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Abstract. The aim of this paper is to study the Cauchy problem for the viscoelastic
wave equation for structural é-evolution models. By using the energy method in the
Fourier spaces, we obtain the decay estimates of the solution to considered problem.
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1 Introduction

Cavalcanti et al. [3] studied the equation
t
|t |Pup — Au — Auy — / Q(t—s)Au(s)ds — yAuy =0, (1.1)
0

with x € O, t > 0, p > 0. They proved a global existence result for v > 0, and an
exponential decay for oy > 0. This last result has been extended to a situation, where a
source term is competing with the strong damping mechanism and the one induced by
the viscosity. For more details see [9]. The authors combined well known methods with
perturbation techniques to show that a solution with positive small energy exists globally
and decay to the rest state exponentially.

In any spaces dimension, the paper [13] treated the viscoelastic wave equation

t
Uy — Au —|—/ g(t—s)Au(s)ds=0, xeR", >0, (1.2)
0
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where g, being positive and nonincreasing, is the relaxation function which describes the
material in consideration and uy = u(x,0) and 17 = u;(x,0) are given data. By using
the energy method in the Fourier spaces, the general decay estimates of the solution is
shown. In [17], the author considered the following equation

t
p(x) (|u’|‘7_2u’)/ — M(||Vu|]3)Au —|—/ g(t—s)Ayu(s)ds=0, xeR", t>0, (1.3)
0

where q,n > 2 and M is a positive C!-function satisfying for
s>0, my>0, m >0, v>1, M(s)=mp+ms’.

In order to compensate the lack of Poincaré’s inequality in R" and for wider class of
relaxation functions, the author used the weighted spaces to establish a very general
decay rate of solutions of viscoelastic wave equations in Kirchhoff-type.

In [5], the author looked into a linear Cauchy viscoelastic equation with density. His
study included the exponential and polynomial rates, where he used the spaces weighted
by density to compensate for the lack of Poincaré’s inequality. The same problem treated
in [5], was considered in [7], where it id considered a Cauchy problem for a viscoelastic
wave equation. Under suitable conditions on the initial data and the relaxation function,
they prove a polynomial decay result of solutions. The used conditions on the relaxation
function g and its derivative g’ are different from the usual conditions.

Recently, in [8], the authors considered the weak-viscoelastic case in the following
problem,

t
u” — Au— Au' + a(t) / g(t—s)Au(s,x)ds=0, xeR", teR], (1.4)
0

where n > 2. The energy decay results were established for weak-viscoelastic wave
equation in R”, which depends on the behavior of both « and g. The main idea of the
proof was to construct an appropriate Lyapunov function of the system obtained after
taking the Fourier transform.

To extend previous results, we study the decay rate of the solution to the Cauchy
problem for structural damped J-evolution with memory term in Fourier spaces

w4 (—0)°u — /Otg(t —5)(=A)’u(s)ds=0, x€R", t>0, (1.5)

with the initial conditions
u(x,0) =up(x), ui(x,0)=us(x), and > 1. (1.6)

The model here considered are well known ones and refer to materials with memory as
they are termed in the wide literature which is concerned about their physical, mechan-
ical behavior and the many interesting analytical problems. The physical characteristic
property of such materials is that their behavior depends on time not only through the
present time but also through their past history.
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2 Preliminaries and assumptions and Asymptotic stability

We assume that the function g satisfies the following conditions:
Al: ¢: RY — R" is of class C! satisfying,

2(0)>0, 1 —/ g(dt=k>0, ¢()<0, VteR*.
0
A2: There exists a positive nonincreasing differentiable function «(t) satisfying

() +a(t)g(t) <0, VteRT,

and
a(t) >0, &'(t) <0, Vt>D0.

For any real (complex)-valued function h(t), we define

(=m0 = [ gt -,
(gom(t) = [ gt —)lh(t) ~ h(o)Par.

91

2.1)

(2.2)

(2.3)

For a later use, we have the following lemma, which is useful in obtaining our estimate

of solutions in the Fourier space.

Lemma 2.1 ([8]). Forany f € CY(R*) and any h € H'(R™), we have
Re(f = ) (n(t) = — S F(OR(E)P + 3 (f o ) (1)
5 {Femo = ([ ) mor],

and

t

[ £t =s)(n(s) = n(t))as

0

2
< [ 156)las [ 111G = 9)nte) — nes)Pas.

The following Lemma is very useful in the sequel.

Lemma 2.2 ((15]). Assume that B(t) > 0 forallt > 0,1, p > 2. Then we have

it exp { ~cleP [ pryar

where C is a positive constant.

Ugc@+£ﬁ@wﬁz,

<=

(2.4)

(2.5)
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Our aim is to obtain the decay estimates of the solution to the problem (1.5)-(1.6).

After Fourier transformation of (1.5)-(1.6), we get the following system

t
{ Oy + |2 (u - / o(t— s)ﬁ(s)ds) =0, F€RY, >0,
0
ﬁ(C,O) :ﬁo(x), ﬁt((f,()) :ﬁ1(x), ¢ e R™
The energy associated to (2.6) is given by
2 _ Ll 25| 512
B t) = 5 {Ia +ePlal} (& b).
Lemma 2.3. The modified energy associated to (2.6) is defined as follows.
A 1(,. t . .
et = {1+ (1= [ s(e)ds ) 16107 + P (g o) €0
and the modified energy & (&, t) is non-increasing and satisfies for all t > 0

RUED ey oye,n) - 165010 <o

Proof. Multiplying the equation in (2.6) by #I; and taking the real part, we get

t
o {0+ 161 0P} = re {4 [ gopn(e, - o).

Using Lemma 2.1, we easily see that
ot
Re {1 [ g(s)a(e - o)
1 1 / ~
== S1EPgBE P + 515 (8 0 D) (S, 1)
1d t
~ P 5 { e m@n - ([ s lnie .

Substituting this last equality into (2.10), the identity (2.9) then follows.

(2.9)

(2.10)

On the other hand, using (A1) there exists a positive constant ¢; > 0 such that, for all

t > 0and for all ¢ € R", we have

E(Et) < b (& t).
Thus, we complete the proof.

We will prove the following exponential stability result.

(2.11)

O
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Proposition 2.1. Let i1(, t) be the solution of (2.6). Then there exist two positive constants C,
Bo such that

~ Bolg®
1+[¢g®

To prove Proposition 2.1, the key point is to apply the multiplier techniques in Fourier
spaces in order to obtain useful estimates and prepare some functionals associated with
the nature of our problem to introduce an appropriate Lyapunov functional.

E(& t) < E(E,0) exp{ /Otoc(s)ds}, Vt >ty > 0. (2.12)

Proof. Multiplying (2.6) by # and taking the real part, we get
d_ . = ! . .
giRetind) + (1= [ g(s)ds ) 1¢laf? ~
t
+ |&[*°Re {ﬁ(t)/o g(t—s)(a(t) — ﬁ(s))ds} =0.
Applying Young’s inequality, we obtain, for any &; > 0,
d B t
giRetnd) + (1=er = [ g(s)ds ) [¢laf? ~
<L w20 — KV (eon 2.13
< e - Bgon) &), 1)

Next, the existence of the memory term forces us to make the first modification of the

energy by multiplying (2.6) by — fot g(t —s)(d(t) — 1(s))ds and taking the real part, we
have that

0
" 2
— |2l | [ st =s)(a(n) —a(s))ds| =o.
Young’s inequality gives, for any &, > 0,
t t
—;tRe <ﬁt/0 g(t—s)(ﬁ(t)—ﬁ(s))ds) +\ﬁt|2/0 g(s)ds
< Az_g(O)f,_ AN A N2 . 261412
Sealthe|” =7 " | & (L= s)|a(t) —a(s)[*ds + ea(2 = k)&

+ <|§|2‘5{<14;k)+(1—k)2+:€2}> (got)(t), Vt>O0. (2.14)
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Then, for any t > t,, the estimate (2.14) can be rewritten as follows

— ;tRe (ﬁt /Otg(t —s)(a(t) — ﬁ(s))ds) + (/Otog(s)ds - 82) |2 |?

<ea2 - RIEPlal - $0 (5 o))+ 2 { C oD v -0 o, 219
) der
Now, we define the functional £(¢, t) as follows.
t
£(&1) = LRe(id) - Re (ﬁt /0 gt —s)(A(t) — ﬁ(s))ds> , (2.16)

where g9 = foto g(s)ds. Taking the derivative of £(¢, t) with respect to t and exploiting

the estimates (2.13) and (2.15), we arrive to

d 80, _ 251 412 8o A 12
L@t + Do 22— R)eP|aP + {2 e | ]
< —a(g' o) (t) + el (gon)(t), V=0, (2.17)

where c; and c3 are two positive constants depending on €; and ¢;. In the last estimate
we have used the fact that 1 — fotg(s)ds > kand g = foto g(s)ds < fotg(s)ds for any

t > to.
Now, we choose €1 < k in (2.17) and ¢; small enough such that e, < min (%U, %)
Then there exist positive constants A;, (i = 1,2,3) positive constants such that
d . N R
EL(C, £) 4+ A &P + Aglite|* 4+ As|E|* (g 0 1) (1)
< — (g on)(t) + (s + A3)[E[* (g o) (1), V>0, (2.18)

Define the Lyapunov functional (¢, t) as follows.

@) = (1+167) e 1) + 1L (20, (2.19)

for a large positive constant 7 that has to be chosen later. It is straightforward to see that
for 17 large enough, we can find two positive constants ;1 and B, such that

Bi(1+167) e@n <T@ n <p(1+2¥)e@t), vi>0. (20

On the other hand, taking the derivative of F(¢, t) with respect to t and using (2.9) and
(2.18), we have

d 51 A . .
@)+ APl + Aafg e + A5 g (g 0 1) (1)
>

<(1 =) [g*(g" o )(1) + (c3 + A3)[g]* (g o ) (), V>0, (2.21)
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At this point, we choose 7 large enough such that (2.20) holds and 7 — c; > 0. Conse-
quently (2.21) yields

L5(6,0) + MlZPEE ) < cale¥(gon)(D), Vi1, 222)

for some Ag,cq > 0.
Multiplying (2.22) by a(t) and making use of (2.2), we get
L A 20E
R(0 27,0+ Don(DIEPE(E 1)

<caa(t)[E|* (g0 n)(t)
<cslg| (=g o) (t), V=t

Exploiting (2.9), we have

a(t);tﬁf(g,t) + Ao () |E|PE(E,t) < —c4yg\25;té(§,t), Vi > t. (2.23)
This gives

d

= {oc(t)&"((f,t) + 6416\2‘5@(5,1‘)} W (DF(E 1) + Aoa(D)|E[2E(E,1) <0, VE> to. (2.24)

Recalling that #/(f) < 0 and setting

K(E,t) = a()F(E, 1) + calC|PE(E, 1), (2.25)

we get

LK@ + Aa(DEPEE ) <0, V1o, (2.26)

On the other hand, since «(t) is bounded, we deduce that

K@ ~ (1+16%) (b, 227)
These last two estimates lead to
EK(C t)+ B ﬁa(t)ﬂ{(g t) <0, Vit>t (2.28)
dt ’ 01 T+ |§|25 ’ >~ Y = L0, .

for some By > 0. Integrating (2.28) with respect to t yields

20 t
K(E ) < K(E, to) exp {—ﬁ'%zé /to oc(t)ds} . (2.29)
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Thus, using (2.27), we obtain

X X 25 i
E(2,1) <CE(E, to) exp {—% /to zx(t)ds}

X 25 gt
SCE((;‘,O)exp{—lﬁj_‘%P&/o oc(t)ds}. (2.30)

Finally, the estimate (2.12) holds by combining (2.11) and (2.30). This finishes the proof
of Proposition 2.1. O

Thus our main result reads as follows:

Theorem 2.1. Let o be a nonnegative integer. Assume that Uy = (uy,uy)’ € H7(R") N
LY(IR™). Then the solution U = (uy, ux)T of the problem (1.5) satisfies, for all t > 0, the following
decay estimates

Sk
2

[z

t
0 ol +Cem ol @ ko, @31)

kUl < ¢ (14 [ as)as)

where C and c are two positive constants and k < ¢.

Proof. Applying the Plancherel theorem and observing that |U(&, t)|2 and E(¢, t) are equiv-
alent, and making use of (2.12), we obtain

Q)3 = [ eI iz

_ pola® N
<c [ lele e bR a e 0)ag

. _ Bolel® gt N
=C [, lePre e bR o) pag

_BolE® Vs~
o[ P R hg 0) P

=1 + L. (2.32)

Looking carefully to the form of p(&) = L™ we see that p(¢) > 3|g|* for |¢] < 1and

1+[g*7
p(¢) > 3 for[g] > 1.
Consequently, we infer that

I <C|| Ty 3. /|

| |§|2ke—%|§\25 N oc(s)dsdér
g1

—ko—1

<C <1 + /Otﬂé(T)dT> [ Uol[7, (2.33)
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where we have used Lemma 2.2
On the other hand,

B Ce e [ e @) e < Co ROt ) @39

Collecting (2.33) and (2.34), then the estimate (2.31) holds. This completes the proof of
Theorem 2.1. O
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