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Abstract. Let £, = (—A)? + V2 be the Schrodinger type operator, where V # 0 is a
nonnegative potential and belongs to the reverse Holder class RHy, for ¢ > n/2,n >

_1
5. The higher Riesz transform associated with £; is denoted by R = V2L, ? and its

_1
dual is denoted by R* = £, 2V2. In this paper, we consider the m-order commuta-
tors [b™, R] and [b™, R*], and establish the (L?, L7)-boundedness of these commutators
when b belongs to the new Campanato space A% (p)and 1/q =1/p —mpB/n.
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1 Introduction
In this paper, we consider the Schrodinger type operator
Lr=(-A)?+V?* on R", n>S5

where V is nonnegative, V' # 0, and belongs to the reverse Holder class RH, for some
q > n/2,ie., there exists a constant C such that

1/q
<,13, /B V@)W) < ,; BV(y)dy

for every ball B C R".
The higher Riesz transform associated with £, is defined by R = Vzﬁz_ 1/ 2 and its
dual is defined by R* = £, 17272 The LP-boundedness of the higher Riesz transforms
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have been obtained in [1] by Liu and Dong: Suppose V' € RH,, withn/2 < g1 < n. Let
1/p1=2/q1—2/n,py=p1/(p1 —1).If1 < p < py, thenforall f € LP(R"),

IRf Nl e vy < CllfllLrrry-
If pf < p < oo, thenforall f € LP(R"),

|R* fllLrrey < ClIfllrrr)-

Asin [2], for a given potential V € RH,; with g > n/2, we define the auxiliary function

p(x) :sup{r>0: rnlz/( )V(y)dygl}, x € R".
B(x,r

It is well known that 0 < p(x) < oo for any x € R".
Let® > 0and 0 < B < 1, in view of [3], the new Campanato class A%(p) consists of
the locally integrable functions b such that

1 r 0
P b —bpldy<Cl14+ —
B[ oy 20— sl < ( +p(x)>

for all x € R" and r > 0. A seminorm of b € A%(p), denoted by [b]%, is given by the
infimum of the constants in the inequalities above.
Note thatif 6 = 0, A%(p) is the classical Campanato space; If § = 0, A% (p) is exactly

the space BMOgy(p) introduced in [4].

We denote by X and X* the kernels of R and R*, respectively. Let b be a locally inte-
grable function, m be a positive integer. The m-order commutators generated by higher
Riesz transform and b are defined by

0", Rf(x) = [ Kxy) (6(x) — b(y)" Fly)dy
and
0", R (x) = [ () (blx) — b))y

In this paper, we are interested in the boundedness of [0, R] and [b™, R*] on Lebesgue

space when b belongs to the new Campanato class A% (p). The main result of this paper

is as follows.

Theorem 1.1. Suppose V € RHy, withn/2 < q1 <n,1/p1 =2/q1—2/n,p; = p1/(p1 — 1).
Let 0 < B <1,andletb € Ay(p). If pi < p < oo, then forall f € LF(R"),

16", R fllaqrey < CCIE)" 11w
where1/q =1/p —mpB/n.
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We immediately deduce the following result by duality.

Corollary 1.1. Suppose V € RHy, with n/2 < q1 <n, - = 2 — 2. Let0 < p < 1, and let
be A%(P)-Ifl < p < py, then forall f € LP(R"),

16", R1f | oy < CC0IE)™ 1 f | Lo
where1/q =1/p —mpB/n.

We shall use the symbol A < B to indicate that there exists a universal positive con-
stant C, independent of all important parameters, such that A < CB. A = B means that
ASBand B S A.

2 Some preliminaries

We recall some important properties concerning the auxiliary function.

Proposition 2.1 ([2]). Let V € RH,,/,. For the function p there exist C and ko > 1 such that

k

e (1) < <o (1 B3

forall x,y € R"™.

Assume that Q = B(xg, p(x0)), for x € Q, Proposition 2.1 tell us that p(x) = p(y), if
[x =yl < Cp(x).
Lemma 2.1 ([5]). Let k € N and x € 2571B(xo,7) \ 2¥B(xo, r). Then we have
! NS . N/ kot D)
2k 2k 0
<1+ p(X)> <1+sz>>

Lemma 2.2 ([6]). Suppose V € RHy,,q1 > n/2. Then there exists a constants ly > 0, such that

1 r lo
— Vidy < (1+——) .
=2 /B(x,r) W)y 5 < +p(x)>

The following finite overlapping property given by Dziubariski and Zienkiewicz in [7].

Proposition 2.2. There exists a sequence of points {xy};> , in R", so that the family of critical
balls Qr = B(xk, p(xx)), k > 1, satisfies

(i) Ug Qi = R".
(ii) There exists N = N(p) such that for every k € N, card{j : 4Q; N4Qx} < N.
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Fora > 0,¢ € L} .(R") and x € R", we introduce the following maximal functions

1
Mpa8(x) = sup — [ |g(y)|dy,
|B| JB

XEBEB) .

1
Miag(e) = sup oo [ ls(y) —soldy

XEBEB)«

where By« = {B(z,7) :z€ R"and r < ap(y)}.
We have the following Fefferman-Stein type inequality.

Proposition 2.3 ([4]). For 1 < p < co, there exist 6 and <y such that if {Qx};> , is a sequence of
balls as in Proposition 2.2, then

[ Msgolras < [ MEgeorar+ e (13 [ lel)
R pAEWXIIEX R P8 Y)Y T ¢ | Qx Zng

forallg € L} _(R").

loc

We give an inequality for the function b € A‘é(p).

Lemma 2.3 ([3]). Let 1 < s < oo, b € A%(p), 0<B<1keN,and B= B(x,r). Then we
have

1 Vs 2k \?
(|2’<B] - b(y) — bB\sdy) < [blp(2n)P (1 + p(x)) /
where 0" = (ko + 1)0 and ko is the constant appearing in Proposition 2.1.

Let K and K* be the kernels of the Riesz transform R and its dual operator R*, respec-
tively. Then K(x,z) = K*(z, x) and we have the following estimates.

Lemma 2.4 ([8]). Suppose V € RH,, withn/2 < g1 < n.
(i) For every N, there exists a constant Cn > 0 such that

o (1+550) V2(u) 1
15 (x, 2)| < b </ W) gy 2) .
B( |x — 2|

[ —z["2 vzl /4) [u —2|"2

(ii) Forevery N and 0 < 6 < min{1,2 —n/q1}, there exists a constant Cny > 0 such that

|3¢7 (%, 2) = K (y, 2)]|

[x—2]

-N
Sl (1+ 55) (/ V2 (u)
B(

d
N |x — 224 SN T !x—ZP)'

where |x —y| < |x —z|/16.
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3 Proof of Theorem 1.1

To prove Theorem 1.1, we first prove the following lemmas.

Lemma 3.1. Suppose V € RHy, withn/2 < qy <n.Let1/py =2/q1—2/n,andb € A%(p).
If p} < s < oo, then forall f € L; (IR") and every critical ball Q = B(xo, p(x0)),

éwﬂwwmmw

m—1
S([e]g)™ inf Migs () (x) + Z([b]%)’"‘”;ggM(m-v)ﬁ,s([b”,ﬁ*]f)(x),
=0

where

1/s
Mo 1)) = sup (e [ FO )

X€B

Proof. By binomial theorem, we have

(b(y) —b(2))" :icl,m(b(y) — M)A =b(2))" + (A= b(2)"

Zﬁsz(b(y) A) (A =b(y) +b(y) —b(z)) (A —b(z))
m m—l

ZIZh Clanpn(b(y) = M) (b(y) = b(2))" "+ (A = b(2))"
=1h=0
—1

= OCm(b(y) A)" T (b(y) —b(2))" + (A = b(2))
y=

then
" R1f W)l = [, 1K, 2)(bly) = b(2))"f(2)|dz

m—1
S L [b(y) = AR R W)+ 1R (6 = )" F)()]-
=0
Let A = bg. Then by Holder’s inequality and Lemma 2.3 we get
1 m—1
@l 2

m—1
AJMa/w = MY, R ) )y
v

Z:<|Q!/ b(y) = bo| "7 )l/y('é'/ Hmfﬂj]f(y)\sdy>l/s

— A", RV (v)ldy
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- B v
m ’Y m—s) Y * s
<T@ oo (& [ =1y

S L ()" ing M7 X190

To the second term, we split f = f1 + fo, with fi = fx2o. Let pj < § < s < oo, and

v = s§/(s — §), by Holder’s inequality, the boundedness of R* on L¥(IR"), and Lemma 2.3
we obtain

|1Q‘/ (R (b= bag)" f1) () ldy
<|Q|/ R (b~ bo)" fi) (y >\)1/s
1/8

1/s 1 1/v
— b(y) —bo|™d
ar y) <|Q|/2Q|(y) o)

[b )" mf Mmﬁsf( X).

N

N

For the remaining term, note that p(y) = p(xo) for any y € Q, by Lemma 2.4 and decom-
posing (2Q)¢ into annuli 2¢Q \ 2-1Q, k > 2, we get

R (b~ bo)"f2) ()|
< [y 1K 0 0(E) ~bo)"f (=) =

———|(b(z) = b )|dz
cor Tz 10— b))

|y—z|>‘N
1+ 2
( ) V*(u)
+/ p—/ T aul(b(2) — bo)" F(2)|dz
00r =2 T Ity e a2t () — b))l
2 [ 6@ - b))l
— Z
Nk>2 ysz’ 2kQ Q

2kN

+ L o /ZkQ (b(z) — b)) (V2xo20) (),

where

= [ L

Ry =212
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is the Riesz potential. By Holder’s inequality and Lemma 2.3,

szN
kzzz 126Q| J2+q

o0 KN 1 , 1/5’ 1 1/5
< - _ ms - s
<y <|2er [ 102) = baol dz) (|2er szrf<z>|dz)

k=2

|(b(2) = bo)" f(2)|dz

5 % kzz kN lnmeﬁs(f)( )

S([e]g)" inf Mug,s(f)(x).

By Holder’s inequality,

- kN
Z 4 J2kQ2/n /2kQ |(b(z) — bo)" f (2)|| (V2 xpei30) (z)dz
1/3
5;2‘““(2%(%))2‘”/ (|2k1Q| 1o | (02 = BQ)" f(z)\gdz) 1V X0030) 1 oy
>2

Let v = s5/(s — §). Then by Holder’s inequality again, we get

1/5
b(z) — bo)"f(2) dz)

IN

<I2 “Ql 2o
(=

1 . 1/s 1 o 1/v
51 b ") (g g0 tal™ )
[b ) meMﬁS(f)( X).

Since p} < §, we have §' < py, then 1/§"’ >1/py =2/q1 —2/n. We can choose n/2 < f <
g1 such that 1/§' = 2/f —2/n. By (L"?, L¥)-boundedness of I,V € RH;, and Lemma
2.2, we get

1 (Vo) ey S V230l iy

: 2/F 1 ; 2/F L .
< < | _—_—— T
$(f¥) 5 (g fng?) @t

1 2 2n
< _- k T
< <,2k+3Q| mv) (20 (x0))

2]

k 0 2n 2n
(14 2020) " @t 2@t 4
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Thus
2—kN . )
L QT a0 ~ 0" F@II RV rs0) )z
S(EI)™ inf My (1) ().
So we get
[R7((6 = bQ)"f2) W] S ([b1p)"™ inf Mp,s(f) ()-
This completes the proof of Lemma 3.1. O

Lemma 3.2. Suppose V € RHy, withqy > n/2. Letb € Ag, let B = B(xo,r) withr < yp(xp)
and let x € B, then for any y,z € B we have

/@B)c 19y, 10) — 5 (2, )b (1) — by [ £ () du S ([B)5)™ Mg s(£)(x),

where s > p and v > 1.

Proof. Setting Q = B(xo,vp(x0)), due to the fact p(y) = p(z) = p(xo) and |y — u| =
|z — u| = |xo — ul, then by Lemma 2.4 we get

oy €00 =5 0l 6(00) = b £ S+ T+ o+ o

where

_ s |f (u) (b(u) — bg)™|
Ji=r /Q\2B 2o — a0 du,
b(u) — bg)™
—— If(;)( Qe
_ 0 |f (u) — bp)"| V2(w)
Jp=r /Q\2B ‘XO_“VH_(S 2 / B(xoAlxo—u|) | — ul"~ o — -zt

_ |f () (b(u) — bp) |/ V(w)
Ja=1°p(x0)" /C o — u|”+‘5+N T omoaixoal) [0 — 4™ ————dwdu.

Let jo be the least integer such that 20 > p(x()/r. Splitting into annuli, we have

Jo 1
—6j_~ o m
h< 22 g [ lIb(w) — g

=2



Y. S. Wang / Anal. Theory Appl., 36 (2020), pp. 99-110 107

By Holder’s inequality and Lemma 2.3 we obtain for j < jy

1 m
58] g F0OIID() — bol "

1 1/s 1 ) 1/s'
g(‘z,.B, B !f(uﬂsclu) <rsz| 2j3|b<u>—b3|m5du)

SUBIE) " Mg s (f) ().
Then

Ji < (1b15)" Mug,s () (x).

To deal with ], splitting into annuli and using Lemma 2.3 we have

s 1 1 m
J2 S,P(XO)N >Z 277 (2]'},)1\[@ B |f(w)[[b(u) — bp|"du
]1ZJo

st L2 (2) " (14 525) " (e [ )

j=Jo

iy —(N—mt’)
<(B1)" Y27 ( 2 ) Mysps(F) ().

j=jo p(xo)

Since p(zig) > g > 1, taking N > m6’, we get

T2 S([6]3)" Miyg,s () (x).

Now we consider the term J3. Let pj < § < s. Since 2/ < yp(xo)/r for j < jo, then

]3§2 279 L

= 2]7,)11 -2

/ £ ()][b(u) = bp|| (VX p(x, 220 ()] du

1/5
<$h2 s (106 ~ b)) (V00

i—2

L¥ (R")

0 5j /s—n—2+2n/T 2r \"T
< —0j ]1’ n/s—n— n/t
Sl jzzz @) (1+55) MaseD)

S([D]13)" Mg s (f) (x)-
Note 2/r/p(xg) > 7 > 1, similar to the estimates for J; we have

- N
Z 12 ’ ( ZJr)) (Zf'rl)n—z /sz |F()[1b(1) = bp[™ | L(VZ X a2y ) () [dut
e

<

; —(N—mb'—2Iy)
m oy o ( f’0)> Myps(f) (2):

J=jo—1
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Then, taking N > m6’ + 2l we get

Ja S ([61) Mug,s (f) (x).
Thus, we complete the proof. O

Lemma 3.3. Let p| < s < oo, let B = B(xg,r) withr < yp(xo) and let x € B. Then

M (10", R*F) () S ([B13)" (Mangs (F) () + M5 (R* ) (x)) -
Proof. Write

51 LR @)~ (7 %1 sldy

, 2 [
<2 [ 100) — b R fy + 3 [ 10— 00" ) )l
+1g7 1R (0= b)) (9) = (R (b= )" o) )oldy
=K; + Ky + K3,

where f = f1 -+ f2 with f1 = fXZB-
Since r < yp(xp) and p(x) = p(xp), by Holder’s inequality and Lemma 2.3, we get

Ki < <|13|/B|b(y) —bBl”’S'dy>1/SI <,18|/B|9%*f(y)lsdy>
1 1/s
S(e ) (g7 IR @) S ()" M (3 )

Select § so that p|, < § < s. Then by the LP-boundedness of R* and Lemma 2.3,

1/s

1/5
Ko 5 (o 1% (0 - b)) 0 Py
. 1/5
< (137 L, l00) b0 G ray )

(15" My (R ) ()
By Lemma 3.2,
1 * * m
K < [ g 9600 = K (2 ) 00) = by )y
Sy 19 0) =9 )l () — b1 ()l

S [b]%)mMMﬁ,S(R*f> (x).

So, we complete the proof. O
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Now let us prove Theorem 1.1.

Choose numbers t, such that % = % — @ ,o=20,1,- — 1. Then % = % — @

We need to prove the following inequality

gy BD)

m—1
16", RV Loy < CBIR™ AT ey + ;([b] = [0, () |}

If (3.1) holds, then Theorem 1.1 will be proved by the mathematical induction. In fact,
when m = 1, we have a = 0 and p = t,. Note that [1°, R*] = R*, by the boundedness of
R* on LP(R") for pj < p < oo, then [b, R*] is bounded from L?(IR") into L7(IR"). Suppose
that the (L, L'+)- boundedness of [b*, R*] hold for é 1_ —ﬁ’ , that is

p
6%, R*)(f)]
wherew = 2,3, - ,m — 1, then by (3.1) we get

0" R o ey S (B 1 o e

In the following, we will focus on the proof of (3.1).
Letp}) <s < p < oo, f € LP(R"). By Proposition 2.3 we have

116", %) £y < /R My (b7, %°] ) ()| dx

q
s/ b ([0, R f de+2|Qk|<|Q|/ (b, R*|f )ydx).

By Lemma 3.3,

Lia(RY) S (BIS) 1L £ | Lo (e

M}, (1™, R*]f) (%)
m—1
S(B15)" Mg s (F) (x) + Y (1018)™ My s ([0, RTf) ().

Since

and t, = p when a = 0, then

I8

SUBIH™ [ | Moo (F) ()|

+ Y (g [

a=0

o (0", R f) (x)"dx

Mm—a)ps([0%, R*] f) ()| "dx

Lta (]R”)

m—1
S ™ A ey ;([b] || [, R ()]
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By Proposition 2.2 and Lemma 3.1 we have
1

;'Qk‘ <|Qk| 20
S [ W)

K= 0\ (m—a)p
MG R 3

", R (x)] dx)q

BN
Mn-ayps(10, %)) d

U™ [ 1M () e
+ T [ M-l 210
S (I 1 + 2 (I 1
Then the proof of (3.1) is finished. 0
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