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Abstract

‘We consider a control-constrained parabolic optimal control problem without Tikhonov
term in the tracking functional. For the numerical treatment, we use variational discretiza-
tion of its Tikhonov regularization: For the state and the adjoint equation, we apply
Petrov-Galerkin schemes in time and usual conforming finite elements in space. We prove
a-priori estimates for the error between the discretized regularized problem and the limit
problem. Since these estimates are not robust if the regularization parameter tends to zero,
we establish robust estimates, which — depending on the problem’s regularity — enhance
the previous ones. In the special case of bang-bang solutions, these estimates are further
improved. A numerical example confirms our analytical findings.
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1. Introduction

In this article we are interested in the numerical solution of the optimal control problem

min Jo(u) with Jo(u) == EHTU_ZH’;. (Po)
u€Uaq 2
Here, T is basically the (weak) solution operator of the heat equation, the set of admissible
controls U,gq is given by box constraints, and z € H is a given function to be tracked.

Often, the solutions of (Py) possess a special structure: They take values only on the bounds
of the admissible set U,q and are therefore called bang-bang solutions.

Theoretical and numerical questions related to this control problem attracted much interest
in recent years, see, e.g., [1-11]. The last four papers are concerned with T being the solution
operator of an ordinary differential equation, the former papers with 7" being a solution operator
of an elliptic PDE or T being a continuous linear operator. In [12], a brief survey of the content
of these and some other related papers is given at the end of the bibliography.

Problem (Py) is in general ill-posed, meaning that a solution does not depend continuously
on the datum z, see [3, p. 1130]. The numerical treatment of a discretized version of (Pg) is
also challenging, e.g., due to the absense of formula (2.10) in the case v = 0, which corresponds
to problem (PPy).
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Therefore we use Tikhonov regularization to overcome these difficulties. The regularized
problem is given by

«
5|

1
min Jo(u) with Jo(u):= 5|\Tu—z||§q+ 5 ul|?, (P,)

u€Uaq
where « > 0 denotes the regularization parameter. Note that for o = 0, problem (P,) reduces
to problem (PPy).

For the numerical treatment of the regularized problem, we then use variational discretiza-
tion introduced by Hinze in [13], see also [14, Chapter 3.2.5]. The state equation is treated with
a Petrov-Galerkin scheme in time using a piecewise constant Ansatz for the state and piecewise
linear, continuous test functions. This results in variants of the Crank-Nicolson scheme for the
discretization of the state and the adjoint state, which were proposed recently in [15]. In space,
usual conforming finite elements are taken. See [12] for the fully discrete case and [16] for an
alternative discontinuous Galerkin approach.

The purpose of this paper is to prove a-priori bounds for the error between the discretized
regularized problem and the limit problem, i.e. the continuous unregularized problem.

We first derive error estimates between the discretized regularized problem and its continu-
ous counterpart. Together with Tikhonov error estimates recently obtained in [17], see also [12],
one can establish estimates for the total error between the discretized regularized solution and
the solution of the continous limit problem, i.e. &« = 0. Here, second order convergence in space
is not achievable and (without coupling) the estimates are not robust if « tends to zero. Using
refined arguments, we overcome both drawbacks. In the special case of bang-bang controls, we
further improve those estimates.

The obtained estimates suggest a coupling rule for the parameters a (regularization pa-
rameter), k, and h (time and space discretization parameters, respectively) to obtain optimal
convergence rates which we numerically observe.

The paper is organized as follows.

In the next section, we introduce the functional analytic description of the regularized
problem. We recall several of its properties, such as existence of a unique solution for all o > 0
(thus especially in the limit case & = 0 we are interested in), an explicit characterization of
the solution structure, and the function space regularity of the solution. We then introduce
the Tikhonov regularization and recall some error estimates under suitable assumptions. In the
special case of bang-bang controls, we recall a smoothness-decay lemma which later helps to
improve the error estimates for the discretized problem.

The third section is devoted to the discretization of the optimal control problem. At first,
the discretization of the state and adjoint equation is introduced and several error estimates
needed in the later analysis are recalled. Then, the analysis of variational discretization of the
optimal control problem is conducted.

The last section discusses a numerical example where we observe the predicted orders of
convergence.

2. The Continuous Optimal Control Problem

2.1. Problem setting and basic properties

Let Q C R4, d € {2,3}, be a spatial domain which is assumed to be bounded and convex
with a polygonal boundary 0). Furthermore, a fixed time interval I := (0,7) C R, 0 < T < o0,
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a desired state yq € L(I, L*(9)), a non-negative real constant 0 < o € R, and an initial value
yo € L*(Q) are prescribed. With the Gelfand triple H}(Q) < L?(Q) — H~1(Q2) we consider
the following optimal control problem

. . 1 2 oo
jein Iy w) with J(y,w) = 5y = yallzegr o) + 5 lulo:

s.t. y = S(Bu,yo)

(P)

where U := L?(Qp) is the control space, the (closed and convex) set of admissible controls is
defined by
Uwa :i={ueU|alz) <ulzx)<bz) YzeQu} (2.1)

with fixed control bounds a, b € L>°(Qy) fulfilling a < b almost everywhere in Q,
Y i=W(I):={veL*I,H;(Q) | v € L*(I,H Q) }

is the state space, and the control operator B as well as the control region €y are defined below.
Note that we use the notation v; and 9;v for weak time derivatives and V' for “for almost
all”.
The operator

St LI HH Q) x LX(Q) » W(I), (f.9)=y:=5(f9) (2.2)
denotes the weak solution operator associated with the heat equation, i.e., the linear parabolic
problem

Oy—Ay=f inlxQ,
y=20 in I x 092,
y(0) =g in Q.

The weak solution is defined as follows. For (f,g) € L*(I,H 1(Q2)) x L*(Q) the function
y € W(I) with (-, ) := (-, ) g1 (q)mt () satisfies the two equations

y(0) =g, (2.3a)

/OT <8ty(t),v(t)> +aly(t), v(t)) dt = /OT <f(t),v(t)> dt,  Yve LA HNQ).  (2.3b)

Note that by the embedding W (I) — C([0,T], L*(R)), see, e.g., [18, Theorem 5.9.3], the first
relation is meaningful.
In the preceding equation, the bilinear form a : H*(2) x H'(Q) — R is given by

a(f,g) = /Q Vf(x)Vg(z) dx.

We show below that (2.3) yields an operator S in the sense of (2.2).
For the control region {2y and the control operator B we consider two situations.

1. (Distributed controls) We set Qp := I x §, and define the control operator B : U —
L?(I, H7(Q)) by B := Id, i.e., the identity mapping induced by the standard Sobolev
embedding L2(Q)) — H~1(Q).
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2. (Located controls) We set the control region Qy := I. With a fixed functional g; €
H~1(2) the linear and continuous control operator B is given by

B:U=L*I)— L*I,HQ), uw (t—u(t)g). (2.4)

The case of D fixed functionals g; with controls u; and a control operator B : L2(I,RP) —
L*(I,H Y(Q)), u — (t =P (t)gl-) is a possible generalization. To streamline the

presentation we restrict ourselves to the case D = 1 here and refer to [12] for the case
D>1.

For later use we observe that the adjoint operator B* is given by
B*: L*(I,Hj(Q) —» U =L*(I), (B*q)(t) = (91,9() -1 H1 ()

If furthermore g; € L2(f2) holds, we can consider B as an operator B : L?*(I) —
L?(I,L?(Q)) and get the adjoint operator

B*: L(I,L*(Q) = U = L*(I), (B*q)(t) = (g1,9(t))r2(02)-

Note that the adjoint operator B* (and also the operator itself) is preserving time regu-
larity, i.e., B* : H*(I, X) — H*(I) for k > 0 where X is a subspace of L?(f)) depending
on the regularity of the g; (as noticed just before), e.g., X = L?(Q2) or X = H}(Q).

Lemma 2.1 (Properties of the solution operator S).

1. For every (f,g) € L*>(I, H-1(Q)) x L*(Q) a unique state y € W (I) satisfying (2.3) exists.
Thus the operator S from (2.2) exists. Furthermore the state fulfills

lllwiry < € (1 gm0 + 1922y ) - (2.5)

2. Consider the bilinear form A: W(I) x W(I) = R given by

Aly,v) = /OT —<vt, y> + aly,v) dt + <y(T), v(T)> (2.6)

with () == (-, ) g1 mi (). Then fory € W(I), Eq. (2.3) is equivalent to

T
Ao = [ {s0)dts @00 v oew (27)
0
Furthermore, y is the only function in W(I) fulfilling equation (2.7).

Proof. This can be derived using standard results, see [12, Lemma 1]. O

An advantage of the formulation (2.7) in comparison to (2.3) is the fact that the weak time
derivative y; of y is not part of the equation. Later in discretizations of this equation, it offers
the possibility to consider states which do not possess a weak time derivative.

We can now establish the existence of a solution to problem (PP).

Lemma 2.2 (Unique solution of the o.c.p.). The optimal control problem (P) admits for
fized o > 0 a unique solution (Yo, Us) € Y x U, which can be characterized by the first order
necessary and sufficient optimality condition

Ug € Uad, (Qlia + B™Pa,t — o)y 20 VYV u € U, (2.8)
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where B* denotes the adjoint operator of B, and the so-called optimal adjoint state p, € W (I)
is the unique weak solution defined and uniquely determined by the equation

T
A(v, Pa) :/O by o)y ey At ¥ v € W(I) (2.9)

with right-hand side h := §o, — Yd.
Proof. This follows from standard results, see, e.g., [12, Lemma 2]. O

As a consequence of the fact that U,q is a closed and convex set in a Hilbert space we have the
following lemma.

Lemma 2.3. In the case o > 0 the variational inequality (2.8) is equivalent to

1
o = Py, (—EB* a) ) (2.10)

where Py, : U — U,q is the orthogonal projection.
Proof. See [14, Corollary 1.2, p. 70] with v = 1. O

The orthogonal projection in (2.10) can be made explicit in our setting.

Lemma 2.4. Let us for c1,co € R with ¢; < co consider the projection of a real number x € R
into the interval [c1, co], i.e., Py, op)(2) := max{ci, min{xz, co}}.
There holds for v € U with Uyg defined in (2.1) the equation

PUad (’U)(,T) = P[a(z),b(x)] (’U(,T)) V' e Q.

Proof. See [12, Lemma 4] for a proof of this standard result in our setting. O

We now derive an explicit characterization of the optimal control.

Lemma 2.5. If a > 0, then for almost all x € Qu there holds for the optimal control

a(x) if B*pa(z) + aa(z) > 0,
Ua(r) = —a " B* o () if B*pa(r) + aiia(z) = 0, (2.11)
b(z) if B*po(z) + ab(z) < 0.

Suppose o = 0 is given. Then the optimal control fulfills a.e.

if B*p, > 0,
do(z) = {7 B () (2.12)
b(z) if B*po(x) < 0.
Proof. We refer to [12, Lemma 5] for a proof of this standard result in our setting,. O

Remark 2.1. As a consequence of (2.12) we have: If B*jy vanishes only on a subset of Qy
with Lebesgue measure zero, the optimal control 4y only takes values on the bounds a, b of the
admissible set U,q. In this case ug is called a bang-bang solution.
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Assuming more regularity on the data than stated above, we get regularity for the optimal
state ¥, and the adjoint state p, needed for the convergence rates in the numerical realization
of the problem.

We use here and in what follows the notation

=W oy Il = Ml 22 r 220y

()= (, ')LQ(Q)u and  (-,)r == (, ')L?([,L?(Q))-
Assumption 2.1. Let y; € H*(I, L*(Q)) N H' (I, H?(2) N H(Q)) with Ayy(T) € HE(Q) and
yo € H(Q). Furthermore, we expect Ayg € HE(Q). In the case of distributed controls, we

assume a, b € HY(I, L2(Q)) N C(I, H}(2) N C(2)). In the case of located controls, we assume
g1 € H}(Q), and a,b € W1°(T).

Lemma 2.6 (Regularity of problem (P), a > 0). Let Assumption 2.1 hold and let o > 0.
For the unique solution (y,u) of (P) and the corresponding adjoint state p there holds

o p € H(I,L*(Q) N H(I, H*(Q) N Hy(Q)) — C*(I, Hy()),
e yc HXI,L2(Q) N H' (I, H*(Q) N HY(Q)) — CH(I, H}()), and
e € WHe°(I) in the case of located controls or
e uc HY(I,L*(Q)NC(I,HY(Q) NC x Q) in the case of distributed controls.
With some constant C > 0 independent of a,, we have the a priori estimates
10:91; + 10:Agl; + max V04 (2)]
< di(@) := C (1Bl g 1,20y + IV BaO)] + [V Ayl )
107P1; + 10471 + max [VO:p(0)]
< do(@) = C (Ilyalos 1,200 + V9@ + 1Bl + 1Vyoll)
08+ 102 Al + max [Vo7p(r)|
< df (@) i= dy(@) + C(103yall, + |V Orya(T) | + |V Aya(T)| + [VBR(T)]).  (213)

Proof. See [12, Lemma 12]. O

Remark 2.2 (Regularity in the case o = 0). In the case a = 0, we have less regularity:
o p€ H'(I,H*(Q) N Hy(Q) N H*(I, L*(Q)) = C'(I, Hj(2)), and
o y € LI, H*(Q) NH(Q) N H(I,L*() = C([0,T], Hj(2)).

Since (2.10) does not hold, we can not derive regularity for @ from that of p as above. We only
know from the definition of U,q that @ € L (), but might be discontinuous as we will see
later.
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2.2. Tikhonov regularization

For this subsection, it is useful to rewrite problem (P) in the reduced form (P,) with
H = L*(I,L*(Q)), fixed data z := y4 — S(0,30) and the linear and continuous control-to-
state operator T : U — H, Tu := S(Bu,0). From now onwards we assume

a<0<b (2.14)

in a pointwise almost everywhere sense where a and b are the bounds of the admissable set U,q.
For the limit problem (Py), which we finally want to solve, this assumption can always be met
by a simple transformation of the variables.

To prove rates of convergence with respect to «, we rely on the following assumption.

Assumption 2.2. There exist a set A C Qp, a function w € H with T*w € L*(y), and
constants £ > 0 and C' > 0, such that there holds the inclusion {x € Qu | B*po(z) =0} C A°
for the complement A¢ = Qy\A of A and in addition

1. (source condition)
Xaclio = xac Py (T*w). (2.15)
2. ((Po-)measure condition)
Ve>0: meas({z € A|0 < |B*po(x)] <e}) < Ce® (2.16)
with the convention that x := oo if the left-hand side of (2.16) is zero for some € > 0.

For a discussion of this assumption we refer to the texts subsequent to [17, Assumption 7]
or [12, Assumption 15].

Key ingredient in the analysis of the regularization error and also of the discretization error
considered later is the following lemma, see [17, Lemma 8] or [12, Lemma 16] for a proof.

Lemma 2.7. Let Assumption 2.2.2 hold. For the solution ty of (Py), there holds with some
constant C' > 0 independent of o and u

Cllu = o 14 < (B'Fo,u— o)y ¥ u € Una. (2.17)

Using this lemma, we can now state regularization error estimates.

Theorem 2.1. For the reqularization error there holds with positive constants ¢ and C indepent
of a > 0 the following.

1. Let Assumption 2.2.2 be satisfied with meas(A°) = 0 (measure condition holds a.e. on the
domain). Then the estimates

Hﬂa - aO”LI(QU) S Can’ (218)
[t — Taoll; < Ca™/2, (2.19)
[Ja — Goll < CaltD)/2 (2.20)

hold true. If Kk > 1 holds and in addition
T* : range(T) — L (Qy) exists and is continuous, (2.21)

we can improve (2.20) to
%o — ol < Ca”. (2.22)
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2. Let Assumption 2.2 be satisfied with meas(A)-meas(A¢) > 0 (source and measure condition
on parts of the domain). Then the following estimates

e = Tollpr(a) < Ca™int =i7w) (2.23)
80—y < Cam= /2, (2:24)
[ = Gl < Camin(C=+1/2:D) (2.25)

hold true.
If furthermore k > 1 and (2.21) hold, we have the improved estimate

l|te — ﬁ0||L1(A) < Ca”. (2.26)

For a proof of this recent result, we refer to [17, Theorem 11] and [12, Theorem 19], where also
a discussion can be found. We only recall two points for convenience here:
The assumption of the first case of the above Theorem implies

meas({z € Qu | B*po(x) =0}) =0, (2.27)

which induces bang-bang controls, compare Remark 2.1.
By Lemma 2.6 and Remark 2.2 we can immediately see that the assumption (2.21) on T*
is fulfilled for our parabolic problem.

2.3. Bang-bang controls

We now introduce a second measure condition which leads to an improved bound on the
decay of smoothness in the derivative of the optimal control when « tends to zero. This bound
will be useful later to derive improved convergence rates for the discretization errors.

Definition 2.1 (p,-measure condition). If for the set
Iy :={x€Qu|aa < —B"py < ab} (2.28)

the condition
Ja>0VvV0<a<a: meas(l,) <Ca” (2.29)

holds true (with the convention that k := oo if the measure in (2.29) is zero for all 0 < a < @),
we say that the po-measure condition is fulfilled.

Theorem 2.2. Let us assume the o-condition
Jo>0V2eQy: a<—-0<0<o<hb. (2.30)

If the po-measure condition (2.29) is valid, then theorem 2.1.1 holds, omitting its first sentence
(“Let Assumption...”).

Proof. See [17, Theorem 15] or [12, Theorem 24]. O
If the limit problem is of certain regularity, both measure conditions coincide:

Corollary 2.1. Let a bang-bang solution be given, i.e., (2.27) holds true. In the case of k > 1,
(2.21), and the o-condition (2.30), both measure conditions are equivalent.
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Proof. See [17, Corollary 18] or [12, Corollary 27]. O

Let us now consider located controls. Since p, € C*(I, L*(Q2)) for & > 0 by Lemma 2.6 and
Remark 2.2, we conclude

10:B"Pall oo 1y < CllOtPall oo (1,12(0)) < €+ Clltally < C

with a constant C' > 0 independent of « due to the definition of U,q. Recall that a, b € W1°(T)
by Assumption 2.1. With this estimate, the projection formula (2.10) and the stability of the
projection (see [12, Lemma 11]) we obtain the bound

_ 1 .o 1
10tall oo (1) < —110eB Pall po 1y + 10eall Lo 1y + 1068l oo 1y < O (2.31)

if a > 0 is sufficiently small.
If the p,-measure condition (2.29) is valid, this decay of smoothness in terms of « can be
relaxed in weaker norms, as the following Lemma shows.

Lemma 2.8 (Smoothness decay in the derivative). Let the p,-measure condition (2.29)
be fulfilled and located controls be given. Then for a > 0 sufficiently small there holds

1010l Lo () < C max(Cap, a/P~1) (2.32)

with a constant C > 0 independent of a. Here, Cap, := [ 0ral| oo (1) + 1|00l oo () and 1 < p < 0.
Note that Cyp = 0 in the case of constant control bounds a and b.

Proof. See [17, Lemma 19] or [12, Lemma 28]. O

The question of necessity of Assumption 2.2 and the p,-measure condition (2.28) to obtain
the convergence rates of Theorem 2.1.1 is discussed in [17, sections 4 and 5] and [12, sections 1.4.3
and 1.4.4]. The results there show that in several cases the conditions are in fact necessary to
obtain the convergence rates from above.

3. The Discretized Problem

3.1. Discretization of the optimal control problem

Consider a partition 0 = tg < t; < --- < tar = T of the time interval I. With I,, =
[tm—1,tm) we have [0,T) = U%:l I,,. Furthermore, let ¢}, = (tpm—1 +tm)/2 form=1,.... M
denote the interval midpoints. By 0 =: {5 < {7 < -+ < 1}, < 3y, := T we get a second
partition of I, the so-called dual partition, namely [0,T) = Unj\{:ll I¥, with I, = [tF,_4,t%). The
grid width of the first mentioned (primal) partition is given by the parameters k,, = tp, — tym—1
and

k= max k,,.
1<m<M

Here and in what follows we assume k < 1. We also denote by % (in a slight abuse of notation)

the grid itself.
We need the following conditions on sequences of time grids.

Assumption 3.1. There exist constants 0 < k1 < kg < 0o and pu > 0 independent of k such
that there holds

m

Vme{l,2,....M —1}: k1 <
karl 1,...
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On these partitions of the time interval, we define the Ansatz and test spaces of the Petrov—
Galerkin schemes. These schemes will replace the continuous-in-time weak formulations of the
state equation and the adjoint equation, i.e., (2.7) and (2.9), respectively. To this end, we define
at first for an arbitrary Banach space X the semidiscrete function spaces

Pe(X) = {v e C([0,71,X) | v|, € Pl(Im,X)} — HY(I,X), (3.1a)
P(X) = {v e C(0,7),X) | o], € Pl(I;,X)} < HY(I,X), (3.1b)
Yi(X) = {u 0.7) = X" | o], € Po(lm,X)} . (3.1¢)

Here, P;(J,X), J C I, i € {0,1}, is the set of polynomial functions in time with degree of at
most ¢ on the interval J with values in X. We note that functions in Py (X) can be uniquely
determined by M + 1 elements from X. The same holds true for functions v € Y3 (X) but with
v(T') only uniquely determined in X* by definition of the space. The reason for this is given
in the discussion below [12, (2.16), p. 41]. Furthermore, for each function v € Y3 (X) we have
[v] € L3(I,X) where [.] denotes the equivalence class with respect to the almost-everywhere
relation.
In the sequel, we will frequently use the following interpolation operators.

1. (Orthogonal projection) Py, (x) : L2(I,X) — Yi(X)

I
'PYk(X)'U‘Im = k_/ ’Udt, m = 1, ey ]\47 PY;C(X)’U(T) = 0. (32)

m t7n71
2. (Piecewise linear interpolation on the dual grid) mp: (x) : C([0,T], X) U Yy (X) — Py (X)

t—t

ezt = vl + 2 ) - ot 330
* t— t:n— * *
mrp0e] = 0t + (v(t5) = o(t5, 1)), B<m<M-—1,  (3.3b)
* t— t}‘w—l * *
Tprx)v| o =u(lyor) + P (U(tM) _U(tM—l))' (3.3¢)
I VTN M~ “M-1

The interpolation operators are obviously linear mappings. Furthermore, they are bounded,
and we have error estimates, as [12, Lemma 31] shows.

In addition to the notation introduced after Remark 2.1, adding a subscript I,, to a norm
will indicate an L?(I,,, L?*(2)) norm in the following. Inner products are treated in the same
way.

Note that in all of the following results C denotes a generic, strict positive real constant
that does not depend on quantities which appear to the right or below of it.

Note that we can extend the bilinear form A of (2.6) in its first argument to W (I) U
Yi(Hg(£2)), thus consider the operator

A:W(I)UYp(H; (Q) x W(I) =R, A given by (2.6). (3.4)

Using continuous piecewise linear functions in space, we can formulate fully discretized
variants of the state and adjoint equation.
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We consider a regular triangulation 73 of 2 with mesh size

h := max diam(T),
TETh

see, e.g., [19, Definition (4.4.13)], and N = N(h) triangles. We assume that h < 1. We also
denote by h (in a slight abuse of notation) the grid itself.
With the space

Xn = {on € C°'@)|onl, e PUT.R) VT T}, (3.5)

we define Xpo := X5 N H}(Q) to discretize HE (D).
For the space grid we make use of a standard grid assumption, as we did for the time grid,
sometimes called quasi-uniformity.

Assumption 3.2. There exists a constant p > 0 independent of h such that
h < in diam(7").
< g min diam(T)

We fix fully discrete ansatz and test spaces, derived from their semidiscrete counterparts
from (3.1), namely

th = Pk(Xho), Pljh = P]:h(XhO); and Ykh = Yk(XhO)- (36)
With these spaces, we introduce fully discrete state and adjoint equations as follows.

Definition 3.1 (Fully discrete adjoint equation). For h € L*(I, H-1(2)) find prn € Prn
such that

T
A(Y, prn) = / (h(t), gj(t)>H71(Q)Hé(Q) dt YV yé€ Yin. (3.7)
0

Definition 3.2 (Fully discrete state equation). For (f,g) € L*(I, H () x L?(Q2) find
Yrh € Yin, such that

T
A(Yknh; vin) :/0 (F(&), ven(t)) -1 () m2 () At + (95 vk (0)) Y vk € P (3.8)

Existence and uniqueness of these two schemes follow as in the semidiscrete case discussed
in [15] or [12, section 2.1.2].

Let us recall some stability results and error estimates for these schemes. The first result
is [12, Lemma 56].

Lemma 3.1. Let pyp, € Py solve (3.7) with h € L*(I,L*(Q2)). Then there exists a constant
C > 0 independent of the mesh sizes k and h such that
Iprnll g 1,220y + 1IVPRRll o7 p20)) < ClIRI ;-

For stability of a fully discrete state yx, and an error estimate, we recall [12; Lemma 59].

Lemma 3.2. Let y be the solution of (2.7) for some (f,g) € L*(I, H=1(2)) x L*(Q) and let
Ykh € Yin be the solution of (3.8) for the same (f,g). Then with a constant C > 0 independent
of k and h, it holds

lwwnll < € (1 e,y + llgll) -
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If furthermore the reqularity f € L?(I,L*(Q)) as well as g € H}(Q) is fulfilled, we have the
error estimate

ly = yenll; < C02 + &) (1£1l; + IVall) - (3.9)

Let us now consider the error of the fully discrete adjoint state. We begin with an L2(I, L?(Q2))
norm result, which is [12, Lemma 62].

Lemma 3.3. Let p solve (2.9) for some right-hand side h such that p has the regularity p €
H' (I, H*(Q) N H () N H? (I, L*(2)). Let furthermore pn € Py solve (3.7) for the same
right-hand side h. Then it holds (with h referring to the space grid)

lpen = pll; < CE* + ) (Ilpeell; + 118l ).
For the pointwise-in-time error, we recall [12, Lemma 65]:

Lemma 3.4. Let the assumptions of Lemma 3.3 be fulfilled. Then it holds

P = prnll o (r,22(0)) < C(h* + k) (”Apt”] + HptHLoo(I,m(ﬂ))) '

If in addition p € H*(I, H*() N Hy(Q)) and pyy € L>(I, L*()) is known to hold, we have the

improved estimate
Hp_pthLOO(LL?(Q))
<C(h* +k?) (||Apt|\1 + ”ptHLOO(I,L?(Q))) +Ck* (||Aptt|\1 + ||ptt||L°°(I,L2(Q))) :

The following superconvergence result, which is [12, Lemma 66], will also be used in the
later error analysis.

Lemma 3.5. Let y € Y and yirn, € Yip, solve (2.7) and (3.8), respectively, with data (f,g)
fulfilling f € H'(I,L*(Q)), f(0) € Hj(), g € Hg(Q), and Ag € H(Q). By prn(h) € Pep we
denote the solution to (3.7) with right-hand side h. Then it holds

”ykh — PkaH] + ”pkh(ykh - y)”c(f,w(g)) < O(k2F1(fa g) + h’2F2(fa g))
with

Fy(f,9) =1l + 9l 2 )
Fi(f,9) = Fa(f,9) + 10cf 7 + (1F O g2y + 1AM 51 (-

We are now able to introduce the discretized optimal control problem which reads

mi : 1 2 [0 2
J = 1m — _ -
ykhEYk}i}}LEUad (Y, u) m 2 Hykh yd”[ + 9 ||uHU7

(Pkn)
s.t. Yrh = Sk (Bu, Yo)

where «, B, yo, ya, and U,q are chosen as for (P) and Sy, is the solution operator associated

to the fully discrete state equation (3.8). Recall that the space Yy, was introduced in (3.6).
For every a > 0, this problem admits a unique solution triple (@xpn, Gkn, Dkn) Where Jrp =

Skn(Blikh, yo) and pgn denotes the discrete adjoint state which is the solution of the fully
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discrete adjoint equation (3.7) with right-hand side h := §gn — y4. The first order necessary
and sufficient optimality condition for problem (P ) is given by

tgn € Uaa,  (Qlpn + B*Prpyw — tgn)y >0V u € Usa, (3.10)

which can be rewritten as
_ 1 .
Ukh = PUad (_EB pkh) . (3.11)

The above mentioned facts can be proven in the same way as for the continuous problem (P).

Note that the control space U is not discretized in the formulation (Pgp). In the numerical
treatment, the relation (3.11) is instead exploited to get a discrete control. This approach is
called Variational Discretization and was introduced in [13], see also [14, Chapter 3.2.5] for
further details.

Remark 3.1. In the case a = 0, problem (Py;) has at least one solution, but only i, and
Drn are unique, whereas an associated optimal control is in general non-unique. The reason is
that f — Skn(f,yo) is not injective in contrast to f — S(f,yo). However, the discrete solution
is unique (and of bang-bang type) if the zero level set of B*py, has measure zero.

3.2. Error estimates for the regularized problem

In what follows, we use the notation ygp(v) := Skn(Bv,yo) with v € Uyqg, and pgp(h) is an
abbreviation of the solution to (3.7) with right-hand side h € L*(I, H1(Q)). Furthermore,
y(v) and p(h) denote the continuous counterparts. Note that therefore we have § = y(a),
Ukh = Ykn(Urn), p = p(J — ya), and prn = prn(Frn — Ya)-

The following Lemma provides a first step towards an error estimate with respect to the
control and state discretization.

Lemma 3.6. Let a4 and ugp, solve (P) and (Pyp), respectively, both for the same o > 0. Then
there holds
o[ = allg; + [|gkn — yin (@17
< (B* (th(g — Ya) — P+ Prn(yen (@) — ﬂ)) U= ﬂkh)U

Proof. Inserting @y into (2.8) and @ into (3.10) and adding up the resulting inequalities
yields

(Oé(@kh — ) + B*(prn — ), tkn — ﬂ>U <0.

After some simple manipulations we obtain
allig, —all; < (B* (pkh(ﬂ —Ya) — P+ prn(Yrn () — pkh(g)) U — @kh)U
+ (B* (ﬁkh — Prn(Yrn () — yd)) U — akh)[] ,

and since the last line equals —||gxn — ykh(ﬁ)H?, we end up with the desired estimate by moving
this term to the left. a

We can now prove an error estimate, which resembles the standard estimate for variational
discretized controls. It is build upon [15, Theorem 5.2]. Since we are interested in the limit
behavior « — 0, we try to give a precise dependence of the right-hand side on «. Note the
splitting in terms of the quantities dy and d;. In contrast to dp, the term dy is not bounded if
a— 0.
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Theorem 3.1. Let @ and gy, solve (P) and (Pyp,), respectively, both for the same a > 0. Then
there exists a constant amax > 0 independent of k and h, so that for all 0 < a < quax (with
the convention “1/0 = o0 = dy” in the case of a = 0) the estimate

valag, = ally + 19 — yen (@)
. k2 + h? _ _ . 2 2
<C'min Tdo, (k + h)\/||gn — @l v/ do | + Cmin (k*dy, kdo) + Ch*dy
a

k2 h?
< \/ in | — 4+ — .
C max(dy + 1, v/dp) min ( + o k+ h) (3.12)

is satisfied with the constants dy = do(a) and dy = di(@) from the estimates (2.13) in Lem-
ma 2.6.

Proof. We split the right-hand side of the estimate from Lemma 3.6 and get with the
Cauchy-Schwarz inequality

_ _ 2 - =\ (|2
Oz”ukh — UHU + Hykh - ykh(u)HI

<lprn(y = ya) = Pll; 12 — Grnllyy + (B (pen (Yen (@) — §)) 4 — n) gy =: 1 + 11
With the help of Lemmas 3.3 and 2.6, we conclude
lprn (5 = ya) = Bll; < CO* + 1) ([puell; + 1Apell ;) < C(k* + h?)do.
Now we use Cauchy’s inequality to obtain
C _ _ o
1< —llpin(@ = ya) = plI7 + 12— @l

Here, the second addend can be moved to the left. Both estimates can be summarized as

. (K2 +h? - -
\/TSlen( 7 dOv(k‘Fh)\/”ukh_u“U\/%)-

The addend II can be estimated as

(lyen () = 917 + llen () = a7

N~

I = (yrn (@) — G, yrn (@) — Grn)1 <

We move the second term to the left. Note that in the previous estimate ¢ can be replaced by
Py, y by definition of Py,. We thus can invoke either the error estimate of the state equation
(3.9) from Lemma 3.2 or the superconvergence result from Lemma 3.5. In conclusion, we have

VII < Cmin ((k+ h*)do, k*dy + h*do) = min (kdo, k*dy) + h*do.

Together with the estimate for v/I, we obtain the first inequality of the claim.

For the second inequality, we first note that with the help of the projection formula (2.10),
the stability of the projection, see, e.g., [12, Lemma 11], and the regularity result [12, Lemma 6]
one immediately derives the estimate

]l g (1,5y + 1B0) | g1 ()
Cyr. _
<= (IBll s 1,220y + 15O sy ) + Cla) + C)

C _
<= (lgall + Nally + voll s 0 ) + C @) + C0), (3.13)
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where U € {R,L?(2)}, depending on whether located or distributed controls are given, and
Clz) = |zl 5y + I12(0)]|x with X = H'(Q) (distributed controls) or X = R (located
controls). This term is bounded due to Assumption 2.1.

Since there exists an . > 0, depending only on the data a, b, yo, yq4, such that

1
V0 <a< max: d1+df§Ca(do+1) (3.14)

holds with df := d (@) from the estimates (2.13) in Lemma 2.6, and since +/[[axs — al];; is
bounded independently of o due to the definition of U,q, we get the claim. O

From the proof of the previous theorem, one can immediately derive a first robust (with
respect to a — 0) error bound for the optimal state.

Corollary 3.1. Let @ and gy, solve (P) and (Pgp), respectively, both for the same arbitrarily
chosen o« > 0. Then there holds

lly — gkh”[ < C(k 4+ h) max(dy + 1, \/%)
with a constant C' > 0 independent of o where dy is given in Theorem 3.1.

Proof. Combining

19 = Gkl < lyen(@) = Grnll; + 19 = yen @)1l
with the previous Theorem and (3.9) from Lemma 3.2 proves the claim. 0

Now, from the above Theorem we derive further non-robust estimates for the discrete state and
adjoint state. Finally, we prove second order convergence for mpsyxp, i.e., the piecewise linear
interpolation on the dual grid of the optimal state. This function is obtained for free from gy,
since g, only has to be evaluated on the dual time grid. Compare [15, Theorem 5.3] for the
convergence of the interpolation in the semidiscrete case.

Corollary 3.2. Let @ and g, denote the solutions to (P) and (Pyp), respectively, both for the
same sufficiently small o > 0 (in the sense of Theorem 3.1). With dy and dy as in Theorem 3.1
and

dt = df (@) = dy(@) + C(103yall, + |V Owa(T)| + |V Aya(T) || + |V BU(T))

from the estimates (2.13) in Lemma 2.6, the estimates

- kK2dy  k*4+h?
@ —twnlly < C(ﬁ +— dO)

2

_ k2 h
19 = Gnll; < C(k+ —+ ﬁ)(d” 1),

allu =l oo 1,0y + 1P = Prnll oo (1,L2(0)) + 19 = 7 Grnll;

k2 + h? k2 h?
< 2 7+ < ST
_C(kd1+ 7 do>_0<a+\/a>(do+1)

hold with U € {R,L?(Q2)} depending on whether located or distributed controls are given.

kK*  h?
< C(m + E) (do + 1),
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Proof. The first estimate for the optimal control and the estimate for the optimal state
follow from Theorem 3.1. For the latter, we argue as in the proof of Corollary 3.1.

For the optimal adjoint state, we split the error into three parts to obtain with L :=
L>(1, L*(9))

1P — prnlly, < NP — Pren(@ — ya)ll + 1Pan(Pyid — yrn (@)l + pxn (Yren (@) — Gen)l 1 -

With the second error estimate from Lemma 3.4, the regularity given in Lemma 2.6, and the
estimate from Lemma 3.5, we conclude

19— pen (T — ya)ll;, + Iprn Py — yien (@) ||, < C(hPdo + k*d),

since d; < df.
Stability from Lemma 3.1 combined with Theorem 3.1 gives the estimate

o k2 + h? 9 9
Ilpkn (Yin (@) — Gn)|l;, < C NG do + Ck?dy + Ch?d,.

From this, we get
_ k? + h?
D — prnll, <C NG do+Ck2d{.

The projection formulae (2.10) and (3.11), Lipschitz continuity of the projection given in [12,
Lemma 11], and stability of B* yield

— — 1 " %Y
1@ = @kl oo 1,5y < C 1D = Prall-

Together with the just established estimate this yields the pointwise-in-time error estimate for
the optimal control.

For the proof of the error ||§ — mp«n| ;, we refer the reader to [12, Corollary 71].

Using the inequality (3.14), we can finally reduce the non-robust constants d; and df‘ to the
robust one djy. [l

Let us comment on the estimates of Theorem 3.1 and Corollary 3.2. These estimates show
that if o > 0 is fixed, we have convergence rates h? + k? except for the state error. Invoking the
regularization error, one obtains estimates for the total error between the limit problem and
the discrete regularized one. From this, a coupling rule for the parameters «, k and h can be
derived.

As an example, consider the error in the projected state for the special case xk = 1. With
the help of Theorem 2.1, and Corollary 3.2 we get with the inequality (3.14) the estimate

190 — 7p; Grn)ll; < 1190 = Gall; + 190 = 7r; (Grn)ll;

k? + h? k*  h?
<Cla+idr + 20 <cfa+Z + 2 )@+ 1), (3.15)
Va a  a
which implies ||go — mpx (Fkn)||; < Ck = Ch*/® when setting o = k = h*/3.
However, if the decay estimate df < g, i.e., (3.14), can be improved, we can get a better
convergence rate (with respect to k) for the total error. In Lemma 2.8 we saw that this is indeed

possible.

Unfortunately, space convergence of order h? is not achievable in the above mentioned
estimates if o tends to zero due to « appearing in the denominator. To overcome this, we
establish other estimates in the next subsection. The question of improving the decay estimate
(3.14) is discussed in the next but one subsection using the estimates of the next subsection.
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3.3. Robust error estimates

All the previous estimates (except Corollary 3.1) are not robust for « — 0, since « appears
always in a denominator on the right-hand side. Especially, convergence of order h? is not
achievable as discussed at the end of the previous subsection. With some refined analysis,
however, one can show estimates which are robust with respect to @ — 0. A key ingredient is
Lemma 2.7, which was also very important for the derivation of the regularization error.

Recall the notation from the beginning of subsection 3.2.

Theorem 3.2. Let Assumption 2.2 be fulfilled so that either (2.18) or (2.23) from Theorem 2.1
holds. We denote the valid convergence rate for the control by a**. Then, either (2.20) or (2.25)
is fulfilled. We abbreviate the corresponding convergence rate by a®2.

Let g be the solution of (Po) with associated state §o. For some o > 0 let in addition

Ug := Ua,kh € Uaa be a solution of (Pyp) with associated discrete state §q and adjoint state pq.
Then there holds

a0 — @all 1)
<C(a** + | B*(prn — p)(y(ta) — ya)ll 1o (ay + 1 B™ (prn — ) (y(ta) — yd)||£Y1,/4”c
+ 1B pron (yrn (a) — Y(@a) |7 oo 4y + 1B Prn (Yen (@a) — y(u ))||Hl,/fc ) (3.16)

for the error in the control and

14w
90 = Fall; <C(a** + | B* (prn — p)(y(ta) — ya)ll % 4

14k

+ 118" (okn = P)W(@a) = ya) |10 ae) + 1B Prn(yien () — y(3a)) | % )
+ | B*prn (yrn(ta) — y(ﬂd))”}‘/f(Ac) + lyxn (@a) — y(aa)ll;) (3.17)
for the error in the state.
Proof. To the estimate (2.17) from Lemma 2.7 with u := 4g4, i.e.,
Clltia — o 11 (4 < (= B*po, tio — ), (3.18)

we add the necessary condition (3.10) for @4 with u := @g, which can be rewritten as
allio — adll} < (atio + B*pa, o — tia)y - (3.19)

We end up with

1+1/ — — 12 — — 2
o — @all ;147 + allfio — @allfy + lly(io) — y(@a)l7

SC( — B*p(y(ta) — ya) + B*prn(yen(tq) — ya) + atio, o — ﬁd)U

SC(B*(PML —p)(Y(ta) — ya) + B pren (Yrn (ta) — y(ta)) —1—&1}9, Ty — ﬂd)(J— (3.20)
I II IIT1

We now use [12, Lemma 18], Cauchy’s and Young’s inequality to estimate IT1 as

a(’ﬁo, Ug — ’ad)U <aC (”T(’ﬁd - aO)”H + H’ﬁd - ’U,OHLl A))

1 1 p
< Ca® + 71T (ua — o) [ + Ca'*™ + Jlua — ol 14}
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The a-free terms can now be moved to the left, since | T'(uq — @)z = ||y(@a) — y(to)||;. Note
that Ca? can be omitted if A = Q since by Young’s inequality we then get

1+1/k

allta - ﬂO”Ll(QU) < Ca"l 4 Cliga ~ ﬂOHLl(QU)'

Thus only the term Ca?“? remains on the right-hand side.
For I and II, we proceed with the help of Young’s inequality to obtain
(Na ug — ﬁd)U
= (~, o — Uq)r2(a) + (~, %o — Ud) 12 (Ac)

K 1 — — n1+1/k
< C”NHIL—;(A) + ZHUO - udHL-il_(,a/x) + ||’\’HL1(AC)Hb - a”Loo(Ac)

and move the second addend to the left. Finally, we end up with

_ _ 1+1/k _ — 12 — — 2
o — Gall {4} + allio — @allf; + ly(To) — y(@a) |7

< 0(042“)2 + (1B (prn = p)(y(@a) — ya)ll ;X5 4y + 1B (rn — p) (0(@a) = ya)ll 1 (e
+ 1B prn (Wi () — y(@a) 155 ) + 1B pin (yin () — y(@d))HLl(Ac))-

From this we conclude the claim for the optimal control. 0
The just established estimate together with the decomposition
190 = all; < llykn(@a) = y(@a)ll; + lly(aa) —y (o)l
yields the claim for the optimal state.

Remark 3.2. The error estimate (3.16) in the previous Theorem for o > 0 is also valid if @ is
replaced by i, i.e., the solution of (P) for some « > 0, since by Theorem 2.1 we can estimate

[ta — tdll 1)
Slltia = toll 14y + 1o — Tall 1) < Co* + [t — Gall 1 4)- (3:21)

Likewise, in (3.17) the state gy can be replaced by Fq.
We will make use of this fact in the proof of the next theorem.

In combination with the error estimates for the state and adjoint state equations previously
derived, we can now prove a first error estimate between solutions of (Pgp) and (Pp), which is
robust if « tends to zero. In view of the numerical verification, we restrict ourselves now to the
situation A = Qp and located controls.

Theorem 3.3. Let the assumptions of Theorem 3.2 be fulfilled. Further, we assume located
controls and A = Qu (measure condition on the whole domain). Then there hold the estimates

1o — tallr + a0 = @all 1y < C (a4 B + k)" (1 + do(ua)") (3.22)
for the error in the control, for the auxiliary error

190 = e ()17 < C(% + )do(ia) (0" + (1 + k) do(ua)") (3.23)
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where by U, we denote the solution of (P), and
a — §o||, <C (QHTK 4 (h2 + k)min(l,HTﬁ)) (1 + do(ﬁd)min(l,HT”)) (3.24)

for the error in the state.
If kK > 1, we have the improved convergence rate

150 = Foll; < Cla” +h? + k)(1 + max (do(@a)", do(@a) ), (3.25)

thus observe the regularization error (2.22).

Proof. Combining Theorem 3.2 with the adjoint error estimate in Lemma 3.4, the adjoint
stability from Lemma 3.1, the error estimate (3.9) in Lemma 3.2, and the regularity given in
Lemma 2.6 and Remark 2.2, we achieve (3.22) and (3.24) except for the U error in the control.
This error can be derived from the corresponding L' error by the estimate

_ _ 2 _ _ _ _
[0 — uallyy < w0 — “dHLw(QU)HUO - udHLl(QU)
< 16 = all oo () 10 = Uall 1102y )5 (3.26)
which follows immediately from standard L? interpolation, see, e.g., [20, Theorem 2.11], and
the definition of Uyg.
Let us now tackle the improved state convergence, thereby proving the estimate (3.23). We

split the error into three parts and obtain with the help of (2.22) and the error estimate (3.9)
from Lemma 3.2

|14 — ol
_ _ 2 _ _ 2 _ _ 2
< c(uyd — yen(@a)|F + Iy (a) — y(@a) |1 + y(@a) — y<u0>||1)

< C(J1ga = n(@a)ll7 + (4 + k)2d3(@a) + 0>,

where we also used (2.13) from Lemma 2.6.
For the remaining term, we invoke Lemma 3.6 in combination with (3.16) and Remark 3.2
and setting L := L>°(I, L?(£2)) we obtain with the stability of B* for located controls

15 — yen ()7
< C(llprn (e = va) = Bl + Ipen (en (@a) = o)l )liia = tall s )
< C(lIpen (o = a) = pall, + Ipen (e (i) = Gl )

(o + lwwn — ) ((@a) — w5 + 19w (en (50) — y(@a)) 5 ). (3.27)

Invoking again Lemma 3.4, Lemma 3.1, estimate (3.9) from Lemma 3.2, and Lemma 2.6, we
get
190 = vin (@) 7 < C(W + R)do (@) (0 + (W2 + k)"d (),

which is the auxiliary estimate (3.23) of the statement.
If Kk > 1, we can use the Cauchy-Schwarz inequality to get from it the estimate

190 = vin(a) 7 < C((% + K)2a3(0) + 02 + (b + k) do () (7a) ).
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Since k > 1, collecting all estimates yields the inequality

g0 = Goll; < Ca® + (b + k)* max (3" (ua), 43 (aa) ),
from which we finally get (3.25). O

Corollary 3.3. Let the assumptions of the previous theorem hold. For the adjoint state we
have the error estimate

— — max(it2 k min(1,EE = =
||p0 _deLm(I,LQ(Q)) S O(a ( 2 ) —|— (k + h2) (11 2 )C(Ud,ua))

14k

with C(l_l,d, ﬁa) = maX(L dO(ﬁd)7 do(ﬁa))maX(LT) )
Proof. Inspecting the proof of Corollary 3.2, we get the estimate

5o = Bl e 1,226y < € (U6 + B2 do () + llgen () = Gl ).

The last addend can be estimated with the auxiliary estimate (3.23) from the previous theorem
and Cauchy’s inequality. We obtain

= = max(1EE k min(1,EE = =
Pa = Pall o (1,12 () < Clex 59 4 (ke + R O (g, ).

Invoking the regularization errors (2.20) and (2.22) proves the claim. 0

3.4. Improved estimates for bang-bang controls

As motivated at the end of subsection 3.2, improving the decay estimate (3.14) with the help
of Lemma 2.8 leads to improved (non-robust) error estimates. However, the convergence rate h?
is not achievable in these estimates, but the robust estimates from Theorem 3.2 overcome this
problem. On the other hand, in Theorem 3.2 we have 44 on the right-hand side instead of %,
so that Lemma 2.8 can not be directly applied. Therefor, we have to estimate some additional
terms in combination with Theorem 3.2 to finally get the desired improved estimates.

Theorem 3.4. Let the assumptions of Theorem 3.2 be fulfilled. Further, we assume located
controls and A = Qu up to a set of measure zero (measure condition on the whole domain). If
Kk < 1, we additionally require the po-measure condition (2.29). (For k > 1, this condition is
automatically met as shown in [12, Lemma 26].) Then, for o > 0 sufficiently small, do := do(Tq)
gwen as in Theorem 3.1, and Cqp defined in Lemma 2.8 it holds

||’l_1,0 — ﬁd”?] + ||’l_1,0 — ﬁdHLl(QU) <C (a 4+ B2 k2 maX(l, Cap, 04'1/271)) (1 + dg)
for the error in the control.
Proof. Let us recall the estimate (3.20) from the proof of Theorem 3.2, i.e.,
o 141/k 2 _ _ N2
o — @l + alls — @l + ly(Eo) - y(@)l:

SC( — B*p(y(taq) — ya) + B*prn(yen(ta) — ya) + ato, Go — ﬂd>U7
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which we rearrange as follows:

_ _ 1+1 _ _ 2 — — 2
170 — @all A} + allio — @allf; + lyen (o) — yin(@a)ll7

<C(=B"plylio) = y(ita)) =B*p(y(iia) = ya) + B'pin (yun (ita) = ya)

I Ila

+aiy +B* o) — -a,-—-). 3.28
Qg Prh (Y (To) — Yrn (ta)), o — U U ( )
IIb IIT

For term I11, we use the optimality conditions together with Cauchy’s inequality to get
(Ykn (o) — Yrn(ta)), Yxn(to) — Yrn(@a))1
1
_ 2 _ _ N2
<Cllyrn (o) = yen(ta)lls + 35 llywn (o) = yen(@a)ll7,

and move the latter addend to the left-hand side of (3.28). We split the former addend with
the help of (3.9) from Lemma 3.2 and the regularization errors (2.19) and (2.20) to obtain with
the help of Young’s inequality

2
1

lyen (@o) — yrn (@a)ll7 < CUIGrn — §)(T@o — Ga)ll; + 1y (T0) — y(@a)|l)?

<C((k+h»)a? + a7 )2 < Ok + h?)2HD 4 Caltr, (3.29)

where gi, and g denote the solution operators for the state equation with initial value zero.
For 11D, we invoke again Young’s inequality and the inclusion %y € Uyg C L™ to get the
estimate

Uo, U u u T L _ 141
a(io, o — a)v < Callti — o 1 (q,,) < Ca™ + T l|aa — ol 1),

We now move the second summand to the left of (3.28) since A = Qp up to a set of measure
zero. The addend I1a can be rewritten and estimated with again the help of Young’s inequality
to get

( — B*p(y(ta) — ya) + B*pron (yion (@) — ya), o — ﬁd)U
< C(B*(th — )Y (tUa) — ya) + B prn (Yin (ta) — y(ta)), to — ad)U
1+k 1+1/k

. _ . _ _ L
< OB (prn = p)(y(ta) = ya) + B prn(yrn(ta) = y(ua))ll Loy + 7510 — dall 1oy

The last addend can now be moved to the left of (3.28). For summand I, we add an additional

term to get

(= BBy (@) — y(@a)). 70 ~ )
= (B*(pkh —p)(y(to) — y(ta)) — B prn(y(io) — y(tia)), to — ad)U

We estimate the second addend with the help of the regularization error (2.20) as

(s(0) — 0, pen (o) — i (3)) | < Ca ™ 4 < lgun (o) — i ()]
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and move the second addend to the left of (3.28). For the remaining addend, we use again the
above mentioned results and the estimate (3.26) to obtain

(B (prn = P) (o) = y(@a), 0 — )

= (u(@0) = y(@a), (G — (@0 — 7))

< Clly(@o) — y(@a)ll7 + Cll @i — ) (@0 — @a)|7
< Cat + Ck + h?)? a0 — tallpy

< Ca't + C(k + h?)? ||t — all 10

1 K
< Ot 4 C(k + h?)2+D) 4 17g/l%0 — a3 o

and move the last term to the left of (3.28).
Collecting all previous estimates, we with L := L°°(I, L*(Q)) obtain

_ _ 141 _ _ 2 — — 2
o — @all (A} + allio — @allf; + lyen (o) — yen(@a)ll?

sc@“*+@+ﬁ%%””+Mmh—M@w@—wa“
+ i (omn (0) = Pry(@a) 1)

Note that we introduced the orthogonal projection Py, in the last addend, which is possible
due to the definition of the fully discrete adjoint equation (3.7). Furthermore, we used stability
of B* for located controls.

We combine the previous estimate with the (improved) adjoint error estimate from Lem-
ma 3.4, the adjoint stability from Lemma 3.1, and the superconvergence result from Lemma 3.5,
making use of the regularity given in Lemma 2.6, to get

_ _ 141 — _ 2 _ — N2
o — Tall {4y + ollio — @allf + lyen (o) — yen(@a)ll7

1+k (330)

< C(a+hdo + k(1 + df (1))
With the help of the estimate given in Lemma 2.8 for p = 2, i.e.,

”ataaHL?(QU) < Cmax(Cap, aﬁ/271)7
we conclude that for o > 0 sufficiently small it holds

df (1e) < C 4 Cmax(Cop, /*71). (3.31)
In conclusion, we get

7o — @all 1 (45 + @llio — @allf; + llywn (@) — yen(@a)|7

1+k
< C(a + h2dy + k* max(1, Cyp, a“/zfl)) .

Finally, recall that the U error in the control can be derived from the corresponding L'
error using the estimate (3.26). |

From the previous theorem we get coupling rules for o and k, always with o = h?, and
convergence rates, which are shown in Table 3.1.
Note that in any case we get a better rate than k" proven in Theorem 3.3.
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Table 3.1: Coupling and convergence implied by Theorem 3.4.

o= Had_aOHLl(QU) <C... if
LA/ (4=r) aff — h2F — LAR/(G—R) <2
K af = 2 = k2 K>2

Corollary 3.4. Let the assumptions of the previous Theorem hold. For the adjoint and the
projected state we have the error estimate

[P0 = Dall oo (1,12(02)) + 10 — 7Py Yall;

N;l)

- min(1,
< Camex(=5Hr) 4 C(h2do + k%2 max(1, Cyp, a"‘/2_1))
Proof. Inspecting the proof of Corollary 3.2, we obtain the estimate
[1Pa = Pall oo 1,22y + 100 — TP Gall; < C(kzdf + h%do + [lyen(ia) — §d||1)~

To estimate the last addend, let us first combine the estimate (3.30) from the proof of Theo-
rem 3.4 with Remark 3.2 to get

e = all 1 1y < (4 W2 + K21+ (3a) )

With this estimate, we now follow the proof of Theorem 3.3 from the entry point (3.27) onwards.
We obtain

_ — 12 — — 12
[[Pa —deLoo(I,m(Q)) + [[Ja — 7"'P,;‘deI

< C ((h3do + K2d})* + (3do + Kdf) (ac+ h3do + k2 (1+df))") .

With Young’s inequality, the regularization error (2.20), property (2.21), and the decay estimate
(3.31), we finally get the claim. O

4. Numerics

We will now consider a test example in order to finally validate numerically the theoretical
results.

As we have previously said, we solve numerically the regularized problem (Pg;) for some
a > 0 as an approximation of the limit problem (Pg). Thus, we have the influence of two errors:
The regularization error in dependence of the parameter o > 0 and the discretization error due
to space and time approximation. The second error depends on the fineness of the space and
time grid, respectively, thus on the parameters h and k.

We do not investigate the time discretization error for fixed positive h and « by taking k& — 0,
since this can be found in [15]. The numerical behavior of the error if h — 0, again for fixed
a > 0 but now with fixed k instead of h is discussed in [12, section 3.1.2]. The regularization
error for fixed small discretization parameters k and h in dependence of the parameter x from
the measure condition (2.16) if & — 0 can be found in [17] or [12, section 3.2].

Here, we only report on the coupling of regularization and discretization parameters as
proposed by Theorem 3.4 and Table 3.1.
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We make use of the fact that instead of the linear control operator B, given by (2.4), we
can also use an affine linear control operator

B:U — L*(I,H YQ)), wuw go+ Bu, (4.1)

where gg is a fixed function. If we assume that go is an element of the space H'(I, L%(9))
with go(0) € H}(Q) and go(T) € HE(Q), the preceding theory remains valid since go can be
interpreted as a modification of yg4.

For the limit problem (Py), we consider a test example which is a bang-bang problem with
meas(A°) =0 and k = 1 in Assumption 2.2.

With a space-time domain Q x I := (0,1)? x (0, 0.5), we consider a located control function
u and a constant a := 2, not to be confused with the lower bound a; of the admissible set U,q
defined below. This constant a influences the number of switching points between the active
and inactive set. Furthermore, we define the functions

g1(x1,x2) := sin(may) sin(rzs) ,
t
wq (t, 1, T2) := cos (T 27Ta) -g1(x1,x2)

and choose an optimal adjoint state

R A t2
pi=g__sin|{ 52ma ) g1,

which is nonzero almost everywhere, and since

t T t
—0sp — Ap = cos (T27m) N5 sin (T27m> 21291 = § — Yd

we get the function y4 by taking 7 as
g(t, 21, x2) = wa(t, 21, 22) . (4.2)
From the relation (2.12) we conclude that the optimal control is given by

_ a1 if B*p >0,
u =
by if B*]_) <0

Note that B*p(t) = (g1,P(t))r2(q), the initial value of the optimal state 7 is

yo(z1,22) = 4(0, 21, 22) = g1(21,22),

and (g1, 91)r2(0) = 0.25. We obtain

t t
go = g12m (—% sin <T 27ra> + 7 cos <T 27ra>) — Bu, (4.3)

and finally define the bounds of the admissible set U,q as a1 := 0.2 and b; := 0.4.
Since k = 1 in this example, we conclude with Theorem 3.4, Corollary 3.4, and the second
line of Table 3.1 the estimate

_ _ 2 _ _ _ _ _ _
a0 = @ally + lldo = @all 4y + 1P = Pall oo 1,20y + 190 — 7y Gl

) /3 (4.4)
< Cla+ h*+KY?).
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Table 4.1: Errors and h-EOC in the control (a = k*® = h?).

||’l7,—uth ||1_1,—’U,kh|| EOC EOC
l LI(I,R) LQ(I,R) Lt L?
1 0.05208333 0.10206207 / /
2 0.05156250 0.10155048 0.01  0.01
3 0.01551730 0.05249039 1.73 0.95
4
5
6

0.00395214 0.02696386 1.97  0.96
0.00100074 0.01375946 1.98  0.97
0.00026290 0.00704586 1.93  0.97

Table 4.2: Errors and h-EOC in the state (a = k*/3 = h?).

19 — yknll 19 — yrnll 19 — ywnl| EOC EOC EOC
¢ LY(I,LY(Q)) L2(I,L%Q) L=(I,L*(Q) L' L[> L=
1 0.04168338 0.14344433 0.77006182 / / /

2 0.02298795 0.05061771 0.24946457 0.86 1.50 1.63
3 0.00877452 0.01795226 0.08863801 1.39 150 1.49
4
5
6

0.00314952 0.00624197 0.02943581 148 1.52 1.59
0.00111871 0.00218973 0.00994956 1.49 1.51 1.56
0.00039580 0.00077075 0.00339060 1.50 1.51 1.55

Consequently, we set Nh = (2¢ +1)2, Nk = (23/241 1- 1), and o« = 272 with £ = 1,2,3,4,5,6,
to obtain second order convergence with respect to h in (4.4).

We solve (Pgj) numerically with the above data using a fixed-point iteration for equation
(3.11). Each fixed-point iteration is initialized with the starting value ug,)l := aj which is the
lower bound of the admissible set. As a stopping criterion for the fixed-point iteration, we
require for the discrete adjoint states belonging to the current and the last iterate that

18" (piis = i) ey <o
where g := 107° is a prescribed threshold.

The results are given in Tables 4.1-4.4. We also refer to Fig. 4.1.

As one can see from the tables, the coupling shows the expected behavior for the error in
the optimal control, projected state, and adjoint state.

Note that for the state g, we observe convergence of order 3/2, which means by the coupling
from above (k = h*/?) first order convergence in k. Thus, it is in accordance with our expecta-
tion since the state is discretized piecewise constant in time. This is depicted in Table 4.2.

A better and second order convergent approximation of the state is given by the projection
TPy Ykh of the computed discrete state yxn, see Corollary 3.2 and for the corresponding numerical
results see Table 4.3. This better approximation of the state can be obtained without further
numerical effort: One only has to interpret the vector containing the values of y; on each interval
I, as a vector of linearly-in-time linked values on the gridpoints of the dual grid t] < --- < t},.

Fig. 4.1 illustrates the convergence of uy, to . Note that the intersection points between the
inactive set Zpp := {t € I | a < ugn(t) < b} and the active set Agp := I'\Zg;, need not coincide
with the time grid points since we use variational discretization for the control.

Let us mention that the convergence of the fixed-point iteration is in general guaranteed only
for values of o not too small. This is an immediate consequence of Banach’s fixed-point theorem
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Table 4.3: Errors and h-EOC in the projected state (o = k*? = h?).

19 = mpzyenll Ny —7pryrnll 15— 7Pz yen]  EOC EOC  EOC
¢ INLINQ)  LALIXQ)  LO(LLeQ) LY 12 L
1 0.03984472 0.12699052 0.67616861 / / /
2 0.01063414 0.02423705 0.15855276 1.91 239 2.09
3 0.00235558 0.00482756 0.02588151 217 233 261
4
5
6

0.00059757 0.00116777 0.00526572 1.98 2.05 230
0.00015345 0.00029551 0.00128779 1.96 198 2.03
0.00003968 0.00007581 0.00032323 195 196 1.99

Table 4.4: Errors and h-EOC in the adjoint state (o = k%/3 = h?).

15— prn 15 — prn Ip=prall  EOC EOC EOC
LMI,LY(Q)) LX(I,L3(Q)) L®(I,L=(Q) L' L? L™
0.00175355  0.00559389  0.02497779 / / /

0.00052886 0.00120225 0.00578048 173 222 211
0.00012807 0.00026289 0.00128201 205 219 217
0.00003156 0.00006214 0.00028508 2.02 208 217
0.00000786 0.00001530 0.00006829 2.01 202 2.06
0.00000195 0.00000377 0.00001649 2.01 202 2.05

DU W N RS

et ey

(a) £=3 (b) £ =4 () ¢=5

Fig. 4.1. Optimal control @ (solid) and computed counterpart uy, (dashed) over time after level ¢
(a = k3 = h?).

in combination with (3.11). In the numerical examples we considered, no convergence problems
occurred, even for very small values of a. This might be due to the fact that we consider
controls which “live” in one space dimension only. For higher dimensions, the situation is more
delicate. There, the application of semismooth Newton methods has turned out to be fruitful,
see [21] for its numerical analysis in the case of variational discretization of elliptic optimal
control problems.
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