimates, we see that
€

+4:N

le™ A (g — o) — (o — o) |1, (r) < < - (2.13)

= m
N| ™

Our next goal is to show that

lim He*(fA)

i — | =0
m Lpy e pn (R) .

Take p > max{pj,- - -, pn} and choose the numbers g, € (pi, o) such that

1 1 1
~ 2 k=1, ,n

w e P
Then, by applying the Holder’s inequality repeatedly for each integration with respect to
each variable x;, we see that
He—(—A)sth — I:[OHLpl,-“,Pn (R")

<le= A g — dio |, oy lle™ A g — ollL, . . (RY)

<Jle= iy — || L, (r7) [Hf(*A)Stﬁo|\Lq1/m,qn ®n + ol . (]R")}

<NJle” a0 — ito | rey I 01, (R

Observe that as il is bounded and compactly supported, |||z, , (rr) < co. Therefore,

Ry < Nlle™ g — g ey = 0 as £ — 07,

le= (=21t — 0lL,y,,..

where in the last assertion, we used the continuity of the fractional heat flow in the un-
mixed space L,(R") and the fact that iy € L,(IR"). From this and (2.13), we conclude
that there is 6 = d(€) > 0 such that

He_(_A)Stuo — uOHLpl,-~,pn (R") <€ Vte(0,0).

This proves (2.11) as desired.

We now prove (ii). We only provide the proof of the first assertion in (2.12) as
the second one can be done similarly. We may assume that 1, is bounded and com-
pactly supported if needed. Let € > 0. Then, by using approximation, we can find
§E€ Ly, p, (RN Ly, ... 4, (R")" such that

€
[[uo _8||Lm,...,p,,(]R") < 2Ny’

where Ny > 0 is defined as in the proof of (i). Now, by Theorem 2.3, we see that

N| ™

t )l (o — @),y mey < Nlluo = gl ., re) <
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On the other hand, using the first assertion in (i) again, we also obtain
o ||~ (A gHqu (R < NthHgHL (rry =0 as t— 0",

Then, combine the last two estimates, we infer that there is small number ) = dp(e) > 0
such that

t% He_(_A)StuOHLlﬁ,--',qn (]Rn) S 6, Vt E (0, 50).

This implies that
im t2 || (78)° —
t1_1>%}r t2 ||€ uOHL’hr",qn (]Rn) - 0
as desired. The proof is completed. O

3 Proof of Theorem 1.1
By Duhamel’s principle, Eq. (1.1) is recast in the following abstract form
u(t) = uo(t) + B(u, u)(t), (3.1)

where

up(t) = e~ 8%, B(u,0)(t) = /Ote_(_A)“(t_s)R(u(s)) - Vo(s)ds. (3.2)

Our goal is to prove the existence and uniqueness of a fixed point for Eq. (3.1). To proceed,
we need to control the nonlinear term. Our next lemma gives some important estimates
in mixed norm for the bilinear term B(u,v) defined in (3.2).

Lemma 3.1. Let py € (1,00) and 7, By, vx € (0,1] be given numbers satisfying

M < T+Pr<pr, k=12

Let
2 2
T Bk 3
T=) —, =) —, and =
k:Zl Pk P k:Zl Pk Zl pr
Then
T+Hp—r
1B, 0) ()|, ,, (R2) < N/ (t=s)" 2 {[us)lL,, @) IVO6)L,, ,, @)ds,
T'72 ) B1'B2
1+ +ﬁ i
IVB(u,0)(t)lL,, ,, ®2) < N/ (t—s)” ()L, , @) IVO6)ILy, ) m2)ds,
' n'n B1' B2

where N is a positive number depending only on n, a, px, &1, By, &k fork =1,2.
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Proof. We only prove the first assertion in the lemma as the proof of the second one can
be done similarly. By applying (2.6) of Theorem 2.3, we see that

+B—y
2 [R(u(s)) - Vo)L, we)ds.

T +B1 B2

B0 Ol ey SN [ (6=5)"

"'
Then, as

TP _ T, Preopoan k=12,

Pk Pk Pk

we can repeatedly apply the Holder’s inequality for each integration with respect to each
variable x; to find that

[R(u(s)) - Vo)L, ,, ey < 1R@S) L, , @) IV, ,, @)
T +B1 B2 ' 1'B2
Therefore
t _ TPy
IB(1,0) (1), ey <N [ (E=9) IR Iy, | VO6) Iy, s
ke 0 % B1' B2

The first assertion of the lemma follows from this last estimate and the boundedness of
the Riesz transform in Theorem 2.1. The proof is completed. ]

Now, to prove Theorem 1.1, let us recall the following useful abstract lemma whose
proof is based on the Picard’s interation.

Lemma 3.2. Let X be a Banach space with norm ||-||x. Let B : X x X — X be a bilinear map
such that there is Ny > 0 so that

1B, 0)[[x < Nollullxllollx, Vu, veX.
Then, for every ug € X with 4Np||ug||x < 1, the equation
u=uy+ B(u,u)
has unique solution u € X with
lalx < 2luollx.
We are now ready to provide the proof of Theorem 1.1.

Proof of Theorem 1.1. Let p = (p1,p2), 9 = (q1,92) be as in the Theorem 1.1. Let 6 €
Lp, p, (R?) and recall that

s=2 11— (33)
q1 qz
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We now prove (i). Recall the definitions of X, ;. and ¥ 4, in (1.5) and (1.6). We apply
Lemma 3.2 to obtain the existence and uniqueness of solution of (3.1) in X, . Then,
we prove that the solution u belongs to Y, 4, To this end, we begin with the proof that
g € Xp,g,00- From Theorem 2.3 and the definition of ug in (3.2), we have

H“O(t)Hqu,,h(]Rz) < Nyt~ HLm py (R?)7
||vu0(t)HLlﬂl:P2(]R2) = Nlt_ﬂHGOHLm/nz(]Rz)’ vt >0,

where N; > 0 is a universal constant depending only on 1, p and 4. Moreover, it follows
e (=8)t g uniformly bounded from Ly, , (R?) to Ly, 4, (R?)
and tends to zero as t — 07, we see that t it ug vanishes as t = 0. Similarly, as
ta Ve~ (D). js uniformly bounded from L,, ;,(R?) to Ly, »,(IR?)? and tends to zero as

t — 07, we also have £2e Vg equals to zero as t — 07. In conclusion, we have shown
that 1p € Xp 4,0 and

luollx, e < Nillbollz, , (r2)- (3.4)

It now remains to prove that the bilinear form B : X, 500 X X400 — Xp g0 is bounded.
By (1.3), (1.7), and (3.3), we are able to apply the first assertion in Lemma 3.1 with B =1
and 7, = T = % € (0,1] to find that

1B (w,0) (D)1, )
t 21
N [ (=) )1y, 00 V06 I, e s

_20—¢

t ,M
SMmemmwﬂwﬂ>m Bt e

To control the integration in the last estimate, we split it into two time intervals (0, t/2)
and (t/2,t). We then obtain

1B, o)), e

t/2 i t 21 20-d
N O A e IS e

w1 (12 s s [f 1
§N||u||xwoo]|vprW[ /0 s ds+t /t/z(t—s) b ds]

<Nt

P.q,00 ‘ ’ % H xp,q,oo *

Similarly, from (1.3), (1.7), (3.3), we can apply the second assertion in Lemma 3.1 with
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Y =1pBr=1land 1 = % € (0,1] to obtain
IVB(u,0) ()1, )
t 146
N [ (=) 5 ), 10 [T I, 10

't Ll 4 b
Nl ol [ ()75 57 50l
t/2 IRET t _Le g4
=Nl ullellgpe | [ (=) E o ds 4 [ (597 F T s

t/2 t
Nl ol |15 [ s s [ () ]
” v 0 t/2
_1
SNt 20‘Hupr,q,ooHvpr,q,oo‘ (3'5)

From the last two estimates and the definition of B(u,v) and Lemma 2.1, it follows that
<2aziHB(u,v) : [0,00) — Ly, 4,(IR?) is continuous and vanishes at t = 0. Similarly, we can

also prove that t2VB(u,0) : [0,00) — Lp, p, (R?) is continuous and vanishes as t — 0.
Therefore, we conclude that B (u, v) eX P,4,0 and

1B (1, 0)[|¢

where N, is a constant depending only on 7, p and 4. In other words, the bilinear form
B Xpg,00 X Xpg,00 = Xpg,00 is bounded.
Next, let us choose Ay > 0 and sufficiently small so that

< Nallullx, IOl V1,0 € Xp g0, (3.6)

pge —

4N1NAg < 1, (3.7)
where Nj is defined in (3.4), and Nj is defined in (3.6). Note that both of these numbers
depend only on p, g and n. Now, if ||6|| Ly, py (R2) < Ay, then it follows from (3.4) that

4]\]2”140||j)cp,q/oo < 4N1N2||a0HLp1,m,p” (IR") <4N1NyAg < 1.

From this and by applying Lemma 3.2, we can find a unique solution u € X, of
Eq. (3.1) such that

lullx,, . < 2luollx., <2Nll8ollr, , o (3.8)

Now, to complete the proof (i), we need to show that u € Y, . We recall that the defini-
tion of Y, is given in (1.6). Since

u(t) = up(t) + B(u,u)(t),
we have

lu®ln, ) < luo(®)l,, ey + 1B ) Ol 5 (3.99)
IVu(®)ll, ) < IVuo()lls, e+ IVBw) O, g G9b)



T. Phan and Y. Sire / Anal. Theory Appl., 36 (2020), pp. 111-127 125

Then, by applying Lemma 2.3, we see that

luo(t)llL,, ,, &2y < Nl6ollL, , =2, (3.10a)
_1
IVuo(£)lL,,, rey < Nt 2160l , (w2)- (3.10b)

On the other hand, by (1.3), (1.7), and (3.3), we are able to apply the first assertion in
Lemma 3.1 withy, =1, 5 = % € (0,1] and By = 1 to infer that

00,0 (D),
t e
<N [ 55 ) iy 0 90 Ly

)

SN PSS SRR
gz\r||u||xw/0 (t— ) Fs~ (15 gs
t/2 ; )
=NulR,,. [ [ [ o)
e Lo t/2

t/2 ) t

t/2
<Nll6ollZ, , ) (3.11)

where in the last estimate, we used (3.8). Also, by (3.5) and (3.8), it follows that

IVB(u,u)L,,,,me) < Nt wullk,,. < Nt~ 6ol

() (3.12)

Then, from the estimates (3.9), (3.10), (3.11), (3.12) and the fact that ||6]| Ly, (R2) 1 suffi-
ciently small that, we see that

lully, . < Nollboll.,, , xe)-

The proof of (i) is therefore completed.
Now, we turn to prove (ii). As in the proof of (3.4), we see that uy € X ;. From the

definition of the norm of the space X, 5 in (1.5), the continuity and the vanishes of tw U

and of t% Vg at t = 0, we can choose a sufficiently small number Ty > 0 depending on
n,p,q and 6y so that

[0l 5.7, < Ao,

where A is defined as in (3.7). Moreover, by following the proof of (3.6), we can also see
that the bilinear form B : X, 5 1, X X, 41, — X},4,1, is bounded with

||B(M’U)||qu]"0 — N2||u|’quTO|| ||quT0’ vu’v € xprQ/TO'
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Then, applying Lemma 3.2 again, we can find a unique local time solution u € X, 4 1, of
(3.1) satisfying

[ulloc,,, 7, < 2Nall6ollr, , (r2)-

Now, we only need to prove that the solution u that we found is indeed in Y, 1,. However,
this can be done exactly as in the proof that u € Y, « in (i), and we skip it. The proof of
the theorem is then completed. O
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