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Abstract. A significant number of studies have been carried out on the generalized
Lebesgue spaces LP(*), Sobolev spaces W'"?(*) and Herz spaces. In this paper, we
demonstrated a characterization of boundedness of the fractional maximal operator
with variable kernel on Herz-Morrey spaces.
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1 Introduction

In 1991, Kovacik and Rakosnik introduced variable exponent Lebesgue spaces and
Sobolev spaces as a new method for dealing with nonlinear Dirichet boundary value
problem [9]. Then, variable problem and differential equation with variable exponent
are intensively developed. In recent years, many researchers have been interested by the
theory of the variable exponent function space and its applications [16,17]. For example,
the compactness of Hardy spaces with weighted and variable exponent Lebesgue spaces
was introduced by author [11]. Fractional integral on Herz-Morrey spaces with variable
exponent were introduced by authors [7] and [10]. The boundedness of fractional integral
with variable kernel on variable exponent Herz-Morrey spaces was given by [1]. Bound-
edness of fractional integral with variable kernel and their commutators on variable ex-
ponent Herz spaces was given by [2]. Boundedness of fractional Marcinkiewicz integral
with variable kernel on variable exponent Morrey-Herz spaces was given by [3]. We also
note that Herz-Morrey spaces with variable exponent are generalization of Morrey-Herz
spaces [8] and Herz spaces with variable exponent [8,13]. Our main goal is to give a
characterization on boundedness of the fractional maximal operator with variable kernel

pa pa
from MH_ " (R") to MH_ " ) (R™).
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Let0 < p <m,®¢€ L*®(R") x L"(S" 1) and for x € R", @(X,-) € L"(S" 1), (n > 1)
is homogenous on R™, S"~1 denote the unit sphere in R™. If

a) For x,t € R™, O(x,at) = O(x, 1),

b) dv(t') is an element of area in the S~ and

1

O|feo(pmypn(gm-1y) = SU / @x,tl mdy(t))" < oo.
19 msarisnry = sup ([, 10Gx1)]"dv(r)
We need the further assumption for ®(x, t). For t € R, ©(-,t) € L*(R™). It satisfies

/ 1O(x £)|"dv(f) =0, VxeR"
SWI—

For n > 1, we say O(x, t) satisfies

1w, (A)
/0 3 dA < oo,

where w,(A) denote the integral modulus of continuity of order n of ® defined by

1

v = sup ([ [0(xat) -0 ()",

XER™, |o|<A

where o is a rotation in R™,
! !
lo| = sup |ot —t]|.
t/esm—l

The fractional maximal operator with variable kernel is defined by

Mopf(x) =sup—s [ f()]0(xx =)=

n>0

The space L, ) (E) is defined by

oc

Lp(')(E) — {f is measurable : f € L)(N) for all compact N C E}.

loc

We denote
p— =essinf{p(x) : x € E}, p4+ =esssup{p(x):x € E}.
Denote I'(E) set of allmeasurable functions p(-) satisfying p— > 1 and p; < oo. Also

denote II(E) the set of all function p(-) € I'(E) satisfying the M is bounded on L? C)(E).
Let B; = {x € R™: ‘X‘S 21}, C = Bi\Bi—lr Xi = XCis ie’Z.
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2 Auxiliary statements and assertions

Definition 2.1. Let € R, 0 < g < o0, p(:) € T(R™) and 0 < a < oo. The Herz-Morrey
space with variable exponent MH 5 ’;(_) (R™) is defined by

o) <Y

L 1
, = —La BP|| .|| 9
I s ey = 5027 { 1 2% fxile

1=—00

Ba (Rmy — p() (o _
MH’%P(')(R ) - {f € LLoc (R \(0)) . Hf”MHf:()

We set Hf(’z (R™) = MHE’;)(‘)(R’”) (see [9]).
Similarly in [4], let p(-) € T(R™) be such that
—C 1
_ < — —z|1< =
p) - PRI oo r-als
C

lp(x) — p(2)|< Tog(e + )’ |z[> |x].

Proposition 2.1 ([14]). Let p1(-) € II(R™),® € L®(R™) x L"(S"!). Let 0 < p < (;"—1), and

define the variable exponent py(-) as

1 1
pi(x)  pa(x)

Then for all f € L) (R™), we have that

”M@,prLPz(')(Rm) = ||fHLP1(‘)(Rm)'

Lemma 2.1 ([5]). Let 0 < p < m, n > 1, satisfies the L"-Dini condition. Let there exists an
0 < B < & such that for |z|< BoR it holds

O(x,x—z) O(x,x),,, \r m_ |z| 2 wy, ()
— d < CRUi—m+p) (121 ar).
</R<|x<2R |x — z|m=p |x| = | x) sC (R + I )

Lemma 2.2 (6]). Let p(:) € II(R™)and 0 < p~ < p™ < co.
a) For a cube with |A|< 2™, and all x € A, it holds || xal| ()= |A|ﬁ;

b) Fora cube |A|> 1, the ||xall,p = |A|7 and where peo = lim p(x).

X—>00

Lemma 2.3 (15]). Let p(-) € II(R™), and there exist a constant C > 0 such that for all balls D
in R™, we get

1
EHXDHLn(»(Rm)S C.
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3 Main result

Theorem 3.1. Let 0 < p <m, 0 < pu <1,a <B<mA+u,0<g; <qgo < oco. Suppose that
t € R, O(-,t) € L®(R™) and the integral modulus of continuity w, (A) satisfies

Lw, (A)
/O PN dA < oo,

And let p1(-) € TI(R™) satisfy 0 < p < iy, and define the variable exponent p2(x) as
L — — = £ then we have for all f

HM(’D,PfHMHIB"" (Rm CHfH HIS“ (Rm)'
a2.p2(") 1()

Proof. For || f]| we apply inequality

B 7
MH'?1,P1(') (R™)
)

o0 1 1
|: Z ,Bki| ” S Z ﬁ]zzl qll 0]2 > OI
k=1 k=1
7

L 0
:Sup2*L“q1{ Z 215112HM®p( )XIHLP )}qz
LeZ

i=—o00

Mo, f||"
PEIMEE (R

L .
S iuIZ) 27[‘“[11 { Z 21,511] H M@,p (f)Xl H Lr2() Rm) }'
€ i:—OO

If we denote

~ Y fen= Y AW

i=—o0 i=—o0

then we have

HM@ﬂfHMHﬁ“ (Rm) = sup2 ke Z Zlﬁ{h( Z HM®,p<fk)Xz’HLPz(-)(Rm))

92,p2(+) i=——o0 k= oo

i—2 n
<sup2- ke Z Zlﬁ{h( Z ”M@),P(fk)xiHLpz(')(Rm))

LeZ i=—o0 k=—o0

(0] ql
+sup2” Lagy Z 215171( Z HM@,p(fk)XiHm(-)(R’"))

Lez oo ki1
=1+ 2.

Let as derive an [; using condition on f;. Using Minkowski’s inequality for k <i —1, we



64 L. Akin / Anal. Theory Appl., 36 (2020), pp. 60-68

get

Mo fi)xill o ery= ( . 1Mo (FIPC i)™,

z)
|M®p f)l= ‘ / 7|m pfk( )dz‘
Then we have
HMGp(fk)XiHLvr (Rm)
—2)_Oxx)|
fk H) \x—z|m P x| 1 an<~)(R"f)dZ'
Since n > p;, pz% y =gt ,( - by see [1, Lemma 3.3] and we get
O(x,x—z) Oxx)|
[x —z[mr a1t Ry
< O(x,x—z) O(xx) bl
|x —z|™m=|x|"=P llLn(Rm) 1720 (Rm)
< O(x,x —z) @(x x)‘ ol .
’x_z|m—10 ‘x’m 14 Ln Rm LPZ (Rm)
According to Lemma 2.2 and ﬁ — % = %, then we have
—1p
100 g 1004 3 o DI 5

Combining Lemma 2.1 and 2k—i < Z(k*i)”, we get

H x,x—z) O(xx)
[x =z xm e e

21'71 /\)
<cr-mo) (2L / wa(A)
SCR (21—1+ 2i A d/\)

1
SCR(%*mﬂ?) (zk*i + o (k=i)p u/)\”l(;:l)
0

2y

<CRU—mte)p 1 +/

<25 —m+p)o (k=

/\1+y

It follows that

Moy (il o < €24 [ filz)tz o, o ey
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Using (see [1, Lemma 3.1 and Lemma 3.5]) and Lemma 2.3, it follows that

”M@,p (fk)Xl ||LF’2(‘)(Rm>
<C27 IR el o

R IXDN 0 oy 16Dl ) (o
<C2 y”fk”Lpl Rm ||XDk|| Rm) lm“XDiHLPl(X)(Rm)
||XDkH
Lpl Rm
<C2 kaHLm )

SCZ(k_l)VZ(k_l)m)Ll ka || Lpl(x) (Rm)
<2EDGEADN ol o) oy

Hence we have

LeZ j=—o00 k=—o0

L "
Ji <Csup2 tem Y~ ( Z DG £l o R'”))

LeZ i=—o0 k=—00

L i—2 o
<Csup2 t*n }° ( Y 2kl ermAa— ka”m Rm> :

We consider the cases 1 < q; < c0cand 0 < g7 < 1.
If 0 < g1 <1, using the Holder’s inequality, we have

j<Csupz-in 3 (F apmiwemnp ¥y )

LeZ i=—o0 k=—o00
i=2 —i mAq— N
» ( Z 2(k )(HZM g1 )q;
k=—0o0
L i—2
<Csup2~tem Y~ Y pfkmo(k=i)utmri—p 2 [
LeZ i=—00 k=—00
L
<Csup2 "t 2 2ﬁkq1||f|m1 )(R™) D Z(k_i)(y+m/\l_ﬁ)q71
LeZ k=—o0 i=k+2
<Csup2~ ' Z 2P| Fell 0 o
LeZ k=—c0
< n
<M
q1.p1()
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If0<q <1, <mA+pu, we get

]1 SCSLUE Z_leql Z Z Zﬁk”12 I/H_m/\l ql ||f | Lp] Rm
€ i=—00 k=—o00

L .
<Csup2~ Lagy Z Z.Bk‘th K& Z o (k=) (u+-mAy =)

LeZ k=—o00 Lak Rm)i:k-i-Z
<C Sup2 Lagy Z 2'qu1Hf ’ Lpix Rm)

LeZ k=—o0
<C”f‘ MHﬂn (R"’)

Now, we estimate J», by using Proposition 2.1, we have

B L o q1
B <Csup27n Y7 250 (Y Mo (il )
LeZ j=—00 k=i—1
— L = n
Scsupz Ll’éql Z 2/51‘71( Z ||kaLp1()(Rm))
Lez i=—oco k=i—1
gy & g (i—)8 mn
<Csup27hn Y- (3 2R IBY] i )
Lez i=—o0 “k=i-1
7L0U]1 L ,Bk ;B o
<Csup2n Y ( Y 2P (&)
Lez i=—co k=i-1
—Laqy L Bk .B "
+ Csup2 Y. ( Z 2P 2B fill e Rm))
Lez i=—oo " k=it2
=i+ )2
Then we have,
<Csup2~"m )~ ( Y. 2P R £l R'”))
Lez i=—oo k=i-1

<Csup2 ton Z 2/8“71||f|m1 Rm)
LeZ i=—o0

<ClfI%

Estimate [, for « < B,

n
J» <Csup2~lam E ( Z 25200 £ R'”))
LeZ i=—o00 " k=i+2
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L
k —k n
SCSLUP,Z (i mh( Z 2Bk (i=k)(B=a)n “||kaLm<')(RM)>
€Z j=——o0 k=i+2
L 1
<Csup E "‘”71( E 20— 4)p- k"‘{ E 2P | fiell prc) ) (Rm }m)
LEZ j=—c0 k=i+2 m=—oo
¥, 26-tha(
<Csup ) 20-He 20~ AT o
LEZ i=co <k P12 ) MH, () (R)
<C
HfHMHflofm( )(Rm)
Proof of Theorem 3.1 was completed. O

4 Conclusions

We obtained the boundedness of fractional maximal operator with variable kernel on the
Herz-Morrey spaces by a new method.
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