Journal of Computational Mathematics http://www.global-sci.org/jem
Vol.38, No.1, 2020, 223-238. doi:10.4208/jcm.1911-m2018-0176

SUPERCONVERGENCE ANALYSIS OF THE POLYNOMIAL
PRESERVING RECOVERY FOR ELLIPTIC PROBLEMS WITH
ROBIN BOUNDARY CONDITIONS"

Yu Du and Haijun Wu
Department of Mathematics, Xiangtan University, Xiangtan 411105, China
Email: duyu@ztu.edu.cn, hjw@nju.edu.cn
Zhimin Zhang
Beijing Computational Science Research Center, Beijing 100193, China
Department of Mathematics, Wayne State University, Detroit, MI 48202, USA
Email: zmzhang@csrc.ac.cn, ag7761@wayne.edu

Abstract

We analyze the superconvergence property of the linear finite element method based
on the polynomial preserving recovery (PPR) for Robin boundary elliptic problems on
triangulartions. First, we improve the convergence rate between the finite element solution
and the linear interpolation under the H'-norm by introducing a class of meshes satisfying
the Condition (o, o,p). Then we prove the superconvergence of the recovered gradients
post-processed by PPR and define an asymptotically exact a posteriori error estimator.
Finally, numerical tests are provided to verify the theoretical findings.

Mathematics subject classification: 65N12, 65N15, 65N30.
Key words: Superconvergence, Polynomial preserving recovery, Finite element methods,
Robin boundary condition.

1. Introduction

Let © C R? be a bounded polygon with boundary T' := 9. Let n be the unit normal
vector to the boundary exterior to 2. We consider the supercenvergence analysis for the model
problem: Find u € H'(Q2) such that

alu,v) :=/(Vu-Vv+cuv)+/ quv = f(v) + g(v), Yo € HY(Q), (1.1)
Q iy}
where ¢ € L*®, g € L=(T), f € H1(Q) and g € H~2(89). We note that most results hold for
a general class of elliptic equations and (1.1) is for presenting the main idea and techniques in
their simplest form.
For given a shape regular triangulation M, of  with mesh size h, we denote

Vi = {vh € HY(Q) :vy|, € Pi(1) V7 € Mh}

the space of all continuous, piecewise linear finite element functions corresponding to My,. Here
P, denotes the set of polynomials with degree at most one. The finite element solution up € V;,
satisfies

a(up,vp) = f(vn) + g(vn), Yo e HY(Q). (1.2)
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It is well known that there are many superclose and superconvergent results for Dirichlet
boundary problems [13,16,18,19,22]. The convergence analysis is for uniform grids or patch
symmetric grids at first. However, since it is difficult to construct uniform grids on unstructured
domains and the grids produced by grid generation algorithms are a small perturbation of
uniform grids in the most region of the domain, one considered the so-called mildly structured
grids where an O(h'T®) approximate parallelogram property is satisfied for pairs of adjacent
triangles in most parts of © except for a region of size O(h??) [6,7,16,18]. Two finite element
functions vanishing on 9, the continuous linear finite element solution u$ and the continuous
linear nodal interpolation u9 of u°, are superclose in the sense that

||Vu2 _ VU(JJHHl(Q) — O(hl-l-min(a,l—a))'

Here we assume that u° is the exact solution to the Dirichlet boundary problem. Based on the
supercloseness, various post-processing techniques, such as the global L? projection [6,8,11],
the Zienkiewicz-Zhu (ZZ) method [24,25], and the Polynomial Preserving Recovery [13,14,23],
have been proposed to produce a new approximation R, (uy) of Vu®, which is superconvergent
in the sense that

R (uf) — Vul| i) = O(RYHmin(en1=0)).

Based on the superconvergence results, an asymptotically exact error estimator can be con-
structed [7,16]. In the last decade the convergence proof for Dirichlet boundary problem has
been well established. By contrast, there are only a few superconvergent works on the Robin
boundary problem. [9] considered the Robin boundary condition and proved the superconver-
gent rate of O(h3/2). [3] considered the case of Neumann boundary and o = 1 (i.e. each
of the “good” pairs of triangles forms an O(h?) approximate parallelograms) and proved the
superconvergent rate of O(h%=7|logh|2).

In this work, we investigate the superconvergence property of the method (1.2) when being
post-processed by the polynomial preserving recovery (PPR) for the Robin boundary problem.
PPR was proposed by Zhang and Naga [23] in 2004 and has been successfully applied to finite
element methods. COMSOL Multiphysics adopted PPR as a post-processing tool since 2008, see
[1]. One important feature of PPR is its superconvergence property for the recovered gradient.
To learn more about PPR, readers are referred to [13,16,20,21]. Some theoretical results about
recovery techniques and recovery-type error estimators can be found in [4,12,18,19,22].

We first extend the definition of mildly structured grids to the boundary by assuming that
the two triangles associated to a “good” boundary node are O(h'T®) approximate congruent
triangles and the number of “bad” boundary nodes is of order O(h~2") for some 0 < p < 1.
Secondly, we prove the following supercloseness result:

= urll sy = O (W=7 4 min (122 logh[* , 1) )

which improves the estimates of [3,9]. Denote G : V, — V), X V}, as the gradient recovery
operator from PPR. Thirdly, we obtain the following estimate:

IV — G| paq) S A=) Lmin(h220 [log bl , h*/2). (1.3)

Based on the superconvergent result, we define an asymptotically exact a posteriori error esti-
mator [|Grun — Vup| 12q). Readers are referred to [2,5,10,15] for further theoretical results
about recovery techniques and recovery-type error estimators.
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The remainder of this paper is organized as follows: some notations and the mesh constraints
are introduced in Section 2. In Section 3, we prove the supercloseness between the interpolant
and the finite element solution to the Robin boundary problem (1.1). In Section 4, we prove
the superconvergence property of G, in the Sobolev space H3(£2) and define a posteriori error
estimator. Finally, in Section 5 we verify the sharpness of our estimates by simulating some
model problems on several specially designed meshes.

Throughout the paper, C is used to denote a generic positive constant which is independent
of h, f and g. We also use the shorthand notation A < B and A 2 B for the inequality A < CB
and A > CB, respectively. A < B is a shorthand notation for the statement A < B and B < A.

2. Preliminaries

The symbols (-, ) and (-, )5, for ¥ = 9Q denote the L*-inner products on L*(Q) and L?(X)
spaces, respectively. For simplicity, denote by (-,-) := (,-)a, () == (- )aqs Il = Il i (0
and ||; = |y ). Throughout this paper, the norm |||z (seminorm |-z ) on the
boundary of the polygon {2 are interpreted as the square root of the sum of squares of the
H#-norms (seminorms) on each sides of the polygon.

Let &, be the set of all edges of My, and N}, be the set of all nodal points. For any 7 € My,
we denote by h, its diameter and by |7| its area. Similarly, for each edge e € &, define
he := diam(e). Let h = max;eaq, hr. Assume that h, ~ h. We denote all the boundary edges
by P :={e € &, : e C '} and the interior edges by & := £,\EP. Denote by NP the nodes on
the physical boundary T'.

Following the discussion in [6], We introduce some definitions regarding meshes at first. For
an interior edge e € &, let 7. and 7/ be two elements sharing e and denote by Q. = 7. U 7,
see Figures 2.1-2.2. For an element 7 C 2., denote by 6. the angle opposite of the edge e in
7, denote by t. the unit tangent vector of e with counterclockwise orientation and n., the unit
outward normal vector of e. Denote by h¢, het1, he—1 denote the lengths of the three edges of
Te, respectively, where the subscript e + 1 or e — 1 is for orientation. We emphasize that all
" is added for the corresponding
quantities in 7. Notice that n. = —n/, and t. = —t, due to the orientation.

triangles in My, are orientated counterclockwise. An index

Let e € & be an interior edge. Recall that €., the patch of e, consists of two adjacent
triangles sharing e. We say that €2 is an € approximate parallelogram if the lengths of any two
opposite edges differ by at most €, that is

‘he,1 — h/efl‘ + ‘hzeJrl — h/eJrl‘ S €. (21)

In general, the patch . is set to be an O(h'T®) approximate parallelogram in the supercenver-
gence analysis for Dirichlet boundary problems. However, for Robin boundary condition, an
additional restriction on elements pairs with common nodes in NP is necessary. For a node
z € NP (cf. Fig. 2.2), let e,¢’ € EP be the the edges sharing z. We say that 7. and 7./ are ¢
approximate congruent triangles if

|he—l - he’—l' + |he+1 - he’+1| + |he - he’| <e (22)

Clearly, for an interior edge e, if €, is an € approximate parallelogram, the two triangles in €2,
are € approximate congruent triangles.

In order to deal with the Robin boundary condtion, we introduce the following mesh con-
dition (a, o, 1) which is a modification of the usual condition («a, o), see [6,18].
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Fig. 2.2. Notation in the boundary elements.

Definition 2.1. The triangulation M, is said to satisfy condition («, o, ) if EL can be divided
into two parts 5{7h695217h, NP can be divided into two parts th @th and there exists constants
a>0,0<0<1and0< <L suchthat

(i) foree Ell_rh, the patch Q. is an O(h'**%) approzimate parallelogram;

(ii) for z € NP, shared by e,e’ € EP, the triangles 7. and 7o are O(h'T®) approzimate
congruent triangles;

(ili) the number of edges in &5, satisfies #&5 , = O(h™%7);
(iv) the number of nodes in ./\/'fh satisfies #./\/fh =O(h™2").

Remark 2.1. (a) Bank and Xu proposed some mesh conditions [3, Definition 2.4] for a su-
perconvergence analysis for the Neumann boundary condition. Our conditions (i) and (iii) are
similar to the corresponding conditions in [3] (or more precisely, the same as the mildly struc-
tured grids defined in the reference [18]), while the conditions (ii) and (iv) are new, which are
weaker than the corresponding condition 2 in [3, Definition 2.4]. In fact, [3] assumed that the
triangles associated with each node z € th form an O(h?) approximate parallelogram and
that #th = O(1). Therefore, our conditions actually define “mildly structured grids” up to
the boundary and are more practical.

(b) Although one can still get results of superconvergence for some meshes not satisfying
the restriction (i), such as Chevron pattern uniform mesh, we construct in Section 5 a class of
special grids to show that the restriction “h'*® approzimate parallelogram” is necessary.

(c) However, since unlike the case of homogenous Dirichlet boundary conditions, u, —uy # 0
on I', we need the assumption (ii) for elements with one edge on I'. Here u; is the linear
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interpolant of u. Note that whether the additional restriction (ii) in 2.1 is just technique for
theoretical purpose or not is still an open problem. But if 5217,1 = (), we have th and the
restriction (ii) can be removed, because, for any node z € NP, all the triangles sharing the
node z are approximate congruent triangles. In others words, the condition (c, 0, 0) is equivalent
to classical condition (a, 0) and therefore, the results holds under the condition (a,0) as well.

(d) The restrictions (iii) and (iv) in 2.1 means that (£{,N;P) can be grouped into “good ”
(&1, ND,) and “bad” (&7 ,,,N%,), respectively. The numbers of bad edges and bad boundary
nodes are much smaller than those of good ones, respectively, where the ratios are

#En  h7* 220 #Noh o h2

= i,
#EL, ~ 2 COHNE, T R

3. Supercloseness Between the FE Solution and the Interpolant

We investigate the supercloseness between the FE solution u; and the linear interpolant uy
of u. Some special arguments are needed to establish the desired superclose result, because up
is not equal to uy on the physical boundary, that is (up, — ur)|r # 0.

We introduce the quadratic interpolant ¢g = Ilg¢ of ¢ based on nodal values and moment
conditions on edges,

(Hq¢)(2) = é(2), /HQQS = /qS, Vz € Ny, e € & (3.1)

The following fundamental identity for v, € Py(7) has been proved in [6]:

0%¢pg Ov oo Ov
/v(aﬁ—qsf)-wh =Y (Be 5o T | 3rae 8th), (3.2)
T 6687’ e e (S e (S € €

where
1 9 9 1
Be = - cotOc(hzpy —hi_y), Te =3 cot 0, |71, (3.3)
and ¢y € P;(7) is the linear interpolant of ¢ on 7.

Lemma 3.1. We denote m. by t. or n.. Assume that My, satisfies the condition (a, o, ).
Then we have the following estimates:

|Bel +18e] < 2, Vel + |7el S B2, e € &, (3.4)
|ﬁ€ - ﬁé' S h2+a7 |’7€ - ’Yz/el 5 h2+a7 eec gll,hv (35)
|Be| S B, el S h2, ey, (3.6)
|ﬁe - Bé| 5 h’2+a7 |78 - ’Y{e| S h’2+a7 en 6/ =zc thv 676/ € ghB (37)

Moreover, for any e € &,

82¢ 3vh 1
/e Ot.0m, 8—1',6 S (|¢|H3(Te) +h |¢|H2(7—e)) vah”m(-re) ) (3.8)
62¢ (9’Uh
. dt.0m, 8—136 S |¢|W2,oo(9) HVU}IHLQ(TC) s (3'9)

0?(¢p — ov
[ S22 2 < 0l IV (3.10)

ot.Om, Ot,
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See [6, 7] for the proof.
Throughout the paper, we assume that ¢ > ¢ > 0, ¢ € W>><(I')(¢ > 0), f € H(Q),
g € H?(T), and the exact solution u € H3(Q) N W2°°(Q).

Lemma 3.2. Assume that M, satisfies the condition («, o, u). Then for any vy, € Vi, we have

/V(u_u,) Von| < (h”mm(al ?) 4+ min (k22 |log h|* )) lvally Cuggs  (3.11)
Q

where Cu,g,q = [lull3 + [uly. o) T ”gHH2(F + llallyy. < (T) HU‘HH2(F + HU‘HH?’(F
Proof. From (3.2), we have

8 U‘Q 8'Uh 82UQ 8'Uh
_ . = e e =1 Iz,
/QV(u ur) - Vg Z Z (ﬂ /e ot2 o, T /eateane Ot 1

TEM}, eCOT

where

0%u Oy, 0%u Oy,
— _ ! z == n _ /
n=% (- [ G+ 00 [ sign g

e€£,{

8, / 0?(ug — u) O, 6/ 0?(ug — u) Oy,

otz Ot dt.On, Ot
Plu—ug)Ovn , [ &(u—uq)du,
A / 2z ot. %/e ot.0n, Ot. )
9*u Ovy, R ovy,
I = L 225
’ ZB <ﬂ /e atg ate +’Y Lateane 8t6

e€ly
0?(ug — u) O, 0?(ug — u) Oy,
+Be/€ o2 ot. +%/e Dt.on, 8t8)'

We first estimate [; which is divided into I1,; and I; 2, where

2 2
Lj= ) ((ﬁe—ﬁ) 6u8vh+( 7e) O o

ot2 ot. e OteOn, Ot
e€t/,
0?(ug — u) Oy, 0?(ug — u) duy,
o / nr o %/e dt.on, Ot

0?(u — ug) vy, 0?(u — ug) vy,
/ e S / i e
+ Be/e o2 ot | 7e/e Ot.om, Ot )

By Lemma 3.1 and Holder’s inequality, we have

Ll S ) ((h2+a +02) [l s,y + B |U|H2(TC)) IVorll e,
eEE{yh
< (B July + R July) [Von ]l - (3.12)
From Lemma 3.1 and noting that #SQIJI =h~%,
1
12| S Z h? |u|W2’°°(~rc) ||VUh||L2(TE) < hQ(#gzl,h)z |U|W2’°°(Q) Vonlly
eEEZIYh

She |ulyz. ) [Vorllg - (3.13)
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Combining (3.12) and (3.13) yields
LS (B fuly + 27 [l g + B2 Wl sy ) 1900 - (3.14)

We divide I into two parts Iz ;(j = 1,2) to estimate, where

0?(ug — u) Oy, 0?(ug — u) Oy,
1= 2, (Be/e oz ot %/8 dt.on, Ot. ) (3.15)
ecgP
0%u Oy, 0%u  Ouy,
iy (o [+ [ oeom o) (310

From Lemma 3.1, we can derive in analogy to (3.12),
Lal S S0 (0 fulga gy + 025+ 12) [l o)) 900 o
e€5fh
S (W July + B uly ) [[Vorlly - (3.17)
Next we turn to the estimate I 5. First we have
1
Iy S h? Z |u|W21°°(Q) vahHm(Tc) S hA(#E7)? |U|W2v°°(£2) [Vonlly
ecEP
3
S h? [ulye.s g [[Vonlly - (3.18)
In the following we give another estimate of I5 o by using the assumption on the elements
with sides on the boundary I'. For z € NP, let e and €’ be two edges in £P sharing z with

counterclockwise orientation (cf. Figure 2.2). Denote by [Be], = Ber — Be and [ve], = Yer — Ye-
Let V)Y be the set of vertices of the domain . By integration by parts, we have

I2,2 = - (ﬁe/ 8t3 Uh+’7€/at28 )
eSB

9%u
D S (IR e
zeﬁﬂéh\ﬁﬁy
0%u 0%u
S < ). S () + bl g (2) ()
2ENF\NY
9%u 0%u
+ Z ( 8t2 Be 8t2 ( ) + /yel 8t8/3n8/ (2) - 76 8teane (2)) Uh(z)
zeNY
=itlpo1+ 12292+ 1223+ I224. (3.19)

Since % 4+ qu = g on I', we obtain

ou

Loy SA? < |ulga(ry + n

l[vnllp
H?(r)) Lm

1 1
SR (Jul sy + 1912y + laul gz ) lonlls lonll?

Sk llvnlly (|g|H2(F) + HQHW2,oo(r) |U’|H2(F) + |U’|H3(F) ) (3.20)
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For any w € H'([a, b]), we have

b ’
xT—a 1 2 2
o) = [ (T2 o S 2 lollaguy + 0 - o) lolsqos.

which implies

_1 1
Ioo < Z ('[/Be]z| (he ® [l gz + hé |u|H3(e))

zEth\N}Y
H?2(e) )>

1

_1| Ou
+ el (e ?

on,

s
H1(e)

_1 1
(B Monllegey + b ol )

ou
on,

< _1 1
~ zeAIf?l?ii(N}Y (1[Bel. 1+ llvel.l) (h 2 |ulgepy + 22 Julgsr

du

hi
+28n

H(T)

+h73

n

_1
) b2 |onll oy
H2(r)
S h1+a(|u|H2(F) +h |U|H3(r) + |9|H1(F) +h |9|H2(F)
el ooy Ftl ey + 0l oy Py )l

where we have used the second inequality in (3.7).
The following inequality [17] is going to be used to estimate I3 23 + I22.4:

1
lonl ey S llog h* flenll,  Von € Vi

Noting that #N3, = h™*", we have

Ioosz+ 124
8%u 0%u 0%u 0%u
2
DY <\—at2, O+ 5 )] + | gom ) + m@))llvhnmm
zENFL UNY ¢

(3.21)

1
Sh2 NG+ #MY) (s oy + 190720y + Iallwaeey Mgz ) - Bog bl llenl g o

_ 1
Sh2=2 log I [lvally (lull sy + 9l oy + lallwe. oy ull g2y )-
Using (3.14), (3.17), (3.18)—(3.22), we complete the proof of the lemma.

We can also obtain the supercloseness between u;, and uy from Lemma 3.2.

Theorem 3.1. Assume that M}, satisfies the condition (a, o, p). We have
o = urlly 5 (A1) i (222 flog I 1) ) g
Proof. Denote vy, = up — uy. By the Galerkin orthogonality, we have

Jun, — ur|l; < alun — ur,vp)

=(V(u—uz), Vop) + (c(u —ur),vn) + {glu — ur),vp) .

(3.22)

O

(3.23)

(3.24)
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By the trace inequality,

[ —wr),on)] < llall oy e =l gy Homl oy

S P2l poe oy el oy < llonll - (3.25)

~

the proof. O

By combining Lemma 3.2, (3.24), (3.25), and the fact that |u — uz||, < h? ||ull,, we complete

Remark 3.1. Our estimate of supercloseness holds on mildly structured grids up to the
boundary. In particular, under the same conditions as [3, Theorem 3.1] (i.e. ¢ = 0,9 =0, =
0, = 1) our Theorem 3.1 implies that

Y 1
lun —urlly S (B*77 + h?[logh|2) ([lulls + [uly2. 0 + [l gary )-

When o > 0, our convergence order is O(h?~) since h|logh|z — 0 as h — 0T, while the
order given by [3] is O(h2~7|logh|2). On the other hand, our regularity requirement on u is
weaker than that of [3].

4. Superconvergence and the a Posteriori Error Estimator

In this section, we introduce and analyze the polynomial preserving recovery method (PPR),
which is applied to improve the gradient of the finite element solution.

We first recall the polynomial preserving method (PPR) [13]. Define Gj, : C(Q) + Vi, x V4,
as the gradient recovery operator on the finite element space in the following way: Given a
node z € Np, select an element patch w,. We then denote all nodes on w, (including z) as
zj,j=1,2,--- ,n(> 6) and use values of w € C(Q) at these sampling points to fit a quadratic
polynomial in the least squares sense

n n

D (2 —w)(z) = min Y (g —w)*(z). (4.1)

j=1 j=1

Here P(w.) is the set of continuous, piecewise quadratic polynomial functions defined on w,.
The value of the recovered gradient of w at z is then defined as

Grw(z) = (Vp2)(2). (4.2)

The reader is referred to [13, Theorem 2.3] for a practical sufficient condition so that the above
least squares fitting procedure has a unique solution. We shall use the PPR method to improve
the numerical solutions.

Some properties of the PPR operator should be shown:

(i) IGronlly S IVonlly  VYon € Vi
(i) For any nodal point z, (Gpp)(z) = Vp(z) if p € Pj(w,), j =1,2.
(ili) Gpw = Grllw Yw e C(Q), j=1,2.

Here [ ,%w and [ %w are the linear nodal value interpolant and quadratic nodal value interpolant
of w, respectively. The reader is referred to [13,16,21,23] for more details of these properties.
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We decompose the error into
Vu — Grup = Vu — Gru + G, (ur — up,). (4.3)

Note that Gpu = Gruy since uy = u at all vertices and the recovery operator Gy, is completely
determined by nodal values of u. From (i), we have ||Gp(ur —upn)lly S [[V(ur —un)lly- It
remains to estimate ||[Vu — Gpul,.

Lemma 4.1. For any element 7 € My, and any function w € H3(7),
[Grw — vw||L2(T) S h? ||w||H3(7”-) ) (4.4)
where 7 = J{w. : z € Ny N7}
Proof. The property (iii) implies

[Ghw = V|12, = HGhI,%w—VwHL2 (4.5)

(r)”

For any n € Py(7), it is clear that Gi,n = Vn in 7 by the property (ii) and the fact that
Gpn € Vi, x Vi, and Vi € Pi(7) x P(7). Then we have

HGhI}%w - vaL2(‘r) = HGh(I}%w - 77) - V(w - n)HL2(7)
< HGh(I}QLw - 77)”[}@.) + ||V(w - 77)||L2('r) : (4'6)

By the definition and properties of Gy,

|Gn(Tw — 77)||L2(T)
Sh_mas |Gl —n)()] SB[V =),
5 ||V(I;21’LU - 77)HL2(7-) /S ||V(I}2zw - w)HL2(7-) + ||V(’LU - 77)||L2(%) : (4'7)
By combining (4.5)—(4.7), we have
HGhI}%w - vaL2(7) 5 neilgj(f') ||V(w - 77)||L2(~T-) + HV(I}%M - w)HLz(,,:) : (4'8)

Using the Bramble—Hilbert lemma and the scaling argument, we have

1 2
el IV =2y S Bl sz (4.9)

and from the approximation theory
||V(Ii21w_w)HL2(7~.) 5 h? ||w||H3(%)' (4'10)

The proof is completed by combining (4.5) with (4.8)—(4.10). O

We remark that similar results as the above lemma are proved in [16,18]. Using Lemma 4.1,
we obtain the following superconvergence property of Gy, in H3(§)) space for the linear element.

Theorem 4.1. We have the following estimate:

1Ghu = Vully < B2 Jlull; - (4.11)
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Proof. From Lemma 4.1, we have

[V

%
|Ghu — Vully = ( > ||Ghu—w||izm> 5h2<2 ||u||ifa<;>> <2 ulls -

TEM, TEM,

We obtain the superconvercengce property of the linear FE solution post-processed by the PPR
operator, which can be proved by combining (4.3), Theorems 3.1 and 4.1. O

Theorem 4.2. Assume that M}, satisfies condition (o, o, ). Let u and up be the solutions to
(1.1) and (1.2), respectively. We have

1Ghup — Vull, < (h”mi“(avl—“) +min (h22 [log h|? ,h%))cu,g,q. (4.12)

With preparation from the previous work, it is now straightforward to prove the asymptotic
exactness of an error estimator based on the recovery operator Gj,. The global error estimator
is naturally defined by

Mh = [[Grun — Vun|, - (4.13)

Theorem 4.3. Let u, be the linear finite element approximation of u. Assume that My sat-
isfies Condition (o, o, ). Furthermore, assume that h < ||V (u — up)|,. Then

”v(unihu)”—l §hp+min(h172#|logh|%7h%)7 p =min(a, 1 — o). (4.14)
—un)ly

5. Numerical Examples

In this section we present experiments to study the supercloseness and superconvergence
rates on different meshes in H!-seminorms as well as the asymptotically exactness of the a
posteriori error estimator based on the recovery operator Gjy,.

we solve —Au + u = f with the Robin boundary condition g—I“l +u = g, where f and g are
chosen such that the sulotion is v = sin(w(z + y)).

We consider the supercloseness property on the domain Q = [0, 1] x [0, 1]. We first consider
discretizations performed on meshes consisting of O(h'T®) approximate parallelograms. We
divide Q into % x n equivalent rectanges which containing four types of triangles (cf. Fig. 5.1)
, where h = 1/n and 2h + hite = 24, for even integer n. Clearly, %h < h < h. Fig. 5.2

h
h

o
o ¢

9

(o]

h b e — h ! 1 h b e — h

Fig. 5.1. The cells constituting the finite element grids.



234 Y. DU, H.J. WU AND Z.M. ZHANG

plots the meshes for n = 4,32 and o = 0, %, respectively. For any e € E,{, denote by €. =

he1 — h'e_1’ + ‘he+1 — h'e+1‘. For e; in Fig. 5.1, we have

2 \1ta ~ - . - ;2420
(_h) < €, = h1+a 4 (h2 + h2+2a)§ _h = h1+a + _ .
3 (h? + h2+2a)§ +h
N iL2+2a 3. 3
< h1+0¢ < _hl+a < —h1+a.
a + 2h T 2 — 2

Moreover, it is clear that €., = 0 for ez in Fig. 5.1. As a matter of fact, it can be shown that
for every e € &/, Q. is an O(h'T*) approximate parallelogram. Similarly, for any z € ;P \ WY
shared by e,e’ € £B, the triangles 7, and 7., are O(h'*?®) approximate congruent triangles.
That is, the meshes satisfy Condition (a0, 0).

Fig. 5.2. The meshes of Q = [0, 1] x [0, 1] consisting of O(h) approximate parallelograms for n = 4 (left
graph) and n = 16 (right graph).

We plot the errors between uj, and u; on H!'-seminorms for o = 0,1/4,1/2 and o =
1/3,2/3,2 in Fig. 5.3. The convergence rates of ||Vu;, — Vuy||, behave much as expected.
The convergence rates are almost equal to the corresponding 1 + . Such behavior shows the
necessity of the condition (i) in Definition 2.1 of Condition («, o, p).

10 10
—a ||V (ws, — ur)[o for @ =0 —— ||V (un — ug)l|o for @ =1/3
||V (ws, — ug) o for a = 1/4 o~V (un — ug)lo for o = 2/3
||V (s, — up) o for a = 1/2 w0t p ||V (up —up) o fora=1 |3

Errors

slope -4/3

slope -5/%

n=1/h n=1h

Fig. 5.3. The errors of ||Vu, — Vur||, for « = 0,1/4,1/2 (left graph) and o = 1/3,2/3, 1 (right graph).
The dotted lines indicate reference slopes.

Next, we consider the meshes containing ‘bad’ edges, that is O(h'T®) approximate paral-
lelogram property is satisfied for pairs of adjacent triangles in most parts except for a region
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of size h??. For given 0 < ¢ < 1 and non-negative integer n, we divide Q into two parts,
Oy = [0,mh] x [0,mh] and Q3 = Q\ Q1, where h = 1/n and the integer m is chosen such
that the area of € is about h2°. We discrete Q; as the Criss-cross pattern uniform mesh
and discrete 22 as the regular pattern uniform mesh. Fig. 5.4 plots the meshes by setting
o=1/2for n =8 and n = 16. Clearly o > 1. It is well known that the Criss-cross pattern
uniform mesh is very bad for the supercloseness property. Therefore, the convergence order
h*=7 of ||Vu;, — Vug||, can be expected. This is verified by Fig. 5.5 which plots the errors in
H'-seminorms for 0 = 0,1/2,1 and o = 1/3,2/3.

Fig. 5.4. The meshes of Q = [0,1] x [0, 1] construted by setting ¢ = 1/2 for n = 8 (left graph) and
n = 16 (right graph).

|V (un =)o for o =0 —— [V (uy — u)lfo for o =1/3
|V (us, — ur) o for o =1/2 —— ||V (un — u)||o for o = 2/3

e 9 — ) for o = 1

Errors

slope -1

slojse -3/2 slope -4/3

slope -2

slope -5/3

10° 10t 102 10° 10° 10t 10% 10
vh 1h

Fig. 5.5. The errors of ||Vun — Vurl|, for ¢ = 0,1/2,1 (left graph) and o = 1/3,2/3 (right graph).
The dotted lines indicate reference slopes.

Then we construct meshes by perturbing the boundary elements of the regular uniform
meshes such that two boundary triangles 7. and 7./ sharing a boundary node are O(h) approx-
imate congruent triangles (cf. (2.2)) and #/\/’fh = O(h=2#). Clearly, o = p. Fig. 5.6 plots the
perturbed mesh for n = 15 and ¢ = 1/4 in the left graph and the errors of |Vuy, — Vuy||, for
pw=1/2,1/3,1/4,0 in the right graph. The convergence order is about O(h?~*) which is better
than our theoretical result in Theorem 3.1.

Then we consider the superconvergence of the numerical solution based on the Polynomial
Preserving Recoverry technique. Fig. 5.7 plots the errors of ||Vu — Vug||o, ||[Vur — Vur|o and
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1 - - - T T
102 T T T
1ok [V un —un)[lo for = 1/2
—o— ||V (un — ur)||o for p=1/3
08 wE —— |V (un —ur)jo for p = 1/4]
|V (1w — i) for =0
0rf ok 4
06
w0 9
s ¢
04 w02 ]
oaf
ok ]
02
i ]
01
slope 200
o h f f f h ol . - -
0 01 0.2 03 04 05 0.6 0.7 08 09 1 10° 10t 10% 10°

i

Fig. 5.6. The mesh by perturbing the regular uniform mesh for n = 15 and u = 1/4 (left graph) and
the errors of [|Vuy — Vurl|, for p =1/2,1/3,1/4,0 (right graph). The dotted lines indicate reference
slopes.

10% 10°
o= |V (u = un)llo o=V (u = un)llo
|V (un — ur)lo N ||V (un = ur)o] |
100 == Vu — Gruallo| o || Vu — Grunllo
10°F 3
10°F E|
10t F 3
] 3 &
102F slope -1 |
102F slope -14
slope -1 o
il 1 il ... dtope -2
Slope -2
. . lope, -2 . .
. .
© 10° 10" 10? 10° * 10° 10t 107 10°
n=1/h n=l/h
(a) Criss-Cross pattern (b) regular pattern
10% 10t
o= ||V (u = un)llo o= |V (u = un)llo
i ||V (un = ur)llo | | |V (un — ur)llo
o | Vu — Gruallo 100 F . == Vu — Grullo|4
10°F 3
10t E E|
10 3
g 8ol slope 0.3
102F slope -1+
10°F E|
10°F E|
slope -1
slope -1.6 ok Jove 085
w0t Stope -2 Slope -0.95
10° - L 105 . . . .
10° 10" 10? 10° 10* 102 10° 10* 10° 10°
n=1/h DOFs
(c) Chevron pattern (d) Delaunay mesh

Fig. 5.7. The errors of |[Vu — Vua||o, [|Vun — Vurl|, and |Vu — Grupl|, for Criss-cross pattern uniform
mesh (a), regular pattern uniform mesh (b), Chevron pattern uniform mesh (c) and the Delaunay mesh

(d).
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[IVu—Gpup||o for Criss-cross pattern uniform mesh, regular pattern uniform mesh, Chevron pat-
tern uniform mesh and the Delaunay mesh. We see that the convergence order of ||Vu — Grus||,,
is almost O(h?) although the convergence order of ||Vuy, — Vug||, is smaller except for the regu-
lar pattern uniform mesh, which shows that the PPR is a powerful tool to improve the gradients
of the finite element solutions.

Finally, we verify the asymptotical exactness of the a posteriori error estimator n, (cf.
(4.13)). Table 5.1 shows the errors of uy, in H'-seminorms and the a posteriori error estimators
on three kinds of meshes for different mesh sizes. We watch the a posteriori error estimators
converge to the corresponding ||Vu — Vuy||, very quickly.

Table 5.1: The errors of |Vu — Vuyl|, and the a posteriori error estimators on Criss-cross pattern
uniform mesh, regular pattern uniform mesh, Chevron pattern uniform mesh for different mesh sizes.

regular pattern Chevron pattern Criss-cross pattern
U/h | |u—unl h lu —unl, h lu —unl; i

4 | 147TE+00 | 1.28E 400 | 1.14E+00 | 1.10E+00 | 1.10E + 00 | 1.28E + 00
12 | 5.26E—01 | 5.24E—01 | 4.05E—01 | 4.06E —01 | 3.86E —01 | 4.09F — 01
20 | 3.188—01 | 3.1TE—-01 | 245F —01 | 245E —01 | 2.32FE —01 | 2.38E — 01
28 | 227TF—01 | 227TE—-01 | 1.76E —01 | 1.75E —01 | 1.66FE — 01 | 1.68E — 01
36 | 1.77F—-01 | 1.77TE—-01 | 1.37FE—01 | 1.37TE—-01 | 1.29F — 01 | 1.30E — 01
44 | 144FE—01 | 1.44E—-01 | 1.12E—01 | 1.12E —01 | 1.06E — 01 | 1.06F — 01
52 | 1.23E—-01 | 1.23E —01 | 947F —02 | 947F —02 | 8.95F — 02 | 8.98F — 02
60 | 1.06EF—01 | 1.06E —01 | 8.21F —02 | 821EF—-02 | 7.75E —02 | 7.77TE — 02
68 | 9.37TEF—02 | 9.3TE—-02 | 725FE —02 | 7.25E —02 | 6.84F — 02 | 6.85FE — 02
76 | 8.38F —02 | 838E —02 | 6.49F —02 | 6.48E—02 | 6.12FE — 02 | 6.13E — 02
84 | 7.58FE —02 | 7.58FE —02 | 5.87TF —02 | 5.87TF — 02 | 5.54F — 02 | 5.55F — 02
92 | 6.92FE —02 | 6.92F — 02 | 5.36F — 02 | 5.36F — 02 | 5.06E — 02 | 5.06F — 02
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