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A TIME-ACCURATE, ADAPTIVE DISCRETIZATION FOR
FLUID FLOW PROBLEMS

VICTOR DECARIA, WILLIAM LAYTON, AND HAIYUN ZHAO

Abstract. This report presents a low computational and cognitive complexity, stable, time
accurate and adaptive method for the Navier-Stokes equations. The improved method requires a
minimally intrusive modification to an existing program based on the fully implicit / backward
Euler time discretization, does not add to the computational complexity, and is conceptually
simple. The backward Euler approximation is simply post-processed with a two-step, linear time
filter. The time filter additionally removes the overdamping of Backward Euler while remaining
unconditionally energy stable, proven herein. Even for constant stepsizes, the method does not
reduce to a standard / named time stepping method but is related to a known 2-parameter family
of A-stable, two step, second order methods. Numerical tests confirm the predicted convergence
rates and the improved predictions of flow quantities such as drag and lift.

Key words. Navier-Stokes, backward Euler, time filter, time discretization, finite element
method.

1. Introduction

The backward Euler time discretization is often used for complex, viscous flows
due to its stability, rapid convergence to steady state solutions and simplicity to
implement. However, it has poor time transient flow accuracy, [17], and can fail
by overdamping a solution’s dynamic behavior. For ODEs, adding a time filter to
backward Euler, as in (1.3) below, yields two, embedded, A-stable approximations
of first and second order accuracy, [20]. This report develops this idea into an adap-
tive time-step and adaptive order method for time accurate fluid flow simulation
and gives an analysis of the resulting methods properties for constant time-steps.
For constant time-steps, the resulting Algorithm 1.1 below involves adding only
1 extra line to a backward Euler code. The added filter step increases accuracy
and adds negligible additional computational complexity, see Figure 1a and Figure
1b. Further, both time adaptivity and order adaptivity, presented in Section 2 and
tested in Section 6, are easily implemented in a constant time step backward Eu-
ler code with O(20) added lines. Thus, algorithms herein have two main features.
First, they can be implemented in a legacy code based on backward Euler without
modifying the legacy components. Second, both time step and method order can
easily be adapted due to the embedded structure of the method. The variable step,
variable order (VSVO) method is presented in Section 2 and tested in Section 6.2.

Even for constant time-steps and constant order, the method herein does not re-
duce to a standard / named method. Algorithm 1.1 with Option B is (for constant
order and time-step) equivalent to a member of the known, 2 parameter family of
second order, 2-step, A-stable one leg methods (OLMs), see Algorithm 3.2, Section
3. Stability and velocity convergence of the (constant time step) general second
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order, two-step, A-stable method for the Navier-Stokes equations was proven al-
ready in [15], see equation (3.20) p. 185, and has been elaborated thereafter, e.g.,
[23]. Our welocity stability and error analysis, while necessary for completeness,
parallels this previous work and is thus collected in Appendix A. On the other
hand, Algorithm 1.1 with Option A does not fit within a general theory even for
constant stepsize, and produces more accurate pressure approximations.

We begin by presenting the simplest, constant stepsize case to fix ideas. Consider
the time dependent incompressible Navier-Stokes (NS) equations:

ur+u-Vu—vAu+Vp=f, and V-u=01in Q,
(1) u = 0on dN, and /pda;zO,
Q
u(z,0) = up(x) in Q.

Here, Q C R%(d=2,3) is a bounded polyhedral domain; u : Q x [0,7] — R? is the
fluid velocity; p : @ x (0,7] — R is the fluid pressure. The body force f(z,t) is
known, and v is the kinematic viscosity of the fluid.

Suppressing the spacial discretization, the method calculates an intermediate
velocity 4! using the backward Euler / fully implicit method. Time filters (re-
quiring only two additional lines of code and not affecting the BE calculation) are
applied to produce u"*! and p"*! follows:

Algorithm 1.1 (Constant At BE plus time filter). With u* = 4"+ (Implicit) or
u* = 2u™ —u"~t (Linearly-Implicit), Step 1: (Backward Euler)
ﬂ”+1 —un"
(2) At
V-antl =0,

+ ’U,* . vﬁn+1 o VAﬁn+1 4 VﬁnJrl — f(thrl)7

Step 2: (Time Filter for velocity and pressure)

1
(3) un+1 — ,&n—i-l _ 5(,&'rz—i-l _ 2un + un—l)

Option A: (No pressure filter)

n+1l _ ~n+1
p =P .

Option B:
3 AT 1 AT 3 n—
P = = S (M = 2" ")
Algorithm 1.1A means Option A is used, and Algorithm 1.1B means Option B is
used.

Its implementation in a backward Euler code does not require additional function
evaluations or solves, only a minor increase in floating point operations. Figure 1la
presents a runtime comparison with and without the filter step. It is apparent that
the added computational complexity of Step 2 is negligible. However, adding the
time filter step has a profound impact on solution quality, see Figure 1b.

Herein, we give a velocity stability and error analysis for constant timestep in Ap-
pendix A. Since (eliminating the intermediate step) the constant time-step method
is equivalent to an A-stable, second order, two step method, its velocity analysis has
only minor deviations from the analysis in [15] and [23]. We also give an analysis
of the unfiltered pressure error, which does not have a parallel in [15] or [23]. The
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FIGURE 1. The time filter does not add to the computational com-
plexity (Figure 1a), yet increases the method to second order (Fig-
ure 1b).

predicted (optimal) convergence rates are confirmed in numerical tests in Section 6.
We prove the pressure approximation is stable and second order accurate provided
only the velocity is filtered. The predicted second order pressure convergence, with
or without filtering the pressure, is also confirmed in our tests, Figure 2.

The rest of the paper is organized as follow. In Section 2, we give the full, self-
adaptive VSVO algorithm for a general initial value problem. Section 3 introduces
some important mathematical notations and preliminaries necessary and analyze
the method for the Navier-Stokes equations. In Section 4, we prove unconditional,
nonlinear energy stability in Theorem 7. We analyze consistency error in Section
4.1. In Appendix A.2, we prove O(At?) convergence for velocity, Theorem 10. The
proof of the stability of the pressure is in Theorem 12 in Section 5.1. We prove
second order accuracy for pressure in Section 5.2. Numerical tests are given in
Section 6 to validate the theoretical predictions.

1.1. Related work. Time filters are primarily used to stabilize leapfrog time
discretizations of weather models; see [30], [3], [34]. In [20] it was shown that
the time filter used herein increases accuracy to second order, preserves A-stability,
anti-diffuses the backward Euler approximation and yields an error estimator useful
for time adaptivity. The analysis in [20] is an application of classical numerical
ODE theory and does not extend to the Navier-Stokes equations. For the constant
time step case, our analysis is based on eliminating the intermediate approximation
"1 and reducing the method to an equivalent two step, OLM (a twin of a linear
multistep method). The velocity stability and convergence of the general A-stable
OLM was analyzed for the NSE (semi-implicit, constant time step and without
space discretization) in [15]. Thus, the constant time step, discrete velocity results
herein follow from these results. There is considerable previous work on analysis
of multistep time discretizations of various PDEs, e.g. Crouzeix and Raviart [8].
Baker, Dougalis, and Karakashian [4] gave a long-time error analysis of the BDF
methods for the NSE under a small data condition. (We stress that the method
herein is not a BDF method.) The analysis of the method in Girault and Raviart
[15] was extended to include spacial discretizations in [23]. The work in [23] also
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shows how to choose those parameters to improve accuracy in higher Reynolds
number flows - a significant contribution by itself. Other interesting extensions
include the work of Gevici [14], Emmrich [10], [11], Jiang [22], Ravindran [29] and
[25].

2. The Adaptive VSVO Method

Section 6.2 tests both the constant time step method and the method with
adaptive step and adaptive order. This section will present the algorithmic details
of adapting both the order and time step based on estimates of local truncation
errors based on established methods [18]. The constant time step Algorithm 1.1
involves adding one (Option A) or two (Option B) lines to a backward Euler FEM
code. The full self adaptive VSVO Algorithm 2.1 below adds O(20) lines. We first
give the method for the initial value problem

y'(t) = f(t,y(t)), for t > 0 and y(0) = yo.
Denote the n* time step size by At,,. Let t"T1 = t" +At, and y" an approximation
to y(t,). The choice of filtering weights depend on w,, := At,,/At,_1, Step 2 below.
TOL is the user supplied tolerance on the allowable error per step.

Algorithm 2.1 (Variable Stepsize, Variable Order 1 and 2 (VSVO-12)).
Step 1 : Backward Euler

n+1
Yoy —¥Y

At,

n

= f(t'n,—',-h y?f;l)
Step 2 : Time Filter
n+1l __  n+l Wn n+1 .
Yoo =Y ~ %o +1 (y(1) — (T4 wn)y™ + way™ )
Step 3 : Estimate error in y?Sl and yzgl,

BSTy =y vy

Wn—1wn (1 +wy) 1
EST, = nt
2T 1 2w, Fwn g (14 4w, + 3w?) (y@)

(14 wn)(d +wp—1(1 4+ wn)) -1
_ n n 1 e 1 n n
e "+ (14w (L)
_w%_lwn(l +wn) o
1+ Wn—1 '

Step 4 : Check if tolerance is satisfied.

If |[ESTy|| < TOL or |[ESTs|| < TOL, at least one approzimation is acceptable.
Go to Step 5a. Otherwise, the step is rejected. Go to Step 5b.
Step 5a : At least one approximation is accepted. Pick an order and
stepsize to proceed.

If both approximations are acceptable, set

1 1
TOL \? TOL \*
At = 0.9At () , At = 0.9At ()
"\ IEST:| "\ EST:|
Set
i = arg max At Aty = AW g #2 —ynF A 0 gyt = o

ie{1,2}
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If only y ™M (resp. y?)) satisfies TOL, set At 1 = At (resp. At?)), and
Yyt = y?ﬁ)‘l (resp. y("Z';'l). Proceed to Step 1 to calculate y™+2.

Step 5b : Neither approximations satisfy TOL.

Set
TOL \? TOL \3
AtY = 0.7At, () , At?) = 0.7At, () .
| ESTh| | ESTy|
Set
i = arg max At At,, = At "t =" At

ie{1,2}

Return to Step 1 to try again.

For clarity, we have not mentioned several standard features such as setting a
maximum and minimum timestep, the maximum or minimum stepsize ratio, etc.

The implementation above computes an estimation of the local errors in Step
3. EST; provides an estimation for the local error of the first order approximation
yfll_?_l since y,(f ll is a second order approximation. For a justification of EST5, see
Appendix B.

Standard formulas, see e.g. [19], are used to pick the next stepsize in Steps ba
and 5b. Based on the previous At and the current error estimator, the formula
estimates the largest next stepsize that can be taken by the method such that the
tolerance will still be satisfied. Out of the approximations that satisfy the tolerance,
the approximation which yielded the largest estimated At is chosen to advance the
solution.

The numbers 0.9 in Step 5a and 0.7 in Step 5b are commonly used safety factors
to make the next approximation more likely to be accepted since the exact optimal
At is unknowable.

One more line is needed for linearly implicit methods. For linearly
implicit methods the point of linearization must also have O(At?) accuracy. For
example, with v* = u"

(4)
untl —
At,

is a common first order linearly implicit method. The required modification in the
BE step to ensure second order accuracy after the filter is to shift the point of
linearization from u* = u” to

Atn Atn —1 -1
u =1+ u” — ' =1+ wp)u™ —wpu .
( Atn—l) Atn—l ( n) "

Other simplifications. The algorithm can be simplified if only the time-step
is adapted (not order adaptive). It can be further simplified using extrapolation
where the second order approximation is adapted based on EST; (pessimistic for
the second order approximation).

n

1
+u*_vun+1 + 5(Vu>|<)un+1 _|_Vpn+1 —VAu"+1 — fnJrl & V'UnJrl =0

3. Notations and preliminaries

We introduce some notations and inequalities which will be used in later sections.
(-,+), |I-|| denotes the L?(£2) inner product and norm. C will denote a generic, finite
constant depending possibly on T, Q2 and f. The velocity space X and pressure
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space (Q are defined
X = HYQ)? = {v e HY(Q)? : v|gq = 0},

Q=L ={qe L*Q): /Qq =0}.
The divergence free space V is given by
Vi={weX:(V-v,9)=0 Vge@)}.
For measurable v : [0,T] — X, define for, respectively, 1 < p < oo and p = 0o

1/p

T
vllzro,1:x) = (/ IIU(t)II’;?dt> and |[v|[pe0,7;x) = ess sup_|[[v(t)]]x,
0 0<t<T

T 1/p
llolll, . = (/ 0Ok o ) and [|[vf], 5 = ess e o) |5 (-
We define the skew-symmetrized nonlinear form:
B(u,v) :=u-Vu+ = (V w)v, Vu,v,weX,
blu,v,w) := (B(u,v),w).
Lemma 1. There exists C > 0 such that
b(u, v, w) < C||Vull||Vol|l||Vw]l, YVu,v,w € X
b(u, v, w) < Cllul||[v]]2]|Vw|  Yu,w € X,v € X N H*(Q).
Proof. See Lemma 2.1 on p. 12 of [32]. O
We use the following discrete Gronwall inequality found in [21, Lemma 5.1].

Lemma 2 (Discrete Gronwall Inequality). Let At, H, ay,by,cpn,d, (for integers
n > 0) be non-negative numbers such that

N N N
(5) ay + ALY by SALY dpan + At cp+H, YN >0

n=0 n=0 n=0
Suppose Atd,, < 1 Vn, then,

(6) aN+Ath <exp<AtZ Atd)(AtzN:cn—kH), VN >0
" n=0

Multiplying (1) by test functions (v,q) € (X, Q) and integrating by parts gives
(7) (u,v)+b(u,u,v)+v(Vu, Vo) — (p, V-0)+(V-u,q) = (f,v), (V-u,q)=0.
To discretize the above system in space, we choose conforming finite element spaces

for velocity X}, C X and pressure @y, C @ satisfying the discrete inf-sup condition
and the following approximation properties:

,V
®) inf sup (2 YU
€@ vpeX, [lanll|Vonl

We further assume that for each u € X N H**1(Q)4, and p € QN H*F1(Q) there
exists vy, € Xp, and g, € @y, such that

>pB>0.
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[w—vpll < CRF |u|pqa,
9) w—wplly < CR*|Jul|p1,
Ip = anll < CR*HIpllst1.

h denotes the maximum triangle diameter. Examples of finite element spaces sat-
isfying these conditions are the MINI [2] and Taylor-Hood [33] elements. The
discretely divergence free subspace Vj, € X}, is defined

Vi i=A{vn € Xp: (V-vn,qn) =0 Vagu € Qn}.

The following Lemma establishes that if the discrete inf-sup condition (8) and (9)
hold, then V}, also has good approximation properties. It is shown in the proof of
Theorem 1.1 in Chapter II of [16].

Lemma 3. Suppose the pair (X}, Qp) satisfies (8). Then for allu € V,
inf ||V (u— < inf C V(u— .
inf |V (u—wp)ll < inf CEIV (u—vn)ll

v

The dual norms of X;, and V}, are

HWHX;; = sup (w;vh)’”wHV}: = sup (’LU,”Uh).
vneXn [[Vonll oneVi [Vonl

The following Lemma from Galvin [13, p. 243] establishes the equivalence of these
norms on V.

Lemma 4. Suppose the discrete inf-sup condition holds, let w € Vy, then there
ezists C' > 0, independent of h, such that

Cllwllx; < lwllv;e < flwllx;-

Lemma 4 is used to derive pressure error estimates with a technique shown in
Fiordilino [12]. We will use the following, easily proven, algebraic identity.

Lemma 5. The following identity holds.

3 1 3 1
1 — _2 - — — _ =
(10) <2a b+2c) (2(1 b—|—2c>

a2 a— b)2 a—b)2 2 — )2 — )2
<4+(2 4b) +( 4b) ><b4+(2b4 ) +(b4))+i(a2b+c)2.

With the notation in place, we state the fully discrete method.

Algorithm 3.1 (Fully Discrete Method). Given uZﬁl, up € Xy, (and if necessary,
given pﬁ_lap’}ri € Qh); ﬁnd (aZ+1aﬁn+l) € (Xha Qh) Satisfying

Aty,
(11) —(Bp Vo wn) = (F(E),on),
(V-4 q,) = 0.
for all (vp,qn) € (Xn,Qn). Then compute

antt —
cntl antl sl
(hh,vh> +o(aytt aptt o) + v(Vaptt, Voy,)

+1 _ ~n+l w An41 -1
up T =4y — 2wn:1 (uz — (1 4+ wp)up + wruy ))
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Option A: (No pressure filter)

anrl ﬁnJrl
h b
Option B:
R w o
Pt = Mﬁk‘f 11(”“ (14 wn)pi +wnpp 1) -
’I’L

The constant time-step stability and error analysis works with the following
equivalent formulation of the method. We stress that what follows is not the pre-
ferred implementation since it only yields one approximation, while Algorithm 3.1
gives the embedded approximations uh‘H and u”+1 and an error estimator.

Algorithm 3.2 (Constant time-step, equivalent method). Assume the time-step

is constant. Given (u},p) and (uZ’_l,pZ_l), find (u2+1,p2+1) such that for all

(Vn,qn) € (Xn, Qn),

Option A
(12)
u“4—mﬂ+le1 1 3 1
3 1 .-
+v (V (2uz+1 _“Z+§“Z 1) ,Vvh> (ph+1 AV vh)
= (/" on),
v n+17 n 1 n 70
2 h uh+2uh n ) =Y,
or Option B
(13)
3, n+1 1, n—1
Sup T = 2up + suy 3n 1 .43 ., n—
( At , U 5 +1—uh—|—2uh 1,§uh+1—uh—|—2uh l,vh

3 1,
+V(V(2uﬁ+1uh+ Sup” > > < pptt — pﬂJrEpﬂ 1,V~vh>

fnJrl Uh)

3 n n 1 n—
(V- <2uh+1 - up + Fup 1) ,qh> = 0.

The pressure is highlighted in bold, and is the only difference between the two
above equations. The time difference term of the above equivalent method is that
of BDF2 but the remainder is different. This is not the standard BDF2 method.

Proposition 6. Algorithm 3.1A (respectively B) is equivalent Algorithm 3.2A (re-
spectively B).

Proof. We will just prove the case for Option A since the other case is similar.
Let (u} ™, py*") be the solution to Algorithm 3.1. By linearity of the time filter,
(u ”+17p2+1) € (Xn,Qn)- We can write 4 A"+ in terms of u”+1 auy, and up” Las
antt = 2yt — " + Ly~ Substitute thls into (11). Then ( pppth satlsﬁes
equation (12).
These steps can be reversed to show the converse. O
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We next define the discrete kinetic energy, viscous and numerical dissipation
terms that arise naturally from a G-stability analysis of Algorithm 3.2, regardless
of whether Option A or B is used. The (constant time-step) discrete kinetic energy,
discrete viscous energy dissipation rate and the numerical energy dissipation rate
of Algorithm 3.2 are

discrete energy: & =L [Ilu? + |20 — w712 + flut — w12,
viscous dissipation: D"l = Aty||V (Sunt —ut + LunTl) |2,
numerical dissipation: Z"t1 = 3{jy" 1 — 24" + w12,
Remark 1. As At — 0, £™ is consistent with the kinetic energy 3||ul|* and
D™ s consistent with the instantaneous viscous dissipation v||Vul|?. The numerical
dissipation Z"+ ~ 3 At |uy (t"11)||2, is asymptotically smaller than the numerical

dissipation of backward Euler, 3 At?|lu,(¢t"1)[%.
The method’s kinetic energy differs from that of BDF2, which is (e.g. [26])

1 2 —1)|2
€pr2 = 7 [Iu"I° + 120" — w7 ]
due to the term ||[u™ — u™"1||? in E™ which is a dispersive penalization of a discrete
acceleration.
Define the interpolation and difference operators as follows

Definition 1. The interpolation operator I and difference operator D are
3 1 3 1
Tw"™ ) = S —w" + —w™ ' and D" = Sw" T — 20" + w7
2 2 2 2
Formally, T[w(t"™1)] = w(t"+1) + O(A#2), and 20 — o, (¢n+1) 4 O(A2).
This will be made more precise in the consistency error analysis in Section 4.1.

4. Stability and Error Analysis

We prove stability and error analysis of the constant time-step method. The
velocity proofs parallel ones in [15] and [23] and are collected in Appendix A. The
pressure analysis is presented in Section 5.

Theorem 7. Assume the stepsize is constant. The following equality holds.

N—1 N—1 N—1
EN4 Y D N 2 = AL (f Iup ) + €L
n=1 n=1 n=1

Proof. In Algorithm 3.2, set v;, = Atl[uﬁ“] and ¢, = pZH for Option A, or
qn = I[p}*'] for Option B, and add.

(14) (Dlup ™), Iup ™) + DM = At(f, I[up ).
By Lemma 5 and Definition 1,
(Dlup ™, Iup ) = entt — g 4 2L,
Thus, (14) can be written
EMTL— M 4 DM 4 20 = AR, Tlup ™).

Summing over n from 1 to N — 1 yields the result. O
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This result is for the time stepping method applied to the Navier-Stokes equa-
tions. More generally, the constant time-step method of Algorithm 1.1 is G-Stable,
a fact that follows from the equivalence of A and G-Stability [9]. We calculate the
G matrix explicitly below.

Corollary 8. Assume the time-step is constant. Backward Euler followed by the
time filter is G-Stable with G matriz

Proof. Simply check that

[u"7u”_1]G[ ﬁjnl} _

" {lun|2+‘2un_un—1|2_~_|un_un—1| }

o~ =

O

4.1. Consistency error. By manipulating (7), we derive the consistency error.
The true solution to (7) satisfies

(lw, Uh) + b (Tfu(™™)], Tu(t™ )], vp)
+ v (VI[u(t™ )], Vo) — (p(t"™+h), V - vy)

= (f”+1,vh) + 7" (u, pyop) Vo € X,

(15)

If Option A is used (pressure is unfiltered),
D tn+1
16 o) = o) = (2 e )
+b (u@™ )] u(™ )], vn) = b(u(™ ), (™), o)
v (VI [u(@ )] = u(t™h)), Vo) .
If Option B is used (pressure is filtered),
7 T upion) = 75w pion) = (p(E )] = p(" ), V - vs) -
Thus, filtering the pressure introduces a term that, while still second order, adds
to the consistency error. We believe this is why Option A performs better in the
numerical tests, Figure 2. Furthermore, Option B requires assuming additional

regularity for convergence, see Theorem 10.
The terms in the consistency error are bounded in the following lemma.

Lemma 9 (Consistency). For u, p sufficiently smooth, we have

Dlu(t™+! > 6 e
H[(At)] —u( | < gar /t Jotee 2,
2 4 gt
(18) |tue = e | < Ga [ el
2 4 tn+1
(19) Hz[p(t"+1)]—p(t"+1) <388 [ P
-

Proof. See Appendix A. O
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4.2. Error estimates for the velocity. Next, we analyze the convergence of
Algorithm 3.2 and give an error estimate for the velocity. Let t™ = nAt. Denote
the errors e, = u(t") — uj; and e = p(t") — pjr.

Theorem 10. Assume that the true solution (u,p) satisfies the following regularity
(20)
u € L%(0,T5 (H*1Q)Y), up € L2(0, T3 (H* 1)), u € L*(0, T3 (H'Q))%),

Uttt € LQ(OaT; (LzQ))d)7 peE L2(07T§ (HSH(Q))d)-

Additionally for Option B, assume py € L2(0,T; (L*(Q))%. For (ujt*, pi™!) satis-
fying (12), and for At sufficiently small, we have the following estimate

N-1
le'II” + l12en — el 1% + flel) — el ~H1Z+ ) Bllep™ — 2¢1 +ep 7
n=1
(21) N1
+ AL S VI[ent)? < C(h2k +R2H2 4 At4).
n=1
Proof. See Appendix A. O

5. Pressure Stability and Convergence

5.1. Stability of Pressure. We introduce the following discrete norms

T/At—1 1/2

(22)  wlllook == _max Jw"llk,  wlllos:=| Y. A"}
0<n<T/At =

In this section, we prove that the pressure approximation is stable in I*(0, T'; L?(2)).
We first give a corollary of Theorem 7 asserting the stability of the velocity approx-
imation.

Corollary 11. Suppose f € L?(0,T; H=1(Q)?), then the velocity approzimation
satisfies
LNl N—1 1
gN - Dn+1 Zn+1 < 2 gll
AP P [ S
Proof. Consider Theorem 7. Applying the Cauchy-Schwarz yields the inequality.
([l

We now prove the stability of the filtered pressure.

Theorem 12. Suppose Corollary 11 holds, then the pressure approximation satis-
fies

N-1

pAt Z lpp I <C for Option A,

n=1

(23) =
BAt Z II[py ™| < C  for Option B.

n=1
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Proof. We prove it for Option A, as the other case is similar. Isolating the discrete
time derivative in (12), and restricting vy, to V}, yields

D unJrl
([At]) = b (1), T, vn)

—Vv (VI[UZ+1], V’Uh) + (fn+1, Uh) Y, € Vj,.

(24)

The terms on the right hand side of (24) can be bounded as follows,

b (L1, Tl vn) < CIV TR IV T [V
(25) — v (VIR Von) < VI [l
(o) < 7 - Vol

In equation (24), we can use the above estimates in (25), divide both sides by
IVun], and take the supremum over v, € V. This gives

< (CIVITu I+ IV g 0+ =1

o [P

At

Vi
Lemma 4 implies

< ClUV I+ DIV T )+ 17 -
Xh

Now consider Algorithm 3.2 again with v, € Xj. Isolating the pressure term in
(12) and using the estimates from (25) yields

un+1
(28) (pZ“, V) < (D[Aht]’vh>

ACUIV Il P+ DIV [y TV om ]|+ 1 [ Vo]l

Divide both sides by ||Vuy||, take supremum over v, € X} and use the discrete
inf-sup condition and the results in (28). Then,

@9 Bl < LUV T N+ DIV + 1.

We then multiply by At, sum from n =1 ton = N —1, and apply Cauchy-Schwarz
on the right hand side,

N-1
(30)  5At S It < CA IV ITunllloo + DIIVILunlllo + 12,1
n=1

Then using the result from velocity approximation, we get,

N-1

B BACY e < Ol + DI lle 1 + (€ + DEY].

n=1
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5.2. Error estimates for the pressure. We now prove convergence of the pres-
sure approximation in (0, T'; L?(€2)). Denote the pressure error as el = p(t")—pj..

Theorem 13. Let u, p satisfy the equation (21). Let the assumption of reqularity
in Theorem 10 be satisfied. Then there exists a constant C' > 0 such that

N-1
AtB Y flept < C(h’“ + R+ AtQ) for Option A,

o
Atp Z ||I[€Z+1]|| < C(hk + AT 4 At2> for Option B.

n=1

Proof. Again, we only prove this for Option A since the other case requires only
slight modification. Using the equations (A.4) and (A.5) yields

(P ) = (P o) = b e ute+ )

— b (I[up ™), Il on) — v (VI]elt], Vo)
+ (€Z+17V cop) + 7" (u, pyon) Vo € Vi,

(33)

We bound the six individual terms on the right hand side of (33), term by term as
follows:

(54 (B o) < oot b mlusie szl Venl
33— b e, ) < CIV I IVl [T,
B6)  — b (LI m) < IV I Ve,
(37) —v (VI Von) < vV Vol

(59) () = NV ) < () = AV

( ) Tn+1(u,p; Uh) < CAt% (”uttt‘le(t71—1)tn,+1;L2(Q)) -+ ||VUtt||L2(tn—1’tn+1;L2(Q))
39
+ (IVu@H? + IV IuEH)]]) ||Vutt||%2(t”*1,tn+1;[,2(9))) [Von.

Considering equation (33) and Lemma 4 , using equations (34)-(39), dividing both
sides by ||Vuy|| and taking a supremum over V}, gives

(40)
o

“ar |y S O Atz sz |
h
Ve T IANV Tu@E D+ Vg DI+ 1)
n 3
+ Hp(tn-i-l) — /\h+1|| + Atz (HUttt||L2(tn—17tn+1;L2(Q)) + ||VUtt||L2(tn—l7tn+1;L2(Q))

+HV“||2i4<tn—1,tn+1;m<m>+||V“tt||2L4<tn—17t"+1;L2<m>>}‘

Reconsidering (33), we separate the pressure error term e ™! = (p(t"*1) — Aty —

(pi ™ — A7) and rearrange, which yields for all v, € X,
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At At
=b(I[en ™', TTu(t™ )] on) = b(I[uy ™), Tey™ ], vn) — v (Vey™], Von)
+ () = ALV o) 7 (w, py on).

Consider the estimates in (34)-(40). Divide by ||Vuy]|, take the supremum over
vy, € X5, and use the discrete inf-sup condition to obtain,
(41)

n n —1
Bllp ™ = A < €| At g pagen g0

+ IV I (I TR ]+ IV T D))+ 1)

(pZ-i-l oty vh) _ (DWLH],Uh) _ (DWHl] vh)

n 3
+ lp(t™ ) = AR + At (Huttt”Lz(t"*l,t"“;LQ(Q)) + Ve[| 2 en—1 4n+1,22(02))

+ HVu||%4(t"—1,t"+1;L2(Q)) + Hvutt||2L4(t"—1,t"+1;L2(Q)))}'

We multiply by At, sum from n = 1 to n = N — 1 and apply triangle inequality.
This yields

N-1
BALY eyt < €At Il r2o.mi20)
n=1

42 .
(42) 1 = Mlllzo + 19T 20

20+ IIVulldo + IVuullfo )|

Results from the equations (A.21) and (A.24) give the bounds for the first two
terms. Using error estimates of the velocity on the third term and taking infimum
over X, and @y, yield the result. O

5
+ At (Jluti 20 + | Vi

6. Numerical tests

We verify second order convergence for the new method through an exact solution
in Section 6.1. Visualizations of the flow and benchmark quantities gives additional
support to the increased accuracy of the new method in Section 6.3. The tests used
P,/P; and P3/Ps elements. All computations were performed with FEniCS [1].

6.1. Taylor-Green vortex . We apply the backward Euler and the backward
Euler plus filter for the 2D Taylor-Green vortex. This test problem is historically
used to assess accuracy and convergence rates in CFD [7]. The exact solution is
given by

74ut(

1
u = e **(cosxsiny, —sinzcosy) and p = —1¢ cos 2z + cos 2y).

To test time accuracy, we solve using P3/ P, elements on a uniform mesh of 250 x 250
squares divided into 2 triangle per square. We take a series of time steps for which
the total error is expected to be dominated by the temporal error. Since the true
solution decays exponentially, we tabulate and display relative errors. Figure 2
displays the relative errors for backward Euler, backward Euler plus filtering only
the velocity (Algorithm 1.1A), and backward Euler plus filtering both the velocity
and pressure (Algorithm 1.1B). Filtering the pressure does not affect the velocity
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Velocity Error Pressure Error

10714

—— Backward Euler
—¥— Backward Euler —e— 2nd Order Filter, u

—e— 2nd Order Filter —m— 2nd Order Filter, uand p
..... slope 1 . ~ee slope 1

-=- slope 2 B --- slope 2

|u = unli2e2/|Uli2e2
|p = Phlre2/1Plie2
5

1072 1071 1072 1071

At At

FIGURE 2. Convergence rates for the filtered quantities are second
order as predicted. Filtering only the velocity produces the best
pressure.

solution, so the velocity error plot only shows two lines. The velocity error is
O(A#?), as predicted, and significantly smaller than the backward Euler error.
Thus, adding the filter step (1.3) reduces the velocity error substantially, Figure 2,
at negligible cost, Figure 1b. The pressure error is O(At?) when either both u and
p are filtered, or only w is filtered, which is consistent with our theoretical analysis.
Filtering only u has smaller pressure error since the pressure filter introduces an
extra consistency error term, see (17).

6.2. Adaptive Test. We test the time/order adaptive algorithm on a problem
that showcases the superiority of the VSVO method over the constant stepsize,
constant order method.

The Taylor-Green problem can be modified by replacing F' with any differentiable
function of ¢t. With velocity and pressure defined as before, the required body force
is

f(x,y,t) = (2vF(t) + F'(t)){cos xsiny, — cos y sin x).

For F(t), we construct a sharp transition function between 0 and 1. First, let

(0 0 ift <,0
g(t) = :
exp (—W) ift > 0.

This is a differentiable function, and g(5) = 1 in double precision. Therefore, a
differentiable (up to machine precision) function can be constructed with shifts
and reflections of this function. This creates sections of flatness, and sections that
rapidly change which require adaptivity to resolve efficiently. See Figure 3 for the
evolution of |Ju|| with time. All tests were initialized at rest spaced at a constant
interval of At = 0.1, 100 nodes per side of the square using P»/P; elements, and
with final time of 45.

Figure 3 compares two numerical solutions. One is from Algorithm 1.1 (second
order - nonadaptive), and the other is from Algorithm 2.1 (VSVO-12). With TOL =
1073, the VSVO-12 method takes 342 steps, which comprises 254 accepted steps,
and 88 rejected steps. The constant stepsize method which took 535 steps does not
accurately capture the energetic jumps.
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Figure 4 shows the relative 12L? velocity errors versus steps taken of VSVO-12
for seven different TOLs, starting at 10~!, and dividing by ten down to 10~7. This
is compared with nonadaptive method (which has no rejected steps) sampled at
several stepsizes. Both methods show second order convergence, but for smaller
tolerances, VSVO-12 performs about 103 better than the nonadaptive method for
the same amount of work.

VSVO versus Constant Stepsize Constant Order

T 1 1 M

Order

0 5 10 15 20 25 30 35 40 45

— VSVO-12, TOL = 1073, 342 steps
second order - nonadaptive, 535 steps
6 - — Exact ||u]|

[ull

FiGure 3. The nonadaptive second order method results in large
overshoots and undershoots while requiring more work than the
adaptive method.

6.3. Flow around a cylinder. We now use the benchmark problem of flow
around a cylinder, originally proposed in [31], to test the improvement obtained
using filters on flow quantities (drag, lift, and pressure drop) using values obtained
via a DNS in [24] as a reference. This problem has also been used as a benchmark
in [28],[27],[5],[6] and others. Let v = 1073, f =0, Ttinu = 8, and

Q={(z,y)|0<z<22 0<y<0.41l and (z —0.2)% + (y — 0.2)® > 0.05%},

i.e., a channel with a cylindrical cutout. A parabolic velocity of u = 0.4172 sin(rt/8)
x (6y(0.41 — y),0) is prescribed at the left and right boundaries. We used a spatial
discretization with 479026 degrees of freedom with 1000 vertices on the boundary
of the cylinder. The mesh used P2/P1 elements, and was obtained by adaptive
refinement from solving the steady solution with v = 0.4172(6y(0.41 — ¥),0) as
inflow and outflow boundary conditions.
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VSVO vs. Nonadaptive errors

o —+— 2nd order - nonadaptive
10%5 —e— VSVO-12

Slope 2 reference line

1072 4

Velocity Error
=
o
&

104 4

1075 4

102 103
Accepted + Rejected Steps

FIGURE 4. The VSVO-12 method performs three orders of mag-
nitude better for the same amount of work compared to the non-
adaptive 2nd order method for the test problem in Section 6.2.
Each circle represents a different tolerance from TOL = 107! to
1077

Velocity Magnitude

0.000e+00 0.387 0.775 1.162 1.549e+00
LLLLL] L

(A) Backward Euler (B) Backward Euler Plus Filter

FIGURE 5. Flow snapshots at ¢ = 6 with At = 0.04 (top), and
At halving until At = 0.0025 (bottom). Backward Euler (left)
destroys energy and suppresses oscillations, meaning that it can
predict nearly steady state solutions when a time dependent one
exists. The time filter (right) corrects this.

The correct behavior for this problem is that vortices shed off the cylinder as the
inlet and outlet velocities increase. Figure 5 shows snapshots of the flow at t = 6 for
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five successively halved At’s. The Backward Euler approximation shows no vortex
shedding for At = 0.04,0.02, and 0.01. The filtered method of Algorithm 1.1 shows
the qualitatively correct behavior from At = 0.02 on. Clearly, higher order and less
dissipative methods are necessary to see dynamics for modestly large At.

It was demonstrated in [24] that the backward Euler time discretization greatly
under predicts lift except for very small step sizes. Figure 6 demonstrates that
the time filter in Algorithm 1.1 corrects both the amplitude and phase error in the
backward Euler approximation. Other quantities that were compared to reference
values were the maximum drag cgmax, the time of max drag ¢(cgmax), time of
maximum lift ¢(¢; max), and pressure drop across the cylinder at ¢ = 8 are shown in
Table 1.

The choice of whether or not to filter the pressure does not affect the velocity
solution, the snapshots shown Figure 5 are the same for both choices. Table 1 shows

that filtering u greatly improves the calculated flow quantities whether or not p is
filtered.

3Dorag Coefficient - With and Without Filtering 0Is_ift Coefficient - With and Without Filtering

--- Backward Euler
—— Backward Euler Plus Filter
03{ @ Reference Maximum

0.41

~
I

~
o

=
n

g
)

--- Backward Euler
—— Backward Euler Plus Filter
® Reference Maximum

drag coefficient

e

e

lift coefficient

g e o e
g &%
=
=
et —

ol
o

--- Backward Euler
—— Backward Euler Plus Filter
® Reference Value at t=8

FiGURE 6. Lift of the Backward Euler solution and the filtered
solution for At = 0.0025. The filtered solution correctly predicts
both the time and magnitude of the maximum lift.

7. Conclusion

Accurate and stable time discretization is important for obtaining correct flow
predictions. The backward Euler time discretization is a stable but inaccurate
method. We have shown that for minimum extra programming effort, computation-
al complexity, and storage, second order accuracy and unconditional stability can
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TABLE 1. Lift, drag, and pressure drop for cylinder problem.

Backward Euler

At t(cd,max) Cd,max t(cl,max> Cl,max AP(S)

0.04 3.92 2.95112558 0.88 0.00113655 -0.12675521
0.02 3.94 2.95064522 0.92 0.00117592 -0.12647232
0.01 3.93 2.95041574 7.17 0.02489640 -0.12433915
0.005 3.93 2.95031983 6.28 0.17588270 -0.10051423
0.0025 3.9325 2.95038901 6.215 0.30323034 -0.10699361

Backward Euler Plus Filter
0.04 3.92 2.95021463 7.56 0.00438111 -0.12628328
0.02 3.94 2.95026781 6.14 0.20559211 -0.11146505
0.01 3.93 2.95060684 5.81 0.40244197 -0.09943203
0.005 3.935 2.95082513 5.72 0.46074771 -0.11111586
0.0025 3.935 2.95089028 5.7 0.47414096 -0.11193754
Backward Euler Plus Filter v and p
0.04 3.92 2.95073993 7.52 0.00439864 -0.12642684
0.02 3.94 2.95039973 6.14 0.21101313 -0.11153593
0.01 3.93 2.95063962 5.81 0.40624697 -0.09945143
0.005 3.935 2.95083296 5.72 0.46192306 -0.11112049
0.0025 3.935 2.95089220 5.7 0.47444753 -0.11193859
Reference Values
— 3.93625 2.950921575  5.693125  0.47795 —0.1116

be obtained by adding a time filter. Due to the embedded and modular structure of
the algorithm, both adaptive time-step and adaptive order are easily implemented
in a code based on a backward Euler time discretization. Extension of the method
and analysis to yet higher order time discretization is important as is exploring the
effect of time filters on other methods possible for Step 1 of Algorithm 1.1. Analysis
of the effect of time filters with moving and time dependent boundary conditions
would also be a significant extension.
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Appendix A. Velocity Error Analysis

A.1. Proof of Lemma 9.

Proof. By Taylor’s theorem with the integral remainder,

D[u(t™+1)] — Atuy ("4 = gu(t"H) ~ Atuy (£

n+1 n+1 Atz n+1 1 " n 2
72 U(t ) — Atut(t ) —+ TUtt(t )) + — » Uttt(t)(t — t) dt
tn
1 1
b (W) 280 () + 282w (7)) + / e (B (71 — 1)2at
tn+l
tn+1 tn+1

1
= / um(t" - t)2dt — */ Uttt(tn_l — t)2dt
tn 4 ¢n—1

These terms are first estimated by Cauchy-Schwarz.

g+l 2 g+l gl At5 g+l
/ e (B) (" — t)2dt | < / w2, dt / (t" —t)tdt = — w2, dt.
tﬂ. tTL tTL 5 tTL
1 gl 2 1 el gl
- HE —)2de ] <= 2 dt/ T At
16 /t, it (£)( ) =16 /tm uedt | )
oA [
(A1) =5 ) u,dt.
t’!L*
Thus,
n+1
Dlu(t" )] 1 2 6 s [ 2
A (") < ZAt / u?,,dt.

Integrating with respect to x yields the first inequality. Next,

TRt )] — (™) = Sult™) —u(t") + Ju(" )

n+41 n—1
1 t t

1
- - / ug (1) (" = t)dt + = / ug (1) ("1 — t)dt.
2 Jin 2 Jin
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By similar steps,

At
3
t" 2 3
(/ wg (8) (1" — t)dt) < ATt
tn—l

Therefore,
2 A U
(A.2) (Iu(t" )] —u(t"th))” < T/ udt.
tn—1
The last inequality can be proved using the same strategy. (I

A.2. Proof of Theorem 10.

Proof. We prove this for Option A. A parallel proof exists for Option B. At ¢"t! =
(n + 1)At, the true solution of (1) satisfies,

(l)[u(At;H_l)]’ Uh) + b (I[u(tn‘i‘l)]) I[U(tn+1)]’ Uh)

+v (VI[u(t”H)], Vvh) — (p(t"“), V- Uh)
= (f"+1,vh) + T”+1(u7p; vn) Yup € Xp.
Subtracting (12) from (A.3) yields
n+1
<D[Z‘t ]wh) +0b (I[efj“], I[u(t"+1)],vh)
+ b (Iup ™, I ™), vp) + v (VIelt], Vo)

— (g™, V- o) = 7" (u, i vn).

(A.3)

(A.4)

Decompose the error equation for velocity
(A5) ulten) =™ = @ =B @ ) = g

where u”+1

€ Vj, is the best approximation of u(#"*!) in V}. Similarly, we let
AT € @y be the best approximation of p(t"*!') in Q. That is, they minimize
lu(t™ 1) —v||x and ||p(t"*T1) — q||, respectively.

Set v, = I[¢7"!]. Using the identity (10) with a = ¢}, b = ¢}, ¢ = ¢},
(A.5), and applying (A, V- ¢,,) =0 for all A\, € Qp, equation (A.4) can be written

4At(||¢>"+1||2+||2¢>’“rl e A

4At<u¢hn2+nz¢h Al D
b6 = 207 4+ 6 2 + VIV I
(A6) D n+1
= (P o) = b (e e ) 167

=0 (T ™ L™, 20 ) = b (L™, L[u(e™ )], Loy ™)
4 (p(thrl) _ /\n-i-l AV [¢n+1]) (VI[ n+1] VI[¢ ])
", T ).
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The next step in the proof is to bound all the terms on the right hand side of
(A.6) and absorb terms into the left hand side. For arbitrary ¢ > 0, the first term
on the right hand side of (A.6) is bounded in the following way,

(A?) . (D[ﬂnﬂ]’l[ Z+1]> < i D[U"H}

At

At ~ 4e

+€||VI[ el

The first nonlinear term can be bounded as

—b(f[ L (Y] I(en ) < O gn PN [ D)2V g I

(A'S) n+11)2 +1 n+11)2
< —||1[ PN [u(E D5 + eV ITon I

The second nonlinear term is estimated by rewriting it using (A.5) as follows

= (Tl 1 ™, 2[03 1) = b (Tfu(@™ )], 2™, Tep ™)

A9
O L) + b (T T, T ).

then find bounds for all terms on the right hand side of (A.9). We bound the
third nonlinear term in (A.6) the same way as the first nonlinear term in (A.9).

—b(I[u(t”Jrl)] ][n”Jrl] I[ n+1])

C2 n n
< E\\UII VI + el VT +1]||27
and
(A.11) b (I[p™ ™, I, I[gp ™) < HVI[ P+ e V[t

Next, by the inverse inequality, approximation assumptions, and Lemma 3,

b (117 ) 10+, i)

< CIVIE IV Il 9 167 )
(A12) < Cn g I T IV TIen |

< CleE (eI 163

< *III[ n P T IS + el IToh 1.

The pressure can be bounded as follows
(A.13)
2

(p(tn-i-l) _ )\Z+1,V X I[quJrl]) S g

1 1P = A+ eV g

Then we can bound the term after the pressure,

(A.14) —v (VI["™], Vg "]) < %HVI[ P+ IIVI[ IR



ADAPTIVE DISCRETIZATION FOR FLUID FLOW PROBLEMS 277

Next we will bound all components of the consistency error 7% (u, p; I[¢7+]).

(819 <o) 2O i nig )
At

n+1
< 47{5” [ (t + )] ut(tn+1)||2+€”v][ n+1]||2

v (VI [u(™ )] = u(t™), VI[g ™))
(A.16) c? +1 +13Y(12 n+11)2
< 22 IVULEO) = u(E D" + el Vo I

The nonlinear term in T"+1(u p 1| n+1D

is then estimated as follows,
b (2fu(e" )], 2t )], 2lg7 1) = bl u(@+), 2ig; )
=b (ITu(t" )] — w(t™*Y), Iu(t™ )], I[o; )
+ b(u(t" ), u(t™)] = u(t™1), 163 )
AAT) <) — w@ )V N (VI + [ VuE )

S%HV(I[U(tn-&-I)] - U(tn-‘rl))HQ(HVI[u(tn-i-l)]HQ + HVu(t"“)HQ)
+ el VI[gp P

Set e = 15. Using (A.7) to (A.14) in (A.6) yields
(A. 18)

4At(||¢"“||2+||2<;b"“ Shll* + 10 — ornll?) + *HW[ pal

- m(\whuz + 11267 = 6571+ llgk — o) + ml\(ﬁ”*l —20h + ¢ |?
<ot (P2 g e
o VB2 + VTG + o) - A2

Dlu(t+)

VI 4 2
IV )] = uE )
IV = we ) PT T + [T )).

—ug ("2
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2
Let k = CMT“”. Assume At < é, summing from n = 1 ton = N —1 and applying
the discrete Gronwall lemma we obtain

(A.19)
||¢2V||2+||2¢hN— n P+ len — o P
N-1
+Z3II¢”“—2¢Z+¢ P vae Y VI
n=1
Atr(N—1) n+1
Se( )(|¢h|2+|2¢h I + 19} - ¢h||2+cmz|\ Pl
N-— N—-1
+ CAL([|ul% 1 +v?) Z IV I 1 + CAt > VI
n=1 n=1
N-1 N-1
Dlu(t"+1)]
A n+1y _ yn+12 A _ n+1y(2

+C t;\lp(t )= AP+ C t;II A uh)

N-1
+CALY V(I )] = u@t)|1?

n=1

N-1
+CALY VI )] = w@™ )PV a1 + IIVU(t"+1)|I2))-

n=1

The first three terms can be bounded as

16817 + 11265, — éul1* + llon — &3l

< C(Jlultr) = ub 2 + (ulto) — u)II®) + CH**2ull g gy
We bound the fourth term in (A.19) as follows

(A.20

n+1 n 1/, n n—1
—n") =z ="
At Z 2 A Z 12! — 2,
(A.21) o
< OZ / I 2ds < CH2*ug|2 1
and
(A.22)
N-—1
Al + %) S IV
n=1
N—
< OA(ul y + v >max{ } Z (V112 + 902 2 + 1957 1P)

k k
<CAch2 [Ty = CR*||ull]3 1
n=0

Similarly to (A.22), we also have

N-—1
(A23) ALY VI "+1}\|4<0At2h4k|| " k1 =
n=1 n=0
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Observe that
N

(A.24) ALY T p(E ) = NP < R [pll[3 -
n=1

The terms from consistency error are bounded using Lemma 9.

tn+1

= Dlu <t" D) -
ae S P we P <oadt Y [ ul
n=1 n=0 n
(A.25) SOA Jugge[3,0-
N—-1 gntl
At Z IV (Iu(+h)] — u( )2 <oatt S / Ve |2dt
n=1 "
(A.26) SOAE | Vugef30-

At Z IV [ )] = u@ ) PAVI[uE DI + [Vu(E)])

N-1 g+l
(A2 <Oat Y (VI D) + [Vu DAL [ [Vl
n=1 e
N-1
< CAM |Vl 3 Vel dt = O s
n=1

Combining (A4.20) - (A.27) gives

N— N __ N-
||¢hN||2+||2¢hN* A e oA A
N-1

+ Z Bllon ™ —20h +on I FvAL Y IV

n=1

SC(IIU(tl) = up|* + l(uto) — up) I + B2l 3 kia

+ h2k+2HUt||§,k+1 + h2k|||u|||2,k+1 + h4k|||u|||4,k+1 + h25+2|||p|||§,3+1

(A.28)

+ A (lura 30 + [ Vuurl3o ).

We add both sides of (A4.28) with

N—1
™ 1%+ 120N = NP (N = N TR D 3t = 2
n=1
(A.29) . 1
At v n —,on—1 2'
+v Z [ ="+ 5" |

and apply triangle inequality to get (21). O
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Appendix B. Second Order Error Estimator

This section justifies the use of ESTs as an error estimator for the second order

approximation. A Taylor series calculation shows that the second order approxi-

mation y?;)rl in Algorithm 2.1 has the local truncation error (LTE) (for constant

stepsize)
1 1
IEE:—Aﬁ(#W+2@M)+O@#)
Consider the addition of a second time filter,
@ _.n
Step 1 yn+it Y = f(tn-‘rl? y?l—;l)7
(A.30) Step 2 vt =t - 3 Lt -2 )

Step 3 Yn+1 = y?;)_l — % {y&'ﬁ'l _ 3y’ﬂ + 3yn71 _ yn72} )
Another Taylor series calculation shows that the induced method has the LTE of
1
LTE = —AtS fyy” + O(AtY),

thus, y,+1 yields a more accurate (still second order) approximation, and
2 2 _ _
EST2 = y?;)*l — Ynt+1 = ﬁ {y;ll _ 3yn + 3yn 1 _ yn 2}
gives an estimate for the error of ¥, 1. This is extended to variable stepsize using
Newton interpolation, and written with stepsize ratios in Algorithm 2.1.

This is a nonstandard approach since one would normally use a higher order
approximation to estimate the error. However, this is simple since it requires no
additional function evaluations or Jacobians, and does not require solving a system
of equations. Interestingly, (A.30) remains energy stable, and could be useful as a
standalone constant stepsize method.
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