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Abstract. In this paper, an equivalence relation between the w-limit set of ini-
tial values and the w-limit set of solutions is established for the Cauchy prob-
lem of evolution p-Laplacian equation in the unbounded space Y,(RN). To
overcome the difficulties caused by the nonlinearity of the equation and the
unbounded solutions, we establish the propagation estimate and the growth
estimate for the solutions. It will be demonstrated that the equivalence relation
can be used to study the asymptotic behavior of solutions.
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1 Introduction

In this paper, we consider the asymptotic behavior of solutions for the Cauchy
problem of the evolution p-Laplacian equation
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?)—l;—div(|Vu|p_2Vu) ~0 in RNx (0,c0), (11)

u(x,0)=up(x) in RY, (1.2)

where p >2 and the nonnegative initial value

uo € Yy (RN)={ pe C(RN): Tim (1+]x)Fp(x) =0}

|x|—o00

with0<o <355,

Since the beginning of this century, there has been a great interest in the com-
plicate asymptotic behavior of solutions for some evolution equations [1-8]. To
do this, a successful method is to establish the relation between the initial values
and the solutions for the evolution equations in some Banach spaces. In 2002,
it was Vazquez and Zuazua [9] who first considered the relation between the
w-limit set of initial values and the w-limit set of solutions to the problem (1.1)-
(1.2) in the bounded space L®(IRN). They found that the set of accumulation

points of the rescaled solutions u(t%x,t) to the problem (1.1)-(1.2) in L (RY)
as t — oo coincides with the set of {S(1)(¢)}, where ¢ ranges over the set of
the accumulation points as A — oo of the family {ug(Ax); A >0} in the weak-
star topology of L*(RY). By using this relation, they proved that the compli-
cated asymptotic behavior can happen in the solutions. Later Cazenave, Dick-

stein and Weissler [10-13] investigated the relation between the rescaled solutions

t2u(tPx,t) (1,8>0) and the initial values for the heat equation in bounded space
Co(RN). They also used these relation to investigate the complicated asymptotic
behavior of solutions. They also study the complicated asymptotic behavior of
solutions for the Navier-Stokes equations and the Schriddinger equation [14, 15].
In our recent papers [16,17], we revealed that there exists an equivalence relation
between the w-limit set of initial values and the w-limit set of rescaled solution-
s t%u(tﬁx,t) (1,8 >0) in bounded space Co(IRY), and use this relation to study
the complicate asymptotic behavior of solutions for the Cauchy problem of the
porous medium equation and the Cauchy problem of the evolution p-Laplacian
equation respectively. The studies of other asymptotic behavior of solutions for
the evolution equations can be found in [18-23].

Note that the relations in the above works are only considered in some bound-
ed spaces. It follows from the existence theory for the evolution p-Laplacian e-
quation that the solutions of the problem (1.1)-(1.2) are global even if the initial
data belong to some unbounded spaces [24-26]. Our interest here is to study
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the relation between initial values and solutions for the problem (1.1)-(1.2) in the
unbounded space Y, (RY). The difficulties in our studies are mainly caused by
the unbounded solutions and the nonlinearity of Eq. (1.1). Fortunately, we can
establish the propagation estimate and the growth estimate for these unbounded
solutions to overcome these difficulties. By using the properties of solutions in
the unbounded space, we obtain that if

w €Y (RN ={pe Y, (RN); >0} with 0<o< p%,

then
w’(ug) =5(1)Q7 (uo), (1.3)

where

1

W (1) = { FEYARN); Tty —oost by P Du(th "Dy t,) — f(x) in Yg(lRN)},

20

. 2
QO (1) = {qong(IRN); 008t Ay P ug(AL I x) 5 9(x) in Yg(]RN)}.

The relation (1.3) can be used to prove complicated asymptotic behavior of so-
lutions to the problem (1.1)-(1.2). Since there exists an initial value 1y € Bj'v’f ={¢pe
Y (RN); [#1ly, mnv) < M} such that Q7 (ug) = B{;", solutions of the problem (1.1)-
(1.2) can exhibit complicate asymptotic behavior by the relation (1.3), according
to Vazquez and Zuazua [9].

The rest of this paper is organized as follows. In the next section, we give some
definitions and properties. Section 3 is devoted to some estimates for the solution-
s of the problem (1.1)-(1.2) with the initial values ug € Y, (RN). The equivalence
relation is studied in Section 4. Using the equivalence relation to investigate the
asymptotic behavior is given in the last section.

2 Preliminaries

In this section we first introduce some concepts and give some propositions about
the solutions to the problem (1.1)-(1.2).

Definition 2.1. (24,25]) For r>0, f€ Ll (RN), let

loc

N(p—2)+p

_N( _
gl =supR 7= [ |p(x)ldx and ¢(g)=lim o]l
R>r
- {[x[<R}
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The space Xy is defined to be
Xo={peX; l(¢)=0}

with the norm |||-|||1. Hence it is a Banach space.

If the initial value ug € Xp, the existence and uniqueness of global weak so-
lution of the problem (1.1)-(1.2) had been proved in [24-26], and this solution
satisfies the following proposition.

Proposition 2.1. ([25,26]) The Cauchy problem of the evolution p-Laplacian equation
(1.1)-(1.2) generates a continuous bounded semigroup in Xy given by

S(t): up—u(x,t). (2.1)
In other words, u(x,t)=S(t)ug €C([0,00); Xo). Moreover, if ug€ L1(RN) with 1<g<co,
then S(t) is a contraction bounded semigroup in L1(RN).
The unbounded spaces L®(p,) and Y, (RN) is defined as follows.

Definition 2.2. Let 0 <0 < 0, o (x) = (1+|x[?)~2. The weighted space L*(py) is
defined to be
L (pr) = {9 € Lige (RY): gpsr €L*(RY)}

with ||| (p,) = || 9Pc | Lo (rN)- The space Y, (RN) is defined by
Yg(]RN)E{(p(x) cC(RN): lim (p(x)pg(x)zo}

|x|—o00
with the norm || @ ||y, wn) = | @pc | Lo (mN)-
It is easy to prove that Y,(RY) and L*(p,) are Banach spaces.

Definition 2.3. Suppose that ug € Y, (RN) with 0<o < %. For ¢(x)€L; (RN) and
A>0, let

20

2
Digp(x)=A rr2g(Arohr2x).
Then we define the limit set Q7 (ug) by

O (19) = {(pEYg(lRN),‘ Ay — 00 5.t DS [ug) 25 f in Yo (RN) as n—>oo}.
The w-limit set w (ug) is defined to be
W (11g) = {erg(IRN); Tt — 00 5.t D[St )utg] = f in Yg(]RN)},

where S(t) is the semigroup given in (2.1).
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For A >0, the commutative relation between the semigroup operator S(t) and
the dilation operator DK’ﬁ @(x)=AFp(A%Px)
DEPIS(A2t)ug) = S(A>2PP=1p=2) 1y DI Py (2.2)
had been proven in [7,17].

Definition 2.4. Let d(x) =sup{R; ug(y) =0 a.e. in Br(x)}. The positive set of u(x,t)
at time t is defined to be
Q) ={xeRY; u(x,t)>0}.

The p-neighborhood of Q)(t) is given by
Op(t)={x¢ RY; d(x,Q(t)) <p},
where d(x,Q(t)) =sup{R;Br(x)NQ(t) =D}.

3 Some estimates

To study the relation between initial values and solutions for the problem (1.1)-
(1.2) in unbounded space Y, (IRY), we need to give some estimates about the so-
lutions first. The following lemma had been proven in [24,25].

Lemma 3.1. (24,25]) Let u(x,t) be the nonnegative weak solutions of the problem (1.1)-
(1.2). For given xg € RN, if
_Np=2)+p
B(xp)=supR ~ 72 / up(y)dy < oo,
R>0 Bg (x0)

where Br(xo) ={y;|x0—y| <R}, then
u(xg,t)=0 forall 0<t<CB(xq) (P72,

The following theorem concerns the propagation estimate for the solutions of
the problem (1.1)-(1.2) with ug € L*(p,).

Theorem 3.1 (Propagation Estimate). Suppose ug € L®(p,) with 0 <o < %, then
for 0 <ty <ty < oo, one can get

O(t2) C Q1) (t1),

where
2 1 % 1
p(t)=Comax ([luoll £y, £7. ol Ff P 772).
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Proof. We only need to consider the case t; =0. Suppose that xo € RN with d(xg) >
0.If R<d(xp), then the following equality holds

u dy=0; 31
/BR(XO) o(y)dy (3.1)

and if R>d(xp), we deduce from Definition (2.1) and 0<¢ < 555 that
RGP [ wyd
= g
Br(xo) 1y

N(p—2

p=2)+p .
L Ho W) (1) Sy

N(p—2)+p

<|luo|lgewro R~ 72 (1+R? %/ d
ol (o, A+R)E [ dy

__r P
<22||”0||L°o max(R 72 R p72+‘7)

<22||”0||L°° max(d(xo)_%,d(xo)—%-w).

Consequently,

w
Blxo)= sup K72 [ up(y)dy
R>d(x0) BR(XO)
<Cl[uo]| 1= (o max(d(xo)_p_ﬁz,d(x(])—%Jra)
holds by (3.1). Then it follows from Lemma 3.1 that
u(xo,t)=0 forall 0<t<c||“0||Loo )mln(d(xo)p,d(xO)P_U(P—Z)),

and therefore

where
R
P(t)ZCmax<||u0||Lfo AN z>>,
and the proof is complete. 0

In the following theorem, we estimate the growth estimate of solutions u(x,t)
to the problem (1.1)-(1.2) with the initial value ug € L*(p,).
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Theorem 3.2 (Growth Estimate). Let 0< o < %. If0<ugeL®(ps), then there exists
a constant C such that

0<S(F)ug () gc((1+t)w<zz72>+|x|2)g for t>0.
That is,
1S(8)ut0]| ow(p) S C(L+E) 722,
Moreover, if 0 <ug € Y, (RN), then
S(Hug €Yy (RN)  for t>0.
Proof. Consider the following problem
ou

= —Au"=0 in RN x (0,00), (3.2)
u(x,0)=0vo(x)=M|x|” in RN. (3.3)
For A >0, let
p—o(p—2) 20 1
A = )L 2p , =, Sy e
1 M= =e-2 P2
then
2—pu(p—2)—2pp=0.
It follows from the commutative relation (2.2) that
o4 o(p—2)
ATPIS(TT Hopl (A7) =AY [S(AR)oo) (ATx)
=S(H)[M vo(A1")] (x) =S (H)oo (x). (3:4)

p—o(p—2)

Lettingt=1,s=A 7 and g(x)=S5(1)vg(x) in (3.4), one can get

o 1

S(s)vg(x)=sror-2Dg(s Por2x). (3.5)

Since vy € C(RYN), we obtain from the regularity theory of the solutions that for
t>0,

0<S(t)vg € C([0,00) x RN),
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see [24,26]. Therefore (3.5) implies that that for |x| =1, the following limit holds:

o 1

sP=or=Dg(s Por2x)=S5(s)vg(x) = vp(x)=M|x|]" =M (3.6)

as s—0. Put )

y= s pP—o(r-2)y,

Observe that |y| — oo as s — 0. It follows from (3.6) that
yI™8(y) =M =0 as |y|—co. (37)
Hence, there exists a nonnegative constant C such that
g(x) <C(1+|x*)%,

then we deduce from (3.5) that

NI

2
0<5(s)vo(x) gC(sii?*”(H) + |x|2) ,

therefore

NI

S(1)g(x) =S(8)[S(1)20] (x) = S(t+ 1o (x) < C((1+ 67777 4 [x2) .

Taking ¢(x) =M(1+|x[?)%, we thus obtain

NI

S(1)p(x) <C((1+077r 7+ [xP) .

Using Comparison Principle [24-26], we can get

NI

S(tyuo(x) <C (1467772 + [x )

if we take M = |ug||(p,) in (3.3).
We verify the second part of this theorem below. Note first that

0<ugeY,(RN)CL*(p,).

For given t >0, R>0, letting

p—2 p—2

e 1 P cri R S
R(t)=R+1+Cmax (HMOHLEO(pg)tp/ ||uo||foo(;’;)2)tpfv<p72))
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and then taking xr1(x) be the cut-off function defined on Bgr relative to Bg,
we deduce from Theorem 3.1 that

supp[S(f) (Xr+1140)] C {x €RY; [x| <R(1)}.

This means that for ¢, R >0, the value of S(t)ug in RN\ B R(+) is only depended on
the initial value uo in RN\ Bg., 1, that is, if |x| > R(t), then

S(6)[(1 = xr41)uo] (x) = S(t)uo (x). (3.8)

For every ¢ >0, it follows from the hypothesis 0 <u € Y (RY) that there exists a
constant Ry >1> 0 such that for |x| >Ry,

T €
(14 [x*) " 2up(x) < 5
Letting R=R1, we get
(1=XR+1)u0(x) <elx[".
Putting M =€ in (3.3), one can get from (3.7) and Comparison Principle that there
exists a constant R, such that if |x| > Ry, then

S(6)[(1=xr, +1)uo] (x) <g(x) <2elx|”. (3.9)

1

So (3.5) and (3.9) imply that if |x|t »~(~2 >R;, then

1

S(E)[(1—= xR, +1)uo] (x) < tP—‘T[(P—2>g(t_ por-2x) <2e|x|’. (3.10)

Combing (3.8) and (3.10), we get that if

| x| >max(R1(t),tmR2),
then
S(H)ug(x) =S(t)[(1— xR, +1)uo] (x) <2e|x|7. (3.11)
Observe that for t >0,
S(Hug(x)€L®(p,) and S(t)up(x) € C(RN),
then it follows from (3.11) that for ¢t >0,
S(t)up € Yo (RN),

and the proof is complete. O
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4 Equivalence relation

In this section, we study the relation between solutions and initial values of the
problem (1.1)-(1.2) with initial value ug € Y (RN)={¢p €Y, (RN); ¢ >0}.

Theorem 4.1. Suppose 0 <o < %. Ifug € Y,F (RN), then

w?(ug) =S(1)Q7 (uo) ={f: f=5(1)9, 9 Q7 (uo)}. (4.1)

Proof. If f € w”(uyp), it follows from the definition of w”(uy) that there exists a
sequence t, 2% 00 such that

I [S(1)uo] =D (S (tn)uo] = S(1) DY i-tto] = f  in Y,(RN).  (4.2)

Note that if A>1 and ¢ € Y, (RY), then

o 20 2
||DK¢HL°°(pU) = sup (1+ |x|2)_7)t 7=t p(AP-Dtry)

x€RN

2 o
PR g e 1+ | T2 Fpx|2 \ 2
= sup (1+IA”<P—2>+Px|2)—7¢(Av<p—z>+px)( +|2 x| )
x€RN AT-290 (1+|x[2)

2 - 2
< sup (14 A7 T x?) " 2p(AT727x) =[]y, (rN)- (4.3)
x€RN

This means that

1D uolly, wyy < lluolly, (rv) <M (4.4)

for all n>1. Hence there exists a subsequence {t,, }, which we still write as {t,},
and a function ¢ € Y,(R"N) such that

D‘\’/Euoﬂmo in Y, (RN). (4.5)
Consequently,

peQ(ug) and |[[¢[ly,ry) < lluolly, rr)- (4.6)

For every € >0, applying Theorem 3.2 to 1y and ¢, we see that there exists a R>0
such that if |x| > R, then

SMup(x)| <5 and [SM)g(x)] < 3. 4.7)
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Comparison Principle, (4.4) and (4.7) imply that if x > R, then
€
SMDY7uol(x)] < 3 (4.8)

for all n>1. Taking

p—2 p—2

R(up) =R+1+Cmax <||u0||Y5(]RN), ||u0||5;a{r’§)2))

and letting X (,,)(x) be the cut-off function defined on Bg(,)+1 relative to Bg(,),
we see that

supp[(1—XR(ug)) o]

p—2 p772
- {xE]RN; x| 2R+1+cmax(||uo||Y5(RN),I|uo|I§;(”{{’§)2)) }

Then applying Theorem 3.1 to (1—xg(y,))to, We get
supp[S(1) (1~ Xr(up)) o] C {x €RY; [x| > R+1},

hence
suppS(1)[(1—XR(u,)) 0] NBrR =2.
So apply Comparison Principle to get
suppS(1)[(1—Xr(up)) Dz 0] NBr =D.

That is, for x € By,

(1) (D 10) (x) = (1) [ (ug) (D 10)] (x): @9)
The same result holds for S(1)¢. That is, for x € By,
S(1)(x) =S(1) [XR (ug) P (%) (4.10)

Since Y, (RYN) — .#/(RN) < 2'(RN), (4.5) and (4.6) show that
Diftig—¢ in 2'(RN) (4.11)

as t,; — oco. Observe that

XR(M())DT/EMO/ XR(uO)(PE Ll (RN)
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It now follows from (4.11) that

XR(uo)DL\T/EMOAXR(Mo)q) ln Ll (IRN)

as t, —o0o. So for 0 < T <1, Proposition 2.1 implies that

S(T) [XR(ug) DYz t10] = S(T) [XR(up) 9] in L'(RY)

as t; — oo. This means that

S(T) [Xr( DY) = S(T) [Xr(y 9] in Z7'(R)

as t, —o0. By Theorem 3.2, (4.4) and (4.6) show that there exists a constant C such
that foralln>1,

15(0) ey Dm0l vy <€
hence
w* .
S(O)xr(r DY) = S(T)Xr(ny @] in Yo(RY)

as t, — oo. By the regularity of the semigroup operators S(¢) and 0 <7 <1, we
obtain

1S(1) xR DT/EUO] =S xre) )y, wy)—0
as t, —00. So (4.9) and (4.10) imply that for all x € By,
(1+[x[*)72(S(1)[DY-10] = S(1)[9])
=(1+[x[*) "2 (S(1) [xr(y DYz t00] = S (1) xRy 9]) =0
as t, —oco. Then it follows from (4.7) and (4.8) that
IS(ID? 10l = flly, rvy = [IS(DD? g-u0] =SV [lly, (ravy = 0- (4.12)
So we deduce from (4.2), (4.5) and (4.12) that
F=S(1)peS1)Q (ug).
This means that
w’ (ug) C S(1)QV (ug). (4.13)
On the other hand, suppose
£e€S(1)O (ug). (4.14)
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Then by the definition of S(1)Q7 (1), there exists a function ¢ € )7 (ug) such that
f=5)¢.
Hence there exists a sequence A, — oo such that
DS ug—¢ in Yo(RY)
as A, — 00. Using a same proof of (4.12), we can get

IS()[D3, u0] = flly,wvy = IS(1)[DF, uo] = S(1) ]Iy, (rrv) =0 (4.15)

as Ay — 0. Applying commutative relation (2.2) to S(1)[D§ uo], we have
Df,[S(1)Uo] =S(1)[DF, uo]- (4.16)
Then taking t,, = A2 in (4.15), and using (4.16), we have

DS [S(1)up] "2 f in Yo (RN).

This means
few’(up),
so (4.14) shows that
S(1)0 (19) € w (o), (4.17)
therefore
w? (1) =5(1)Q2% (uo)
by (4.13), and the proof is complete. O

5 Complicated asymptotic behavior

As an application of the relation (4.1), we follow the argument in [17] to prove that
w’ (up) contain infinite functions. This result means that these solutions possess
complicated asymptotic behavior, according to Vazquez and Zuazua [9].

Theorem 5.1. For M >0, let
B = {9 €Yo (RY); gy, oy <M and >0},
Then there exists ug(x) € Yy (RN) such that
W (10) =S(VBY = (- f=S(1)g, 9 B} 6.)
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Proof. Note that B, with the weak-star topology is compact and separable. Let
{¢:}22, be a dense subset of By;". Given {¢;} C By such that for every ¢, there
exists a subsequence {1; } of {;} satisfying that

Y, =¢;, Vip>1.
Suppose

a, if i=1,
Ai= {ai@—v(p—zm_l, i i>1, (5:2)

where a>2. Let x;(x) be the cut-off function defined on E;={xcRN; s~/ <|x|<a'}
relative to E;_1={x€RN; a~ "1 <|x|<a'~!} and assume that

(e e]

uo(x) =) D, 7 (xi(x)hi(x)). (5.3)

i=1
For i>1, it follows from (5.2) that

Aipﬂf(H)a—z _ azAip:if(H) > az—l)&ly:tlf(ﬂ).

Since

2 2

supp(D; 7 (xi(x)9i(x)) C {xE]RN; AP g < x| <A”"’(’7’2)ai},

i
we get that for i #j,
suppD) 7 [xi(x)¢i(x)|Nsupp D, 7 [x;(x) ¢ (x)] = O, (5.4)
hence the definition of 1y implies that
ug € By,

For every ¢ € B);", there exists a subsequence {¢;, } of {¢;}, which we also write
as {¢;}, such that

pi ¢ in Y, (RN) (5.5)

as i — oo. For every ¢;, i > 1, it follows from (5.3) that there exists a subsequence
{Ai } of {A;} such that
Dgi u0:4)i in Ain—l
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for all i, > 1. Since A; 1 — RN\ {0} as i, — o0, one can get that
DS, ug ¢ in Y, (RN)
in — 00. By diagonal method, it follows from (5.5) that
D7, o ¢ in Y, (RY)
as A;, — co. This means that ¢ € )7 (up), so
BT Q% (up). (5.6)

On the other hand, if ¢ € O (ug), it follows from the definition of Q7 (ug) that
there is a sequence A; — oo such that

Dfug—>+¢ in Y, (RY). (5.7)

Since |[DF uolly, rn) < [[tolly, vy <M, Vi>1by (4.3), it follows from (5.7) that
¢=>0and [|¢ly, gy)<M.Sope B{", this means that

QO (up) C BY,,
hence
O (ug) =BY;" (5.8)

holds by (5.6). It follows from Theorem 4.1 and (5.8) that
w”(up)=S(1)BY;",

and the proof is complete. O
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