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ANALYSIS OF A SECOND-ORDER DECOUPLED
TIME-STEPPING SCHEME FOR TRANSIENT
VISCOELASTIC FLOW

S. S. RAVINDRAN

Abstract. In this paper, we propose and analyze a decoupled second order backward
difference formula (BDF2) time-stepping algorithm for solving transient viscoelastic fluid
flow. The spatial discretization is based on continuous Galerkin finite element approxima-
tion for the velocity and pressure, and discontinuous Galerkin finite element approximation
for the viscoelastic stress tensor. To obtain a non-iterative decoupled algorithm from the
fully discrete nonlinear system, we employ a second order extrapolation in time to the
nonlinear terms. The algorithm requires the solution of one Navier-Stokes problem and
one constitutive equation per time step. For mesh size h and temporal step size At suf-
ficiently small satisfying At < Ch¥*, a priori error estimates in terms of At and h are
derived. Numerical tests are presented that illustrates the accuracy and stability of the
algorithm.

Key words. Viscoelasticity, finite element method, discontinuous Galerkin method, de-
coupled scheme, error estimates, BDF2.

1. Introduction

Time accurate computation of viscoelastic flows are important in many
engineering applications involving non-Newtonian fluid mechanics, see [13,
17, 21]. The Oldroyd-B model is one of the simplest constitutive models ca-
pable of describing the viscoelastic behavior of flows in which the extra stress
tensor is defined by a hyperbolic partial differential equation. The challenges
posed by the hyperbolic character of the equation for the extra stress tensor
such as spurious oscillations warrants care in discretizing this equation. For
the steady state problem, a discontinuous Galerkin (DG) finite element ap-
proximation of the constitutive equation was proposed and analyzed in [2].
In [16], a decoupled algorithm was analyzed for efficient implementation of
the scheme discussed in [2]. In [20], a Streamline Upwind Petrov Galerkin
(SUPG) approximation was employed to discretize the constitutive equation
and an error analysis was presented. For the unsteady problem, a DG dis-
cretization based approximation for the constitutive equation in inertialess
flow was studied in [3]. In [5], a fractional step 6 method for time inte-
gration, combined with Taylor-Hood finite element and the SUPG spatial
discretization is presented. An implicit backward Euler time discretization
and continuous piecewise linear finite element in space for three field S-
tokes problem is discussed in [1]. In [22], unconditional error estimates of
finite element approximation to the viscoelastic flows, with DG discretiza-
tion for the constitutive equation is discussed. With first order implicit Fuler
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temporal discretization and Taylor-Hood finite element approximation for
the velocity and pressure, they derived error estimates under the assump-
tion At < Ch*2. In [9], a first order implicit Euler time discretization and
SUPG discretization for the constitutive equation was discussed and error
estimates were derived under the assumption that At,v < C h%2, where
v is the stabilization parameter of SUPG method. In [8], a Crank-Nicolson
time discretization scheme with a DG approximation for the constitutive
equation presented and error estimates were derived under the assumption
that At < Ch¥/4.

In this paper, we propose and analyze a partitioned time stepping scheme
for the viscoelastic flow model based on second order backward Euler time
discretization. A second order in time extrapolation is used to effect a de-
coupling of the subphysics problems and to have the approximation deter-
mined at each time level by the solution of a single linear system. With
finite element approximation of the momentum equation and DG method
for the constitutive equation, we derive error estimates under the assumption
At < Chd/4,

The rest of the paper is organized as follows: In Section 2, we intro-
duce the decoupled second-order backward difference time stepping scheme
assuming mixed finite element spatial discretizations for the time depen-
dent viscoelastic flow with constitutive equation stabilized by discontinuous
Galerkin (DG) approximation. In §3, we present the error estimates for the
fully discrete approximations. In §4, we present numerical results that illus-
trate the accuracy and efficiency of our algorithm. We close by providing
some remarks in §5.

2. The Oldroyd B model and decoupled time-stepping scheme

2.1. The Oldroyd B model. We consider a fluid flow in a bounded do-
main Q in R% (d = 2,3) with Lipschitzian boundary T. Let p denotes the
pressure, u the velocity, D(u) := %(Vu + Vu!) the rate of strain tensor and
otot the total stress tensor. An Oldroyd’s model of differential type with a
single relaxation time is obtained by setting oot = —pl + 0 + on where o
is the viscoelastic part of the extra stress tensor and oy = 2(1 — a)D(u) is
the Newtonian part, 1 < a < 1. The Oldroyd-B model of viscoelastic flow
then is the following

(1)

2(1 — o) 1 e
atu—TV-D(u)—l—(u-V)u—l—EVp—V'a—f in Qx (0,7
Vou = 0 in Qx(0,7]
Qo+ (u-V)o — 2D(u) + go(o,Vu)+ ¢ = 0 in Qx (0,7

where the function f is the external force and the function g, is defined by

1—a 1+a

(cVu+ (Vu)io) — (Vu)o + o(Vu)'),

ga(o, Vu) :=
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where a € [—1,1]. Moreover T (> 0) denotes time, Re the Reynolds number
and X\ the Weissenberg number.

The solution of (1) is required to satisfy boundary conditions. For the
velocity, we set u = g on I'. Due to the hyperbolic character of constitutive
equation for the stress o for fixed u, we need to apply ¢ = & on the inflow
boundary I'" = {x € ' : u-n < 0}. In order to simplify the analysis,
we assume that g = 0 which implies that there is no boundary condition
necessary for the stress o. The initial conditions are prescribed as

u(x,0) =up(x) and o(x,0) =o0p(x) in Q.

2.2. The weak form. In this section, we define the weak form of (1). The
following notation will be employed. For integer k > 0, C*(Q) denotes the
space of functions k times continuously differentiable in {2 and the space
C*(9Q) denotes the functions in C*(2) bounded and uniformly continuous in
Q2 with derivatives up to the k*'-order, and the space C*1(Q) consists of func-
tions in C*(Q) that are Lipschitz-continuous in © with derivatives up the k-
order. For a Banach space X, we denote by LP(0,T’; X) the time-space func-
1/p
tion space endowed with the norm ||w|| s (0, 7,x) := (fOT lw|% dt) if 1 <
p < oo and esssup ||w|x if p = co. We will often use the abbreviated
te[0,7T
notation LP(X) := LP(0,7;X) for convenience. The symbol C([0,T]; X)
denotes the set of continuous functions u : [0,7] — X endowed with the

norm |Jullco,r;x) = ogltiXT”u(t)”X’ For any integer k > 1, let W*™m(Q)

be the Sobolev space of functions in LP(2) with derivatives up-to the k-
1

m

order endowed with the norm ||¢||; mn = Z / |09 p(x) | dx where
laf<k €
o lad
0¢p(x) = aﬁlla-qu(x)’ a = (a1, ,0q), o >0, |af :== Z;ozi. We de-

note by HF(Q) the space W#2(Q), when m = 2, and drop the subscripts
p(= 2) in referring to the norm in H*(Q). Moreover, we will use the following
simplified norm notations:

[ull := llullr2@)  and  [luflo = [[ullLoe (o) -

We introduce the time discrete space [P(Z) associated with LP(0,T; Z); IP(Z)
is the space of Z-valued sequences w := {wp;n = 1,..., N} with norm
| - lliw(z) defined by

N
(ALD lwnl)? i 1<p<oo
|wllw(z) :== n—1

if p=o00.
113111%XNHwnHZ if p=o0
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We will also use the following spaces
H)(Q) :={ue H'(Q) : ur=0},
S ={r = (rj) | 7ij =755, 7 € L*(Q), 1 < i, j < d}
N{r = (i) |u- V7 € L*(Q), Vu € Hy(Q) },

LE(Q) :={p € L*(Q) : /Qp dQ2=0}
and
Vi={veH}Q) : bv,q)=0, VYgeLi(Q)}.
For later purposes, we recall Korn’s inequality (see [14])
(D(v),D(v)) = Allv[i Wv e HY(Q),

the Poincaré inequality

IVIZ < Ml VVI? Vv € Hy(9),
the Gagliardo-Nirenberg interpolation inequality [7]

Jullzaay < CIVul @l

for 0 < A <1 and % = )\(% — D)+ (1 =X and the Agmon’s inequality
1

11
[uflec < Cllulif flull3  Yue H*(Q)NH(Q).
We define the following bilinear and trilinear forms given by

21 — o) .
T/QD(U) :D(u) dQ2,

a(u,v) =

clu,v,w) = %/Q[(U'V)V'W—(U-V)W-V]dﬁ

= /[(u-V)v-w—l—%(V-u)v-w] a2
Q

1
= —/[(u-V)w-v+§(V-u)v-w] aQ,
Q
for all u,v,w € H(Q) with (u-n)v-w =0on I', and
b(v,r) = —/ rV - vd§ for (v,r) € H'(Q) x L3(Q).
Q

A weak formulation of the problem (1) is derived by multiplying (1) by
test functions and integrating by parts.

Definition 2.1 For a given f € L2(0,T; H1(Q)) a triple (u, o,p) € L*(0,T;
H{(Q)) x L2(0,T;S) x L*(0,T; L(Q)) with (0pu, d0) € L0, T; HH(Q)) x
LY(0,T;8") is said to be a weak solution of (1) if
(2)
(@, v) + a(u,v) +c(u,u,v) + 7o (0,D(v)) + b(v,p) = (f,v)
b(u,q) =
(Opo, ) +

M= O

(0,7) — 2(D(u),7) + (u-Vo,7) + (9(c, Vu),7) =0
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for all v.€ H}(Q), ¢ € L&(2) and 7 € S. For existence and stability results
for the solutions of problem (1) and the corresponding creeping flow problem
(neglecting the inertial terms) the readers are referred to [11, 18].

2.3. The partitioned time-stepping scheme. In this section, we for-
mulate a partitioned time stepping scheme for viscoelastic flow model and
derive error estimates for the fully discrete scheme by assuming finite ele-
ment spatial discretization. We begin by describing the finite element spatial
discretization and summarizing approximation properties used in the sub-
sequent analysis.

We assume the domain €2 is a convex polyhedron, for simplicity, and
partition Q into a mesh 7;, with Q = Uger, K so that diameter(K) < h
and any two closed elements Ky and Ko € T, are either disjoint or share
exactly one face, side or vertex. Suppose further that 7, is a shape regular
and quasi-uniform triangulation. To discretize the Oldroyd B model in space
by the finite element method, we select finite element spaces

velocity : X, C H(l)(Q), pressure : @ C Lg(Q), stress : Sp C S,

where

X, :={veC(Q) : v|x € P(K),VK € Tp},
Sy ={0 : 0|k € Py(K),VK €T},

Qn :Z{p S C(Q) : p‘K S Pk_l(K),VK S ﬂl},

Vh ZZ{Vh c Xh : b(Vh,Th) =0 Vrh c Qh },
and Py, is the space of polynomials of degree less or equal to k on K € Tp,
see [6] for details concerning such finite element discretizations. We as-
sume that (X, Qn, Sp) satisfies the following approximation properties: for
(w,r,7) € H*1(Q) x H*(Q) x H(Q), we have that there exists inter-
polants (mpw,m,r) € Xp X Qp and 7,7 € Sy, such that

Iw — mpwl + RV (W = mw)|| < CREH|wl

lr = mnr|l < C Rl
and
17 = mp |l + AV (T = )| < CRTH 7 ]lgr -
The finite dimensional subspaces are assumed to satisfy the so called inverse
inequality [4]: For any integers [ and m (0 < ! < m < 1) and any real
numbers p and ¢ (1 < p < ¢ < c0) it holds that

(3) [l < chl=mHEATTLPN |1y ey, € X,

Moreover, we assume that the fluid velocity and pressure spaces X;, and
Qp, satisfy the following discrete inf-sup condition necessary for stability [10]:
inf sup b(vp,qn) > >0.
ah€QR v, eX),
We will employ the discontinuous finite element method to discretize the

constitutive equation. To this end, following [2], we introduce 0 K~ (u) :=
{x € 9K,u-n <0}, where 9K is the boundary of K € 7} and n is the
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+
outward unit normal to 0K, and 7~ (u)(x) := lim 7(x+ eu). Moreover, we
e—)Oir
define
(0,7 =Y (0.7)k
KeTy
+ o+
@ = 3 [ (o @ )l nlds
Keﬁl 6K7(11)
+ + o+
(O N =100 Dhus I7llorn == (D I7l8.0r)"*
KeTy

We approximate the convection term (u- Vo, 7) by means of an operator B
on Xy x S, x Sy, defined by

B(u,7,0) = (u-V7,0),+ %(V ‘ur, o)+ <7t —=77,0" >p,
= —(u-Vo,71)— %(V ‘w0, T)+ < T 07 — 0T >p,,
see [15]. The last equality implies that
Blu,mym) = g — T M
Further, we divide the time interval [0,7] into N subintervals [t,,t,+1]
(n=0,1,2,...,N — 1), satisfying
O<tp<ti<tbo<...<tn1<ty=T.

Let At :=t, — t,—1 be the time step and let ¢"(-) be a given algorithmic
approximation to ¢(-,t,). Let D(¢"*!) denote the 2-step backward difference
operator
o 3¢n _ 4¢n—1 + ¢n—2
Do) = 2At

and Z(¢"+1/2) denote the extrapolation operator Z(¢") := 24"~ — "2,

Based on the weak form (2), the proposed decoupled time stepping scheme
is as follows.
ALGORITHM 2.1. Given (ui,pl, ot) € X, x Qp x Sy, i =0,1,
find {(u},p},0p) € X, x Qp x Sy, such that

( (Duj,vi) + a(up,va)+c(Z(up),up, vi) + b(va, pjy)
+ (Z(OR)D(vi)) = (", Vi) |
(4) b(uj,rp) = 0,
(Do}, ) + (o, )+ B(Z(a}), o}, ) — 2 (D(u}), 7,)
+ (94(Z(0p),Vup), ) =0,

YV, Thyh) € Xp X Sp X Qp, forn = 2,...,N. Algorithm 2.1 employs
a two-step BDF2 discretization for the time derivative terms. A two-step
extrapolation in time is used to uncouple the system into two subproblem
solves. We note that the method is decoupled but sequential: 02‘1 — uy —
o -
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3. Error analysis

In this section, we discuss the accuracy and convergence of the scheme.
To this end, we assume that the exact solution satisfies the following.
Assumption A1l. The exact solution (u,p, o) of (1) satisfy

u e C([0,T]; VWL n HY0, T; H1(Q)) n H3(0, T; L(Q)),
o e C([0,T]; SN W) n HY0,T; H(Q)) N H3(0,T; L*(Q)),
p € C([0,T]; L§(2) N H*(2)).

We will also use the following induction hypothesis in the sequel:
Assumption A2 (Induction Hypothesis). The approximate solutions
uz_l and UZ_I satisfy

b oo s llop oo < K
We define the Stokes projection as follows. Given (u,p) € HY(Q) x LZ(€),

we define the Stokes projection (uy,, ]_oh) € X9, X Qp as the solution of the

problem

) a(u—uy,vy) +b(vh,p—p,) = 0 Vv, €X,,
b(u—uy,m) = 0 VrpeQy.

Using the H?- regularity property of the Stokes operator in smooth domains

and a duality argument, we can show the following approximation property
holds:

(6) lu—wlli+llp—p, I < ch*([ulless + lIpllk) -
Recall Gagliardo-Nirenberg’s interpolation inequality yields

1 1
[8llo,00 + [[¢ll1,3 < CllolI7 5 -

This together with H2-regularity of the Stokes operator in regular domains
yields

(7) [9plloe + llupllis < c(lfall2 +pll) -
We also need to estimate the following two quantities in error analysis:

First by Taylor expansion with integral remainder and by Cauchy-Schwarz
inequality, we have

H5t<l5(tn)t— ,D((Zs(tn))H
1 / " { 2 1 2} 3
< = 2t —th_1)2 — =(t —th_2)? s D dt

) Iong ) (20t~ 50— tna)? g Ot
C(AY 202D ()| 126 005220 »
where (t — t,—1)+ = max ((t — t,—1),0). Similarly, for the extrapolation op-
erator Z(¢"), we can show
(9) IZ(6™) = @™ s < CAD |0 S| 12t i1 -

We also cite a discrete Gronwall lemma which is useful in our analysis in
the sequel.

IN
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Lemma 3.1 (Discrete Gronwall lemma [12]) Let d, At, {a,}n>o0,
{bn}n>0, {¢n}n>0, and {dy }n>0 be nonnegative numbers such that

an+Ath:b,- < Atzn:d,-ai—i-Ath:ci—kd,

for n > 0. Suppose that Atd; < 1 for all i. Then

an—i-Ath < exp (Atz - _dAtd ) (Athler)

=0

for all n > 0. A proof of this result can be found, for e.g, in [12].

Under the preparation above, we can obtain the following error estimate
for velocity and stress tensor.
Theorem 3.2 Suppose that the assumption (A1) and (A2) hold with a posi-
tive number hg and a positive integer k and the initial conditions (u},o}),i =
0,1 satisfy

1
Dy =l + [loh, — of|* + At D(u), —w)|* < e(h + 1)

In addition, assume that At < ¢h%2. Then, for [ = 2,...,N we have the
following error estimates

l
[ul — ), |? + At ) ID(u! — u})|* < C(AL* + B + 1)
n=0

and
l
ot = ohlI” + At > [lo' — o}, < C(AL + 1 + 1)
n=0

for some constant C' independent of the mesh size h and time step At.
Proof. Let (uj,p}) be the Stokes projection of (u",p") and of be the
interpolation of ¢™. We set

u” —uy = (0" —up) + (uy - up) =6y + e,

o —op = (0" —ap) + (g, — op) =t €y, + €y,
and

n

p" = pp =" —p,) + (2, = Pp) = €op + €z

Obviously, from the definition of 7, and (6), we have

letnll + llebpll < CR*, gyl < CheT and [l ln < CR*.
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Below, we need to only estimate e]; and e%;, in the required norms. Sub-
tracting (1) from (4) and using the definition of Stokes projection, we have
(10)

(Dely, vi) +alely, vi) +b(vi,ehy,) = (€}, vh)
+ (Opu" —Dup,vy) Vv, € Xy,
b(efy,rn) = 0 Vry € Qn,
(DeghaTh) = (8t0'n - DQZ,Th) + <§;?,Th> + <§ﬁ,7’h> Y1, € S),

at each time step t,,, where &}, E}T: and é\g‘ are defined by

<g}77 Vh> = C(un7 un’ Vh) - C(I(HZ)v uz’ Vh) + ﬁ(an - I(O-Z)v D(Vh)) 3
(&n.m)) = Bu"o",m)— BI(W),0f,m),
and
(&rm) = (galo™ Tu"), ) = (9a(Z(o}), VR), 73)

+ R D(u)) - D), m) + 30" = of )
We further decompose the error terms &}, g}f and g}f as follows:
(&, vy =c(u™,u"” —up,vp) + c(u” —I(u"),u}, vy)
+ o(Z(u") = I(up), ug, vi) — c(Z(efy), up, va)

(11) - C(I(gﬁ),e?h,vh)—C(I(e?h),e?h,vh)
7
+ (0" = (o), D(va)) = Y (& va)

\ =1

(12)
(&) = BE(W),0" —jim)
+ B(u"—-Z(u"),0" )+ B(Z(u") —Z(u}),o", )

5
— B(Z(eY,), 0", m) — B(Z(ul), el ) =: Z <§;l77h> .

and

(13)

(Erm) = (90" = Z(0™), Vur),m)

(ga(I(Un) - I(UZ)’ Vun)v Th)

(9a(Z(o}), V(u™ —u})), ) + Z2(D(u) — D(u™), 73)
6

- QnaTh) - %(eg}pTh) = Z <§in77—h> .

i=1

+ o+

_l_
=
Q

3
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Now setting (v, 7,) = (e}, e4,) in (10) and using the skew symmetry of

the trilinear form c(+,-,-) and coercivity of B(-,,+), we obtain

(14)
(

-

2(1—
(Delyef,) + 222D (ef,)[2 = (G — Duf, e, ) + Z £, ely)
2755,2756

+ ,—
(Deyy,, ex,) + )\||e3h||2 <<egh — ey, >>%L,egh = (010" — Day,, e5),)

+ 3 <5;L7 e§h> + i <5in7 e§h> '
We proceed to bound each term on the right-hand side of (14) and absorb
like-terms into the left-hand side. The first terms on the right-hand side of

(14) can be estimated with the help of (6) and (8). By Cauchy-Schwarz and
triangle inequality, we have

(Oru" — Duj,efy) < {|0pu" — Du”| + | Du” — Duj||} [lef,

Also notice since

3 tn tn—1

- 1
D¢" = 5% Ovp dt — 2At/ O dt

tn—1 -2

we have
D" < \/—Hat(bHL tna,tn:L2()) -
Therefore by (6) and (8), we have
(15)
(Oa" —Du",e},) < C{(A)Y2 0l 12, 1. 12())
L (0, D) 21 i1t e | e
Similarly, we can show that

(16) (Geo" = Da"ey) < C{AD21080 121, s 10120
1 L PR Y AR

We now estimate the terms in < 27: €f,e?h>, <Z ,€3h>
i=1
i#5,i76
4

<Z > Using Holders inequality, Gagliardo-Nirenberg’s inequality,
(6 Z) (7) and (9), we obtain

[{ET ) | < Clulalu” = whlhllely lr < ChE|all oy, bme @) lefull

[(E2,€fp) | < Clla™ = Z(u")[([Vugllzs @) + [[uilloo) €411

< C(A)Y2)07ull 2t stz €Tl

CllZ(u™) = Z(ap)lh (gl + Vgl zso)) el

< CR¥|[ullop, o+ et s

| <g3n7 eyllh> |

IN

N
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[Er et | < CllZ(ery)ll([uflloe + [[Vugllzs@))llet, llx

and
[(&Fel) | < C{llo™ = Z(o™)|| + [|Z(ex;,) I} D (el
< C{ADY2)020l L2ty 105120 + [IZ(R)II} D)

Collecting these estimates, we obtain

7
< Z ginve?h>

i i
< C {h’f A2+ S (el + Heé;lll)} lefil

i=n—1

We next estimate the terms in Z?:l <§i",e£‘h> by Holder’s inequality, in-
duction hypothesis (A2), (6) and (9). We obtain

[(Eroe) | < ClIVEllucllo™ = Z(o™) ety
O 21100 121, 2200 il

ClIVu|oo[Z(a™ = ap)ll[le5

IN

(&) <
< C(IZ(e" - )l + 1Z(af — op)Dllet ]
< CT ol (it tnl; a1 () + 1ZCe5) DR,
[(&et) | < CITEDlel T —uf)| + V(g — up)] e, |
< ChFall o, s anmsrr(y + 1RGN,
(& e < OO = wpls + Dy — up) e,

< C(W¥[[ull e,y anpmms ) + IDER) D5,
and

’ <5§= €§h> | < Cllo™ = apll < Chit M olle,_y e Hati(@) -

Collecting these estimates, we obtain
(17)

5 n
S (& e < c{w)w + T B D)+ S |re;,;1|r} el

i=1 i=n—1

Let us next estimate the terms in Z?Zl <§Z”, e§h>. First notice that by the

continuity of 0" — g}, we have that

(1.5 = (TaR) - V(0" — o), ) + 5 (V- T(af) (0" — of), ).

Therefore we estimate it as follows

on n n n n 1 n n n n
(& e < (1T (6" 2 + 51Vl - b1 Il
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Employing the inverse inequality (3), induction hypothesis (A2) and the
approximation property, we obtain

(Een)l < Tl Vo™ = ap)

+ Ch Y Z(u)lloolle™ — gl } lless]

< Chollo(t,r ta);marr @) llesll -

For the term <5~2”, e§h>, using the divergence free property of u™ and the

continuity of o, we can write it as <5~’§L’ e§h> = (u"-Z(u")-Vo", e}, ). Thus
estimating as usual, we obtain

[(&.e) | < ClIVOloclu™ = Z(um) ety
< C(A*2)|0Rll 2,y r2 €l -

Similarly for the terms <€~§L, e§h> and <gf, e§h>, by the continuity of o, we

can estimate them as
(& e )| < LIV ool T = up)l| + 40" oo [T (" — |1} e,

Ch¥[all o,y a1y les |

IN

and
[(Erei)| < LIVl Tl + o™ ol VI (el } el

Collecting these estimates, we obtain

4
=1

< C {h’“ R (AO)Y2 Y (leg, I+ HD(eiEl)H)} lleznll -

i=n—1

Employing the preceding estimates and (15)-(17) in (14) and using Young’s
inequality, we obtain
(18)

n
1— i i
(Defy.efy) + L2 [Deef,) 2 < O lleln! + lleiz 1) + 17

i=n—1

(Degy i) + sxlleinll® + 5{(esi” — el Nhen < T3

n+1 ' n '
+ OLY e 1P+ Y llet %)
i=n—1 i=n—1

+ U Z ID(el, I

i=n—1
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where

hgk h2k
n= Oy {(At)3 + 5+ h%} and T = Cy {(At)3 + 5t h + h2q} :

Notice that by the regularity assumptions on the solution (u,p, o), we have
that

N
(19) ALY (YT +T5) < C((At)* + B + 127,
n=1

Thus adding (18); — (18)2 and summing the result from n = 2 to m, we
obtain

(20)
% n n n n —« S n At % n
ALY ((Dely Dey), (el e5)) + Gt el * + 55 D llefl?
n=2 n=2 n=2
+ G (e — e )’
n=2
< C((AD)* + h?* + p%)

+ CAtY (lefull + llesu ).

n=2

Finally notice that the BDF2 operator D satisfies the identity [19]
(21)

S OAUD(P"),¢") = ™+ §l126™ — o™ — Fl1612
n=2

— GlI28t = @02+ 1Dl — 20"+ 4"

n=2

Therefore, applying the discrete Gronwall lemma (Lemma 3.1) to (20), we
obtain that

I(eT},, ez
m

1—a)At At —
+ SR IDeRl? + 5 D Nkl
n=2

n=2
< CO((At)* + h?* + p29).

The required error estimate now follows from (6) and triangle inequality. ll

Verification of induction hypothesis (A2) Assume (A2) is true for
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n=1,2,...,m—1. By interpolation properties, inverse estimates, and The-
orem 3.2, we have

it lee < flug" — 0™ oo + 0™ [|oo

(22) < ot = ui e + g — u™ o + f[u™{|s
< ChP[lup — || + [luf — ™| + M
< Ch™2[(At)? + h¥ + h9] + M.

Therefore, if we set k and ¢ such that k — d/2 > 0, ¢ — d/2 > 0 and At,
h such that At < h%4/C then (6) implies |[uf|lo < M. Similarly, we can
show [[o} |lc < M.

Theorem 3.3 Under the assumptions in Theorem 3.2, the approximate
pressure pp, in (4) satisfies

C
P = pallizz2 @) < E(At2 + h* 4 he),

for some constant C' independent of mesh size h and time step At.
Proof. By the discrete inf-sup condition, it follows from (10); that

(23)
1 b(vh,e" )
leg,ll < = sup =2
Bviex, valh
1

7
— sup —— ¢ (Opu" — Duy,vy) + El vy ) — (Dely, vi)
B vnexy [[valh { " ; 1h

— alefy, vn)}
where £, i =1,...,7 are as defined in the proof of Theorem 3.2. We can
estimate the first term on the right-hand-side of (23) as we did in (15) to
obtain

hk
24 ou”™ — Duj,vy) < C At3/2—|——} vl -
ey -t <@ 2
7
The terms in < Z &, Vh> can also be estimated as in the proof of The-
i£5 16

orem 3.2 to obtain
(25)

7 n ' '

(3 ermizedur@mn e 3 i hm,
i=n—1

i£5 16
Let us next estimate (£, vj,) and (EF, vp,). First notice by Theorem 3.2 and
inverse inequality, we have that
(26)

lef,lli < Cmin{|[el, ||/, [lef,[l1}

< Cmin{(At? + h* + 1) /h, (A2 + hF + h?)/(A)} < C.

N
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Therefore by Holder’s, Gagliardo-Nirenberg inequality and (26), we obtain

&S, vy | < CUZ@) s + I Zi) o @))€ ll1llvall,

27 n n n n

B0 Hegvn | < clzelhledilval < CIZE)val
Therefore employing estimates (24), (26) and (27) in (23), and estimating the
last two terms on the right-hand side of (23) by Cauchy-Schwarz inequality,
we obtain

Iesall < C{h’“ Jxit ( At‘”’“Zue il

2
+ ialllery I+ llesy 10 + HDeth}

The required error estimate now follows from the last inequality by using
Theorem 3.2 and triangle inequality. |
Let us next derive optimal error estimates of the time derivatives of the
velocity and use it to improve the error estimate of the pressure.
Corollary 3.4 Suppose the assumptions of Theorem 3.2 hold and assume
u € H*0,T;HY(Q)) and o € H?(0,T; H(Q)). In addition, assume the
1

initial conditions u} ,i = 0,1 satisfy Z |u(t;) —ui|j; < h* and b(ul,rp) =
0, Vrp€ Qp.Then forany h € (0, li;]othe approximate velocity uj satisfies
181 — Duy |22y < (A + BF + h9).
Moreover, we have
[w — wplfiee (111 (02)) < (At + 1F + hY),

for some constant ¢ independent of the mesh size h and time step At.
Proof. Putting v, = D(e]},) into (10) yields

(28)  |Defy|? + a(ely, Dety) = (Dpu(tn) — Duy, Defy) + (€5, Dely) -
Let us use the identity

n n _1 2 n n—12 n—1_ n—-2)2
(D(6"),6") =5 D(16" ) + 5 16" — 62 — 6"~ — 6]

n n—1 n—22
Fgllen 26

to rewrite the bilinear form a(-,-) on the left-hand side of (28) and also split
up the nonlinear term (£;', D(ef,)) on the right-hand side of (28) as we did
in the proof of Theorem 3.2. We obtain

1 —
ID(egy)II? + L2 D([Dety, ) + Rem[II]I>>(elh—6?h1)ll2

_ 1 _ _
—ID(e};, " — el )% + éReZt”D(elh el +el )
7

= (9pu(tn) — D(up), D(e}y)) + Y (€, Dlely)) ,

1=1

(29)
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where £, i = 1,2,...,7, are as defined in the proof of Theorem 3.2. The

first term on the right-hand-side of (29) can be estimated as in the proof of
Theorem 3.2 to obtain

(Opu™ — Du", D(e}y,))
C {(At)*2(|03ul| 21,y 10512(02))

k
+ \?Tn(atu’ 8tp)||L2(tn72,tn;Hk+1(Q)XHk(Q))} ID(er)ll -

IN

7

We estimate Z (&', D(el},)) as usual using Hélder’s inequality, Gagliardo-
i=1

Nirenberg inequality, (6) and (9). We obtain

(&1 De)) | < Cllultn)lloo + [[Vultn)llzs)[ultn) — wpll[[D(eqy,)]]

< O )l s w1 @yx ) IPEDI
(€3, D(e)) | < Clluty) — Z(uta))l1(lluilleo + [IVugllzs) 1 D(ef)) |
< C(AY2|02l r2w, e ) 1D

< Clupllos + IVag|[za)IZ(™ — up)ll1 [ D(e,)
< Ch¥[(w,p)l e, s inpme+1 @) < it D€
| (€4, D(ein)) | < clllupllee + [[Vupllzs) IZ(eTy) 11D (ef)]l

(€5, D(efh))

and
| (€5, D(efy)) | < c([|Z(up) oo + VZ(ui)lizs)llets 1 1D (e1n)]] -

From the inverse inequality (Assumption (A3)) and Sobolev inequality, it
follows that

_d
(30) [6nlloe + IVonlla) < ch™ s dnlly Voy, € X"
Using (30), we can estimate (N, D(e},)) as follows
(& Dlet)) | < [IZ(efy)lloe + IVZ(eTy)la]llety [P (efy)l]

_d n
< cHlletulhl[Z(ery)lih™s [|D(e,)]l -

(31)

Alternatively, we can estimate (Ng,D(el})) as follows
(32)

‘ <5(7517D(e?h)> ’ = ’%C(I(e?h)ae?hae?h_l)’ + ’ﬁc(l(e?h)ae?hae?h_2)’
STl el + 2.

Combining (31) and (32), we have

IN

2

(33) (€8 Def)) | < el Z(ef) LDl + D llety I,
1=1

where

., d _ n
(34) o = min{h” 5, (A1)} el |1 -
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In order to estimate (£7,D(e]},)), we first write it as

(€7, Dletn) = —(V- (0" =I(o})),D(ey))

Then by Cauchy-Schwarz inequality, we have

(&, De)) | < Cllo™ =Z(e")|lL + [IZ(0™ = ap)llh + [Z(ex5) TP (e
ClUA 2070l 2t s 111.(2))

+ BNl ot tags i 1() + ot Il TP -

IN

Employing these estimates in (29), we can write it as

|| (e h)” (HDemH)
(35) + ReAt[”D(eh_elh )”2 HD(em — ey, )H]
+ 2ReAtHD(elh_2elh + el )|
< C{/VnHI(elh)Hl—i_an}v
where
Qn = (At) H83uHL2 b 2.tniL2(Q)

+ At ||(8tu7 atp)||L2(tn72,tn;Hk+1XHk)

+  hH|(u, p)Hz C([tn—2 tn];HF+1x HF) +h2kHUH2 C([tn—2,ta); H 1)
+ (Ar? HOZJHL?(tn st T OO 1070lTo o)
+

Z ety 1% + Z ez *1I% -
i=0 i=1

Notice bythetelescoplng property and the identity 3||al|?—%||b[|*+|la—b[* =
slall® + (\/_a— L_b)2, we have

AP D)+ F [lem — ¢t = llon ! — o2 ]}
(36) "~ 1 2 1 12 12
= alle™IP + al2em — 67 P - gl

— aml2et — "%
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Therefore summing from n = 2 to m and using the assumption about initial
approximations, we obtain

(37)
“ n —a m l1-a

S DE)P + S e + Lo
=2

2Re

12D(ef}) — D(ef; ]

m
1— — —
+ G ID(ef, — 2ef + ey )
n=2

< C {Z At Z(eD)IT + D anAt + h%} .

n=2 i=2
By the regularity assumptions on the solution (u, p, o) and the error bounds
of Theorem 3.2, we have

N
(38) ALY oy < C((AH* + b2 4+ h2) .
i=1
Moreover, by (34) and the error bounds of Theorem 3.2, we have
N ] N
AtY 47 < min{h75, (A)T2RALY el |1
i=1 =1
C'min{h~5, (At)"2} (A2 + h2 + (At)Y)
C'min{h?*=5§ + K25 1 (At)?} < C.
Therefore by applying discrete Gronwall lemma to (37), we obtain
(39)

ALY D)2+ YR D(er;))? +
=2

<
<

(1-a)
Re

12D(ef},) — D(eg, I

m
1— — —
+ GG Y ID(eln —2ef; ! + el )
n=2

< C((At)* + h%k 4 h29),
It now follows from (39) and (6) that
ALY D) = Dup)|* < C((AH* + b + h20)
(40) n=2
o —wi i < C(AH"+ A2+ h20).
Finally (40); and (8) yields
||8t11 — Duh||l2(L2(Q)) S C(Atz + hk + hq) .

O
Corollary 3.5 Suppose the assumptions of Corollary 3.4 hold. Then the
approximate pressure p} in (4) satisfies

Ip = prllizz()) < C(AE + h* + hi).
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Proof. A proof of this Corollary can be furnished by arguing along the
same line as in the proof of Theorem 3.3. Therefore we only sketch it here.
It follows from the error bounds in Corollary 3.4

(41) At||Del |12 < e((At)* + b2 4 h29) .

Therefore using (41) in (27), we obtain the required estimate. 0

4. Numerical results

In this section, we present two numerical examples to demonstrate the
convergence and stability of the algorithm proposed in this paper. The spa-
tial domain 2 is partitioned using a structured triangular mesh. The spatial
discretization is effected via the (P, P, Podc) element, i.e., the continuous
piecewise quadratics and continuous piecewise linear finite element spaces
(Taylor-Hood finite element pair) for the fluid velocity and pressure approx-
imations, and discontinuous piecewise quadratics for the stress tensor.

4.1. Example 1: Accuracy test. In this example, we report some nu-
merical simulations to test the convergence theory presented in Theorem
3.2. Taking the spatial domain to be Q = (0,1) x (0, 1), the time interval to
be [0,7] = [0,1] and the parameters to be Re = 1.0, A\ = 1.0,a = 0, = 0.5,
we consider the exact solution (u,p,o) given by

u = (—(1 — cos(27z)) sin(27y)e ", sin(272) (1 — cos(2my))e "),

oc=2aD and p = (sin(4nz) + sin(4ry))e .

satisfying the divergence free condition. The source terms (right-hand sides),
initial conditions and boundary conditions are chosen to correspond the
exact solution.

The performance of the numerical scheme studied herein is also compared
with the coupled scheme (monolithic, fully implicit scheme) derived by set-
ting Z(u}) = uy and Z(o}}) = &} in Algorithm 2.1. The monolithic scheme
requires a system of nonlinear algebraic equations to be solved using an it-
erative method at each time step. We employ Newton iterative method for
solving this nonlinear algebraic equations and the iteration is stopped when
relative nonlinear residual is less than 1075, For both the monolithically
coupled scheme and the decoupled scheme, a banded Gaussian elimination
is used to solve the linear algebraic systems.

First, we compare the errors with both the decoupled scheme and the
monolithic coupled scheme. In Table 1, we compare both schemes at time
ty = 1.0, with varying spacing h = 1/2,1/4,1/8,1/16,1/32 and fixed time
stepAt = 0.01. As can be seen from Table 1, the error estimates of u and o in
Theorem 3.2 for the orders of convergence in space agree with computational
results.

Moreover, it can be seen that both the schemes achieve similar precision.
In order to determine the order of convergence « with respect to the time
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TABLE 1. Convergence performance of the decoupled and
monolithic (coupled) schemes at time ¢ty = 1.0, with fixed
time step At = 0.01.

Coupled Scheme

Decoupled Scheme

B — o[ oY — o)l |1 —al | oY —of)
% 0.03414835 | 0.02563487 | 0.03425877 | 0.025748644
% 0.00858735 | 0.00657473 | 0.00883213 0.00664378
% 0.00215406 | 0.00166191 | 0.00226471 0.00170401
1—16 0.00054004 | 0.00041678 | 0.00057288 0.00042733
% 0.00013505 | 0.000093346 | 0.00013729 0.00010686

TABLE 2. Convergence order of O(At®) of the decoupled
scheme at time ¢ty = 1.0, with the fixed spacing h = 3—12

At

[u? — u|

Order

lo™ — o

1/20

4.2144355 x 107° | -

3.8766845 x 107> | -

1/40

1.07092779 x 1075

1.9764782

0.98340386 x 107>

1/80

0.27015727 x 107°

1.9869898

0.24761613 x 107°

1/160

0.06780444 x 10~5

1.9943478

0.06204215 x 10~°

step At, we fix the spatial spacing h and use the following approximation

(42)

In Table 2, we list the values of the right-hand side of (42) with a fixed
spacing h = 1/32 and varying time step At = 1/20,1/40,1/80,1/160. As
can be seen the orders of convergence in time are all second order for the
decoupled scheme suggesting that the orders of convergence in time in error
estimates in Theorem 3.2 for the L?— norm of u, ¢ and ¢ are optimal.

4.2. Example 2: Stability test. In this example, we simulate viscoelastic
flow through 4 : 1 abrupt contraction with centerline symmetry, a prototyp-
ical problem for viscoelastic fluid flow. The computational domain is chosen
to be 2 := (0,10) x (0,1) \ (4,10) x (1/4,1). It is assumed that the channel
lengths are sufficiently long for fully developed Poiseuille flow at both the

a =~ log,

IVh arle, tr) = v, a1, 1)

Vi ot () = vy s (s )]

inflow and outflow boundaries,

Lin = {(2.9) -

r=0,0<y<1}

Order

1.9789674
1.9896787
1.9967848
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At= 1/10
———At=1/20
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GJ [

c =
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FIGURE 1. System energy with different time steps: (a) Sys-
tem energy with decoupled BDF2 scheme, (b) System energy
with coupled BDF2 scheme.

and
Powt :={(z,y) : £ =10, 0<y <1/4}.

The parameters Re, o, A and a are chosen to be 1,8/9,0.7 and 1, respectively.
We impose zero boundary condition for the velocity on the channel walls and
specify symmetric natural boundary condition on the centerline (y = 0, 0 <
x < 10) of the spatial domain. Fully developed flow conditions are applied
for the fluid velocity and viscoelastic stress tensor at the inlet but only for
the velocity at the outlet, i.e.,

u=((1-9%/32,00 on Ty, u=(2(1/16—-y*),0) on Tou,
and
g11 = 2)\y2a/256, 012 = 0921 = —ay/lﬁ and 0929 = 0 on Fm.

The discrete system energy defined by E,, := ||[ul?||>+||o?||? was computed
with these data for varying time step size At and fixed Ax = 0.001. In
Figure 1, we present the time evolution of the discrete system energy FE,
for four time step sizes At = 1/5,1/10,1/20,1/40 but for fixed spacing
h = 1/100 until 7" = 20. We observe that all four energy curves show that
steady state is reached for all time step sizes for both coupled and decoupled
BDEF2 schemes. Moreover, we observe that the proposed algorithm is stable
with no restriction on At.

5. Concluding remarks

We proposed and investigated an accurate and efficient second-order de-
coupled time stepping scheme for solving viscoelastic fluid flow system. A
second order extrapolation was used to effect a decoupling of the system so
that two decoupled problems could be solved at each time step. A discon-
tinuous Galerkin finite element method was used to spatially approximate
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the constitutive equation for the extra stress tensor while standard Galerkin
finite element method was used to approximate the Navier-Stokes equations.
A priori error estimates are derived for the fully discrete system assuming
the mesh size Az and time step step size At satisfy At < C h%*. Numerical
results presented confirm the theoretical error and stability estimates.
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