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Abstract. In this paper, we study the long time well-posedness of 2-D MHD boundary
layer equation. It was proved that if the initial data satisfies

ICuo, o = Dl o2 < &

then the life span of the solution is at least of order €2~ for 77 > 0.
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1 Introduction
In this paper, we study the well-posedness of the MHD boundary layer equation in R? :

( O¢u + udxu + voyu — hoyh — goyh = K8§u — P,

oth + 9y (vh — ug) = vaih,

oy +0,v=0, 9dyh+9dyg=0, (1.1)
(u,v,0yh,8)[y=0 =0 and  lim (u,h) = (U(t,x), H(t, x)),

y—+o0
\ (u/h)’tZO = (MOIhO)/

where (1, v) denotes the velocity field of the boundary layer flow, (1, ) denotes the mag-
netic field, and (U(t,x), H(t, x), p(t,x)) denotes the outflow of velocity, magnetic and
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pressure, which satisfies the Bernoulli’s law:
ot + UoyU — HoxH +0xp =0, 0:H+ UdyH — Ho, U = 0.

This system is a boundary layer model, which describes the behaviour of the solution of
the viscous MHD equations when the viscosity and the resistivity tend to zero [6,11].
When h = 0, the system (1.1) is reduced to the classical Prandtl equation:

OtU + udyu + vdyu = Kaiu —0yp, Oxu+0dyv = 0.

The well-posedness theory of the 2-D Prandtl equation was well understood. For the
monotonic data, Oleinik [14] proved the local existence and uniqueness of classical so-
lutions. With the additional favorable pressure, Xin and Zhang [16] proved the global
existence of weak solutions of the Prandtl equation. Sammartino and Calflisch [15] es-
tablished the local well-posedness of the Prandtl equation for the analytic data. Re-
cently, Alexandre et al. [1] and Masmoudi-Wong [13] independently developed direct
energy method to prove the well-posedness of the Prandtl equation for monotonic data
in Sobolev spaces. Without monotonicity, Gérard-Varet and Dormy [7] proved the ill-
posedness of the Prandtl equation in Sobolev space. However, the Prandtl equation is
well-posed in Gevrey class 2 for a class of non-monotone data with non-degenerate criti-
cal points [4,8,12]. On the other hand, E and Engquist [5] proved that the analytic solution
can blow up in a finite time [5]. See [9] for the extension to van Dommelen-Shen type sin-
gularity. For small analytic initial data, Zhang and the fourth author [18] proved the long
time well-posedness of the Prandtl equation: if the initial data satisfies

2
Hel%e‘l)x‘uoHB%ro S g,

then the lifespan of the solution is greater than 3. In [10], Ignatova and Vicol obtained
a larger lifespan exp % with small analytical data of size O(¢), whose analytical width
T —>ooase — 0.

In two recent interesting works [6,11], the authors showed that the tangential mag-
netic field has stabilization effect on the boundary layer of the fluid. In particular, they
proved the well-posedness of the system (1.1) for the data without monotonicity under
an uniform tangential magnetic field.

The goal of this paper is two folds: (1) present a simple proof of well-posedness based
on the paralinearization method developed in [3]; (2) study the long time well-posedness
of the system (1.1) for small data in Sobolev space. In [17], Xu and Zhang proved a
long time existence of the Prandtl equation for the data close a monotonic shear flow.
However, it is unclear how the lifespan of the solution depends on the data. Here we
would like to give the explicit lifespan of the solution of the system (1.1).

For simplicity, we consider a uniform outflow (U, H) = (0,1) and take k = v = 1. Let
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h(t,x,y) =1+ h(t,x,y). Then (u,h) satisfies the following system

;

Otu + udyu + vdyu — haxﬁ — gayﬁ — aﬁu =0,

d¢h + udh + vdyh — hdsu — gdyu - 2h =0,

oy +9yv =0, 9dh+9dyg=0, (1.2)
(u,v,04h,8)|y=0 =0 and yl_l)Tw(u,h) = (0,0),

\ (u’ h)‘t:() = (Mo, hO)

To state our result, we introduce the following weighted Sobolev space. For k, ¢ € N, the
space Hff(Ri) consists of all functions f € L2 satisfying

k !
def
1£12 = % Y 12500 f1, < +eo,
=0 =0
where | f[|;» = [[w(y)f(x,y)|Lr with w(y) a positive weight function.
Our main result is stated as follows.

Theorem 1.1. Let y = exp(%) with (t) = 1+ t. Forany n € (0,1), there exists ¢ > 0 so

that if the initial data (1o, ho) satisfies
0o g0 -+ [, o) 2 < (1.9

then there exists a time T, > e (2~ so that the system (1.2) has a solution (u,h) on [0, T,
which satisfies

(u,h1) € L™ ([o, T.J;H3'(R2) N H;rZ(Ri)) N L2 ([o, T.J;HY (R2) N H;f?’(Ri)).
Remark 1.1. It is unclear whether the lifespan of the solution obtained in Theorem 1.1 is
sharp. It remains open whether the solution is global in time for small data.

2 Littlewood-Paley decomposition and paraproduct

We first introduce the Littlewood-Paley decomposition in the horizontal direction x € R.
Choose two smooth functions x(7) and ¢(7), which satisfy

supp<pC{T€R:%§]T|§§}, suppxC{TGR: ’T|§§},

and for any T € R,

x(T)+ Z (P(Z_jT) =1.
>0
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Then we define
Af = 9(278)f), Sif =F 1 (x(2778)f) for j =0,
A_1f = Sof, S]'f = Sof for ] < 0.

The Bony’s paraproduct T¢g is defined by

Trg= ) SiafAjg-

jz-1
Then we have the following Bony’s decomposition

f&§ =Trg + Ryf, (2.1)

where the remainder term R, f is defined by

Rgf = Z A]-fslg + Z A]'/fAjg.

j>0 21721

We denote by W** the usual Sobolev spaces in R and denote W*? by H?. Let us recall
classical paraproduct estimates and paraproduct calculus.

Lemma 2.1. Let s € R. It holds that
1 Trgllme < Cllfll gl s
If s > 0, then we have
IR(f,&)lms < Coin (|| flle=llg N, | £
Lemma 2.2. Let s € Rand o € (0,1]. It holds that

(TaTy — Tap) fll e < C(llallwes [[bll + Nall 1Dl wess ) | 1] s

8HL°°)-

Hs

Especially, we have

I[Te, Tol fll e < C(llallweee 1Dl + Nlall o= [Bllweee) I £]
I(Ta = T2) fll s < Cllallweee || £ 1o

Here T} is the adjoint of T,.

Hs=o,

Lemma 2.3. Let s € N. It holds that

1[0%, Tal fllr2 < Clloxal| | g1

Let us refer to [2] for more introduction.
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3 Paralinearization and symmetrization

As in the Prandtl equation, an essential difficulty in solving the MHD boundary layer
equation is the loss of one derivative in the horizontal direction induced by the terms
like vdyu, vd,h, gdyu, gd,h. To overcome this difficulty, motivated by [3], we will first
paralinearize the system (1.2), and then introduce good unknowns to symmetrize the
system following the idea in [11].

Using Bony’s decomposition (2.1), we can rewrite the system (1.2) as

{ e+ Tdst + Ty 0 — Tidxh — T, 58 — %u = fi -
oth + T,0.h + Tayﬁv — Tyoxtt — Ty,ug — aﬁh = fa,
where
fi = —Ra,utt — Rodyu + Ry jh+ Rgdyh,
fo = —Rydyh — Ry 1t + Ryl + Redyu.
Let us introduce
hi(t,x,y) = /()yﬁ(t,x,y’)dy/.
From the second equation of (3.1), we deduce that
dith1 + Tyo — Tug — Oyh = /O " faly)y.
Motivated by [11], we introduce two good unknowns
ug =u— Toyu hy,
{ A 82
It is easy to check that
{ ity + Tuxitg — Thaxij,g —dug = Gy, 63
dthg — Tyoxug + Tydxhp — B}Z/hﬁ = Gy,
where

Gl :[TayTu Th — Tayu]v — [T$, Tu]g — [ThTa%h — Tayh]g - T h]

(@—a3) (%)
~ Yy
+ ZTBy(ayTu)h — TuTaxayTuhl + ThTax%hl — T# /0 fzdy’ +f1

=:G11 + - + Gy, (3.4)
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and

G, I[T# Ty — Toulo — [ThTayTu — To,ulg — [T#, TJg+T h

(@33 (%)
~ Y
2T o h =T, T, snhy + T T, anhy — Toypn fzdy/ + f2
Ay () O 9 i Jo
=:Gy1 + - - - + Gog. (3.5)

Moreover, it is easy to see that (uﬁ, Eﬁ) satisfies the following boundary condition:

(up, dyhg)|y—0 = O, (ug, hg) = (0,0). (3.6)

lim
y—+oo

4 Sobolev estimate in horizontal direction
Let us first introduce the energy functional

B(1) = IR0 + 1350 + g s + 2

1,27
HV

D(t) = HayuﬁHi{;,o + Hay“H?{;z + Hayh/&H?{i,o + Hathi,;,z-

In this section, we always assume that (u, /1) is a smooth solution of (1.2) on [0, T] and

supE(t) < Cie?, T < Cie?, 4.1)
t<T

for some C; > 0.

Proposition 4.1. It holds that for any t € [0, T|,

d ~ ~
711G, ) gz + 11 @Byrep, 3yl ) 150
<CD(t)iE(t)i + C()iD(t)2E(t) + C(t)2D(t)2E(t)3.

4.1 Some technical lemmas

Lemma 4.1. There exists ey > 0 so that if e € (0, €), then
1
h(t, x,y) > > for (t,x,y) € [0,T] x RA.

Proof. Ash =h+ 1, we get by Sobolev embedding that

—_

[ < Cllll 0 < CE(t)? < Ce <

by taking &9 small enough. O
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The following lemma is a direct consequence of Holder inequality.

Lemma 4.2. It I’lOldS that
0 dy

In particular, thanks to dxu + dyv = 0, dh + dyg = 0, it holds that for k € N,

1
< C{ Iz,
Ly

1 1, =
[0l e < CEOEull grvro,  NI8llrg < CCEE I l] geero-

The following lemma gives the relationship of norm between good unknown (u ﬁ,ﬁﬁ)
and (u,h).

Lemma 4.3. There exists ¢y > 0 so that if e € (0,¢€), then for t € [0, T],
lae(t) g+ (8 L0 < 2B, 13y g0 + [347(0) o < 4D(0)?.
Proof. By Lemma 2.1, Lemma 4.1 and Lemma 4.2, we obtain
Jullgn < gl o + I sl < gl o+ CU8) Nyl oz, Il
<lugll g0 + CCYE Null o 1Rl o < llugll o + C8)YEE)2 Rl 0
<lugll o + Ce2 [l]0-
Similarly, we have
17l 0 < gl g0 + Ce2 [l g30-
Thus, we deduce by taking &y small enough that
[l g0 + el o < 2(ugll 0 + Vgl o) < 4E()2.
By Lemma 2.1, Lemma 4.1 and Lemma 4.2 again, we get
19yull g0 < 119yuepllpgzo + 10y Toyuhra | 3o
<[13yupll 30 + C((8) 13l g, + (00 F Byl sors, Bhlles + 13ylli) 1] a0

1 1 ~ ~
< 3ypll gan -+ COE Byl o + (8) 418yt ol il gz + 1yl ) 1o

1

<[13yup | 30 4 C{t)iD(t)2E(t)?

NI—

<l13yupll o0 + Ce2D(t)? < 2D(t)2.
In the same way, we have
-~ 1
< 2(t).
HathHﬁ,o <2D:2(t)

This proves the lemma. O
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4.2 Nonlinear estimates
Let us now estimate the nonlinear terms G; and Go.

Lemma 4.4. It holds that
IGull 0 + 1Gall 30 < C{8)¥D()ZE(#)? + C{#) 2D (1) 2 E ().

Proof. Let us only present the estimate of G;. The estimate of G; is similar. By Lemma
2.2, Lemma 4.1 and Lemma 4.2, we have

||G12||Hg,0 = H[Ty,Tu]gHH;,o
SC(Ilayull%(w;m) ]l + Hay”HL“||”||L§,V(W;/°°)) 81| 5oz
1 -~ 1 -~
<C{E) 10yl 2ol wll i [Vl gz + C{E 1@yl gy el 2o 1] o
<C(t)iD(t)ZE(t).
Using the facts that
[Toys T = T, ] = [To Ty = Toguz], [Ton Ty = Tas ] = [TyT»,; — T%],
we can deduce from Lemmas 2.2, 4.1 and 4.2 that
HGHHHﬁD = H[T$Tﬁ — T%};]UHH;"O
§C<||ay”HLiy(w;r°°)HhHL“"’ + ||ay”||L°°HhHL;’V(w;/W)) 0]l Lo k22
1 ~ 1,,~
<C (B ¥ 13yl ool g + 48 1l o134 o ) el o
<C(t)iD(t)2E(¢).
Similarly, we have
1G]l 30 = T3 Toyi Toyi )8l o
I h
i 7 = 1aa = =
<C ({19l o1l s + (1) Rl 0 193l g ) 17l
<C(t)iD(t)ZE(t).

Thanks to Lemma 2.1 and Lemma 4.1, we have

[Guslligo = 12T, s Pl < 2Tl o 20 ol

= = = 1 1
<Clayull szl oo + Cllagull s 19| gy [l oo < CD()2E ().
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By Lemma 2.1, Lemma 4.1 and Lemma 4.2, we get
1Ga7 [ 30 ZHThTaxyhlﬂHg,o < HhHL‘”H(axayz""axﬁayﬁ)HL?Li}‘thnH;’;L;’
<C(13yhl 0 + 13yl s [l o) (8) ¢ l] oo < C(£)* D(H)2E(H)2.
Similarly, we have
1Gsll g0 = | TuT, sul| o < CCOID(D2E(R).

For Gi4, we use Eq. (1.2) to find that

9y 9 — 92)0,u 8u8—82h 2hd,ho2u — 29,u(d h)?
@ ) ( ”)—(f W)yt O —3,)h | 2hdyhdyu — 20,u(3yh)
h h h? h3
:haiyh + gaih — uaiyu — vaiu B dyudy (ug — vh) N 2h8yh8§u — 20, u(dyh)?
h h? h3
=:A1+ Ay + As.

Using Lemmas 2.1, 4.1 and 4.2, we deduce that

I Tartillgo < || T |

+ | Tzt
“h

|

+ H Tua%yu hl ’
h

H3’0 Tvagu hl ‘
M h

1o 7 = 10T = =
CCE) ][ yhll o lell oo + CCEY2 IRl 2o |9yl Il 0

Hﬁ,O Hﬁ,o H?/O
1 -~ 1 g
CAEY |ull 3yl yaa [Tl oo+ C 82 142013y g 17
< c<t>%D<t>%E< )2 + C(1)2D(t)2E(t),

I Ta,ln zhl‘

+[r

+]

uayuaxu hl ‘ Tayuaxu hl ‘
h

+[r

g(oyu) vy udyh hl‘
y HfO H’:Z,O Hi,o j y HS,O

1
C(t >zuhHHgnHayuuH;,lHhHH;,o + C{EY 1] o 19y o 1 o 17 e
1 -~ 1 ~ ~
C(E) 13yl g 1] oo ] oo + C (82 12013yt g 13y o1
< C(BID(F)ZE(t) + C(t)2E():D(1)?,

HTA3h1HH30 < C‘ ayhagu hBZ h +C‘ Tayu 2h1‘

HP
. IO
C(t >4HayhllH;,lIIByuIIH;aIIhIIH;,o + Cley 1yl 1oyl [l o
< c<t>%D(t)%E(t).

Thus, we conclude that

1Gaall o = |,

(2i-03) %" hl’

oo S COIDBE()? +C{HD(D2E().

13
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Usi
smg ) .
Iflly < ClAIL 19 fIlE

and Lemma 2.1, we have
1foll oo <IRaghllyzn + | Rodyfll o + 1R el an + | Ry o
<Cllull 1311 o 1l o+ C(0Y 1l 104
+ CIB 13 ol o+ CCOH 1l o Ry
<CD(t)¥E(t)i + C(DiD(t)2E(t)?,

which gives

Y /
Tap |, fot

<C(HiD(#)2E(t) + C(£)2D(t)2E(t).

1
< C(t)Hllayull ol f2ll o

H3,O -

1Gisll e =|
¥

Similarly, we have

D(t)2E(t).

N|—=

|Gisllygo < C()3D(1)2E(t) + Cit)

Putting all the above estimates together leads to the estimate of || Gy || ;0.
H

4.3 Tangential energy estimate
In this subsection, we prove Proposition 4.1.

Proof. Making Hi’o energy estimate to (3.3), we obtain

(atuﬁ, uﬁ)Hg,o + (atﬁﬁ,ﬁﬁ)Hs,o — (ajuﬁ, M.B)Hﬁ'o — (a;ﬁﬁ,ﬁﬁ)Hs,o
+ <Tuaxuﬁ,uﬁ)H2,o - (Thaxhﬁ, uﬁ)Hg,o - (Thaxﬁﬁ,hﬁ)Hg,o + (T“axhﬁ’hﬁ)Hﬁ/o
= (G, up) o + (Ga ) 0.

First of all, we have
0 = 1—d 20— 0:0]eugl|2,5d
( tuﬁ/uﬁ)H;ro EdtHuﬁHHﬁ'O R. 10le “ﬁ”Hg Y

~ o~ 1d ~ 07
(3thg, hg) 0 = E%Hhﬁuiﬁp - /R 9i0|e°hg |0y,

where we denote 6(t,y) = 18+<—ty>2. Thanks to
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tgly=0 = dylgly=0 =0,
we get by integration by parts that

—(ajuﬁ, uﬁ)HE'O :Hayuﬁllém + Z/R 3y0(e°0yu, eug) ady
+

> 213yl —2 [ @02 ug 3.
+

Similarly, we have
- (S;Eﬁ, “ﬁ)H” :Hayzﬁuipﬂ + 2/R ay9<€93yzﬁ, eeuﬁ)Hng/
+

> 18yTsl0 —2 [ @402 gl
+

We write
(it ) 0 = ki (@K Tidsup, k)
:kio Ty0kdup, dkug) 1 + Z( v TiJxip, ) o
—. D+k§1 ([%, T3]0 uﬁ,a’;uﬁ)%
where

3

12 1 x
D=5 L (Tyihup dsttp) g + 5 X (T = T)9h9etup, Dty
k=0

k=0
=:D1 + D;.

By Lemma 2.1 and Lemma 2.2, we have

3
IDi] < Y IIT, 9%upll 3 1195ugll ;. < Cllox hHL“’HuﬁHHN
k=0

~n3 -~ 1 5
< Cllhll o l9yhll 20”“/3”230 < CD(t)$E(t)%,

.mH
w01

|Daf < E I(T; — T)kdxupl| 3 195ug]l 5 < CD(1)TE(),

and by Lemma 2.3,

ST
W= U

3
Z( v TiJoxiup, dhug) ;o < CD()E(H)%.

11
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This shows that

=1

(Tuax”ﬁ; ”/S)H;,O < CD(t)%E(t) .

Similarly, we have

Wt

(Tuaxﬁﬁz zﬁ) H3Y < CD(t) i E(t) .
On the other hand, we write

(Thaxﬁﬁ, uﬁ)Hﬁ/o + (Thaxuﬁ,zﬁ)Hﬁ,o
:(Thax(ﬁﬁ + uﬁ),uﬁ +zﬁ)Hg,0 — (Thaxzﬁ,ﬁﬁ)Hﬁ,o — (Thaxuﬁ, U‘B)H]?;,O.

Thus, we also have

=Tl

(Thaxﬁlg, Mﬁ)H;,o + (Thaxﬁﬁ, Mﬁ)Hi,o S CD(t)%E(t) .
It follows from Lemma 4.4 that
(G, up) o + (G2, Tip) 10

<C(()*D()2E(t)2 + (1)2D(1)2E(1)) || (g, ) | 50
<C(iD(t)2E(t) + C(t)2D(t) E(t)3.

Nl

Summing up all the estimates, we conclude that

d - ~
— IBIE Oytg, dyhg)]|?
2185, 20+ 1| @ytap, )

<CD(t)iE(t)i + C(HiD(t)2E(t) + C(t)2D(t)2E(t)3,

NI—=

where we used 9,0 +2(9,0)? < 0. O

5 Sobolev estimate in vertical direction

To close the energy estimates, we need to derive high order derivative estimates in the
vertical variable y. We again assume that (u,%) is a smooth solution of (1.2) on [0, T]
satisfying (4.1).

Proposition 5.1. It holds that for any t € [0, T|,

d ~ ~
R 202+ 1@y, 0, |70 < CDOFE®) + CHIDE)IE).
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Proof. We split the proof into the following three steps.

Step 1. H;’O estimate.
Taking H,/’-inner product between (1.2) and (u, h), we obtain

(atu M)Hlo + (8 h h)Hw (a u, u)H10 - (8 h h)Hll)
_ <(uaxu,u)H1,o o+ (T, 1)y — (W0, 8) oo — (HaTo, 1) 10 )

+ ( (Ua u, M)Hlo + (ga ]’l M)H1o (Ua h h)Hlo + (ga u, h)Hm)
—A+B. (5.1)

By integrating by parts and thanks to 0;6 + 2(ay9)2 < 0, we have

(atu u)Hm + (a h h)H]O (azu,u)Hm (8 h h)H}/O

1d

>3 g R By + 51@um, ) s = [ @+ 20,0 ulFy
1d

>5 5 h)Hle+ 5 ll(@yu,0 h)HHw

By integration by parts, we get
1
(uaxu,u)H;,g = (udyu, u) 5(8 U, 0 u)

<Cl|0gu e [[u]|310 < CHayuH 2,0””” onuHHlof
H} H?

and
(haxu, E) HLP + (haxﬁ, M)H;,o
=(hdzu, ) + (hax’ﬁ,u) 12 + (3xhdyh, dxu) 2

1
SCHay“H;IﬁDH“H onhHHlo

Similarly, we have

~ ~ 1
(0l 1) o < CHay”HIZ{ﬁ,oHuH onhHHlO

This shows that

A < CD(t)iE(t)3.
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Duetov = — foy dxudy’, we get by Lemma 4.2 that
(03y1t, 1) gyo < gz 13yl g ] o
<C(t)* lull o llayull ol o < C(EID(H)2E().
The other terms in B could be estimated in a similar way. Then we have
B < C{t)iD(t)2E(t).

Thus, we deduce that

d

= < CD(t)¥E(H)3 + C(t)iD(t)2E(t). (5.2)

1, )1, 1o+ [[(9y1, 0y ) o

Step 2. lel estimate.
Taking d, to (1.2) and then taking H}[O—inner product with (d,u, ayii), we obtain
d
dt
( (10x0yu, 0 M)HIO — (udxdyh,d h)Hlo + (hddyh,d M)Hl() + (hox0yu, 0 h)Hm)

13y, 3yu) 13, 10+ 1(85u, 5h) |13

HlO

(= (00%u,3,0) o + (3921, 3y0) o + (9314, 9y1) o — (033, By 1) o )
28,5y — 31Dy, ) o
=:A1+ B+ (.

For A1, we have
Ar<C(11, 1)1+ 1@, b)) (g1l + 1901250 )
<CIRy s 1] o (101250 + 10,712,10)
<CD(HE(D),
and for B, we have
B <C(Iloll g + llges ) (195ullzpn + 18510 ) (19030 + 135730
<C(t)iD(t)2E(H).
and for Cy, we have
Cy <C||axhdyu — axuayﬁuH}l,o ||ayE”H;,o
~ 1 1 ~
<C (Il o 12yt 193010+ iz 13T 0 19310 ) 194 g

<CD(t)*E(t)i.
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Thus, we deduce that

d

7! < CD(t)3E(#)i + C{t)iD(t)2E(t). (5.3)

[0yh, 3y0) [0 + 11514, 9510 1350

Step 3. H;’2 estimate.
Taking 95 to (1.2) and taking H,/’-inner product with (9u, Bﬁﬁ), we obtain

@3 F0) 0+ 110,057 2
< ( — (s, 9%0) o — (D02, ) pun + (s3I, 020 oo + (DD, a;E)H;,O)
+ ((g83ﬁ, dyu) o+ (89,1, 83};) HO (vdyu, aju)H;,o - (vaiﬁ, a;’ﬁ) H;,o)
( (9y1dydyu, 0> J10) 1o — (3y1udxdy h, azh)H;,o - (ayﬁaxay’ﬁ,aﬁu)H;,o
+ (@yT19x0ym, 0210) ;10 ) + (= (9,003, 930) oo + (3892, O3T) o0
—(3,09%h,92u) o + (2
::A2+B2+C2+D2+E2.

480211, )H;,o) — 2(3y (23,1 — Dudy 1), ) oo

We estimate nonlinear terms as follows:
Az <C (11w 1)l + 1| @ste, 0k 1 ) (1105ul1330 + 9571150
<CD(t)iE(t)3,
and
By < C(Iolzeg + llzez ) (1832l o+ 19571 o ) (15l o + 1530
sc<>m<>f£<>
2 < (lyull=+ 19l ) (1131l 10 + 19:3 g0 ) (051 0 + 1103 20 )
Hy y*iHy vy Hy y e
+ (1231l 215 + 19:0y 215 ) (1102910151,
+ 190yl g1z, ) (10:0Ful12 + 12503112 )
< CD(t)?E(t),
D2 < (|lasulles + lstlle= ) (105ul e + 135170 ) + (NOFulizrs + 1193l 205
(1130l + 1021513, (HaxaﬁunL;, + (1202113 )
< CD(t)2E(t) + CD(t)1E(t)F,
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and
Ex <C (13 yoll Byl s + 1357 o 830+ 134Dt o o
o ot go 93 ) 13110
<CD(t)2E(#).

This shows that

d ~ -

at | (ajh/ a;”) Hi[’l‘o + |l (a;u, agh) H?{}«O

<CD(H)iE(t)7 + C(t)iD(t)2E(t). (5.4)

Then the proposition follows from (5.2)-(5.4). O

6 Proof of Theorem 1.1

We first introduce the following Poincaré type inequality.

1+y?
8(t

Lemma 6.1. Let « € (0,1], p = e 30 “. Then there holds

44
o fll2 > —Ifl% .
| nyL;M > 2<t>Hf||L§,M

Proof. A direct calculation gives

Hany%;M = /R (ay(lurxf) + ayﬂaf)zdy - 4/R+ ay(.“txf)ayﬂtxfdy

+

>4 [ g efdy = =2 [ 7oy (e f))dy

-4 23, = % |12
=507 Jo (relPy = s lfIE,
Thus, we complete the proof. O

Now we prove Theorem 1.1.

Proof. As in [11], the approximate solution can be constructed by adding the viscosity
term x02u, vo2h to the system (1.2). Thus, we only present the uniform estimates of
smooth solution. With the uniform estimates, the existence and uniqueness of the solu-
tion can be obtained by showing that the approximate sequence is a Cauchy sequence in
lower order Sobolev spaces.
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Thanks to the initial condition and Lemma 4.3, we have

0l + Il 20 < &

H“ﬁ(O)HiI;,O + Hhﬁ<0)H§;,o < 4(““0”2}30 + HhOH%D) < 4¢?.
So, E(0) < 5¢2. Let M(t) = (#)'2" E(t), then M(0) < 5¢Z.
The uniform estimate is based on a bootstrap argument. Let us first assume that
[0, T*) is the maximal time interval so that

M(t) < Cié%, (6.1)

where C; > 0is a fixed constant. Let us also assume T* < & 2.
Thanks to E(t) < C; 2, it follows from Proposition 4.1 and Proposition 5.1 that

%E(t) +D(t) < CD(¥)

P
Nl
Nl

E(t)3 + C(8)iD(#)2E(t) + C(t)2E(t)2D(¢)2.

Let 6 € (0,1) be determined later. Then we have

th(t) +(1-20)D() < CoEMT + 5B + Co D E(

Thanks to Lemma 6.1 with « = 1, we get

%E(t) + 12<_t>5E(t) + gD(t) < C6YE(1)3 + Co~ (1) 2E(1)2 + Co (1) E()?,

which gives

;tM(t) < CoUB T M(D)3 + Co MBI M(B)2 + Co 11 M(1)3.

Thus, for given 57 € (0, 1), there exists § > 0 so that for t < ¢ =277,
M(t) < CsM(0) < Cye?.

Taking C; = 2C;, the theorem follows by a bootstrap argument. O

Acknowledgements

Z. Zhang is partially supported by NSF of China under Grant No. 11425103.



18 D. X. Chen, S. Q. Ren, Y. X. Wang and Z. F. Zhang / Anal. Theory Appl., 36 (2020), pp. 1-18

References

[1] R. Alexandre, Y. Wang, C.- J. Xu and T. Yang, Well-posedness of the Prandtl equation in
Sobolev spaces, J. Amer. Math. Soc., 28 (2015), 745-784.

[2] H.Bahouri, J. Y. Chemin and R. Danchin, Fourier Analysis and Nonlinear Partial Differential
Equations, Grundlehren der Mathematischen Wissenschaften 343, Springer-Verlag Berlin
Heidelberg, 2011.

[3] D. Chen, Y. Wang and Z. Zhang, Well-posedness of the Prandtl equation with monotonicity
in Sobolev spaces, J. Differential Equations, 28 (2018), 745-784.

[4] D.Chen, Y. Wang and Z. Zhang, Well-posedness of the linearized Prandtl equation around a
non-monotonic shear flow, Ann. Inst. H. Poincaré Anal. Non Linéaire, 35 (2018), 1119-1142.

[5] W. E and B. Engquist, Blowup of solutions of the unsteady Prandtl’s equation, Commun.
Pure Appl. Math., 50 (1997), 1287-1293.

[6] D. Gefard-Varet and M. Prestipino, Formal derivation and stability analysis of boundary
layer models in MHD, Z. Angew. Math. Phys., 68 (2017).

[7] D. Gérard-Varet and E. Dormy, On the ill-posedness of the Prandtl equation, . Amer. Math.
Soc., 23 (2010), 591-609.

[8] D. Gérard-Varet and N. Masmoudi, Well-posedness for the Prandtl system without analyt-
icity or monotonicity, Ann. Sci. Ec. Norm. Supér, 48 (2015), 1273-1325.

[9] I Kukavica, V. Vicol and E Wang, The van Dommelen and shen singularity in the Prandtl
equtions, Adv. Math., 307 (2017), 288-311.

[10] M. Ignatova and V. Vicol, Almost global existence for the Prandtlm boundary layer equa-
tions, Arch. Rational Mech. Anal., 220 (2016), 809-848.

[11] C.Liu, F Xie, T. Yang, MHD boundary layer theory in Sobolev spaces without monotonicity.
I. well-posedness theory, Commun. Pure Appl. Math., online.

[12] W. Li and T. Yang, Well-posedness in Gevrey space for the Prandtl equations with non-
degenerate critical points, arXiv:1609.08430.

[13] N. Masmoudi and T. K. Wong, Local-in-time existence and uniqueness of solutions to the
Prandtl equations by energy methods, Commun. Pure Appl. Math., 68 (2015), 1683-1741.

[14] O. A. Oleinik and V. N. Samokhin, Mathematical Models in Boundary Layer Theory, Ap-
plied Mathematics and Mathematical Computation 15 Chapman & Hall/CRC, Boca Raton,
Fla., 1999.

[15] M. Sammartino and R. E. Caflisch, Zero viscosity limit for analytic solutions of the Navier-
Stokes equation on a half-space. 1. Existence for Euler and Prandtl equations, Commun.
Math. Phys., 192 (1998), 433-461.

[16] Z.Xin and L. Zhang, On the global existence of solutions to the Prandtl’s system, Adv. Math.,
181 (2004), 88-133.

[17] C.-J. Xu and X. Zhang, Long time well-posedness of Prandtl equations in Sobolev space, ].
Differential Equations, 263 (2017), 8749-8803.

[18] P.Zhang and Z. Zhang, Long time well-posedness of Prandtl system with small and analytic
initial data, J. Functional Anal., 270 (2016), 2591-2615.



