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THEORETICAL AND NUMERICAL STUDIES ON GLOBAL
STABILITY OF TRAVELING WAVES
WITH OSCILLATIONS FOR TIME-DELAYED
NONLOCAL DISPERSION EQUATIONS*

TIANYUAN XU, SHANMING JI*, RUI HUANG, MING MEI, AND JINGXUE YIN

Abstract. This paper is concerned with the global stability of non-critical/critical traveling
waves with oscillations for time-delayed nonlocal dispersion equations. We first theoretically prove
that all traveling waves, especially the critical oscillatory traveling waves, are globally stable in
a certain weighted space, where the convergence rates to the non-critical oscillatory traveling
waves are time-exponential, and the convergence to the critical oscillatory traveling waves are
time-algebraic. Both of the rates are optimal. The approach adopted is the weighted energy
method with the fundamental solution theory for time-delayed equations. Secondly, we carry out
numerical computations in different cases, which also confirm our theoretical results. Because of
oscillations of the solutions and nonlocality of the equation, the numerical results obtained by the
regular finite difference scheme are not stable, even worse to be blow-up. In order to overcome
these obstacles, we propose a new finite difference scheme by adding artificial viscosities to both
sides of the equation, and obtain the desired numerical results.
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1. Introduction

In this paper, we consider the global stability of critical oscillatory traveling
waves for a class of nonlocal dispersion equations with time-delay

(1) %—D(J*v—v)—i—d(v):K*b(v(t—r,-)), reR, t>0,
U(S"T) = UO(Sax)a reR, s€ [*Ta 0]7

where the initial value satisfies

lim wvo(s,z) = vy, uniformly in s € [—r,0].
r—Fo0

This model represents the spatial dynamics of a single-species population with
age-structure and nonlocal diffusion such as the Australian blowflies population
distribution [7, 8]. Here v(t,x) denotes the total mature population of the species,
the function d(v) and b(v) are the death and birth rates of the mature population
respectively, J(z) and K (x) are non-negative, unit and symmetric kernels, J(x) is
the probability distribution of rates of dispersal over distance z. Then J * v(z) is
the rate at which individuals are arriving at position x from all other locations, and
v(x) = [p J(z,y)v(x)dy is the rate at which they are leaving location x to travel
to all other sites. Therefore, the expression D(J * v — v) is the nonlocal dispersion
due to long range dispersion mechanisms [4, 12], where the coefficient D > 0 is the
spatial diffusion rate.
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The advantages of the nonlocal process governed by integral process over the
classical dispersal process modelled by Laplacian lie in the fact that the nonlocal
one accounts for interaction between individual in both short and long ranges,
while the classical one accounts for only local interactions between the neighbor
individuals. Moreover, the nonlocal operator for the initial value problem is not a
smoothing operator. Discontinuities in the initial data are retained [4]. And the
spatial decay rates of the traveling waves at infinity are different in the local and
nonlocal cases [33].

From the classical Nicholson’s blow flies model [9] with the birth rate function
b(v) = pve™® for p > 0 and a > 0 and the death rate function d(v) = dv for
6 >0, and the Mackey-Glass model [17] with b(v) = {727 for @ > 0 and ¢ > 1 and
d(v) = dv for d > 0, throughout this paper, we assume the birth rate function, the
death rate function, and the kernels to be:

(H1) There exist two constant equilibria of (1): v_ = 0 is unstable and vy > 0
is stable, namely, d(0) = b(0) = 0, d(vy) = b(v4), 0 < d'(0) < V/(0) and d’'(vy) >
b (vy);

(H2) Both d(s) and b(s) are non-negative, C?-smooth functions with d’(s) >
d’'(0) >0, |b'(s)] <V(0) for s € [0, +00), but b(s) is non-monotone;

(H3) Both kernels J(z) and K(z) are nonnegative, symmetric and unit,

K(z) >0, K(-2)=K(x), /]R K(z)dz =
and satisfy

/ |z|J(z)e” ™ dr < oo and / |z| K (x)e™ " dx < oo for any 7> 0.
i R

(H4) The Fourier transform of J(z), denoted by .J(€), satisfies that J(¢) =
1 — Kl€]™ + o(|€]*) as € — 0 with o € (0,2] and & > 0, and 1 — J(£) > w(r) for all
|¢] > r and any r > 0 with some positive function w(r) > 0.

A traveling wavefront of (1) is a special solution of the form w(t,z) = ¢(x +
ct), where ¢ is the wave speed. The existence and uniqueness (up to a shift) of
traveling waves for the equation (1) were proved in [10, 37, 38]. The main purpose
of this paper is to study the global stability of traveling wavefronts ¢(x + ct) of (1),
especially the case of the critical wave ¢(z 4 ¢*t). Here the number ¢* is called the
critical speed (or the minimum speed) in the sense that a traveling wave exists if
¢ > ¢*, while no traveling wave ¢(z + c¢*t) exists if 0 < ¢ < ¢*. Let ¢(x + ct) = ¢(&)
be any given monotone or non-monotone traveling waves for (1) with wave speed
¢ > ¢* connecting the two steady equilibria v4, namely,

(&) = D [ J)ote ~ )y - 9(6)) + d6(6)
Q — [ Kole —y—erids, e,
btoc) =i, 9620, ECR,

where { =z +ct, ' = g As summarized in [10], we obtain the following charac-
teristic equation for the pair of (¢, A):

(3) c)\—D/J( “Ndy + D +d'(0) *M/K Ye M dy.
R
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The critical speed c¢* is uniquely determined by
(4) b (0)e=Mer / K(y)e MVdy = c*\, — / J(y)e ™ Ydy + D + d'(0),
R R

(5) —b’(O)e_’\*C*’"/(y + ) K (y)e MVdy = ¢* + D/ yJ(y)e MVdy.
R R
and when ¢ > ¢*, there exist two numbers Ay > A; > 0 such that
(6) b’(O)e*)‘icr/ K(y)e *dy = c*)\i—/ J(y)e MYdy+D+d'(0) for i=1,2.
R R

and

(7)
FA— / J(y)eNdy + D + d'(0) > ¥ (0)e— " / K(y)edy for Ae (A, ha).
R R

As discussed in [3], when V/(v4) < 0 and |V (vy)| < d'(vy), the traveling waves may
occur oscillations around v for the time-delay r > r, where r, given by

b (v [re® ot = 1,
is the critical point for the solution to the delayed ODE
() + d (vy)v(t) = (v+)v(t —7)

and based on Hopf-bifurcation analysis, there will be no traveling waves if the
time-delay r > 7, where 7 is the Hopf-bifurcation point:

. __ n—aetan(FEDP = 7022/ d (04))
VIV (03)2 = d'(vs)?

There have been extensive investigations on the stability of traveling waves for
reaction-diffusion equations with and without time delay [3, 5, 6, 13, 16, 21, 22,
23, 24, 28, 29, 30, 34, 35]. For the reaction-diffusion equations with time-delay
and local dispersal, the first work on the linear stability of the traveling wave for
time-delayed reaction-diffusion equation was given by Schaaf [28] in 1987 based on
spectral analysis. For the bistable case, Smith and Zhao [30] obtained the stability
of traveling waves for local equations by the upper-lower solutions method. Later
then, Wang-Li-Ruan [34] proved the existence and globally asymptotic stability of
traveling wave fronts for equations with nonlocal delay.

Compared to the rich results for the local reaction-diffusion equations, limited
theoretical results exist for the equations with nonlocal dispersion [18, 19, 37, 39,
40]. When the birth rate b(v) is monotone, Pan-Lin-Lin [27] first showed the local
stability for the monotone wave when the wave speed is sufficiently large ¢ > 1
via upper and lower solutions method. Furthermore, Huang-Mei-Wang [10] proved
that all noncritical and critical monotone wavefronts are globally stable by Fourier
transform and the weighted energy method. When the birth rate b(v) is non-
monotone, the equation (1) losses monotonicity and the solution will be oscillating
or even not exists for large time-delay r. In this case, Zhang [37] obtained the
existence of traveling waves with ¢ > ¢* by introducing two auxiliary nonlocal
dispersal equations with quasi-monotonicity. Zhang-Ma [39] further proved that
the traveling waves with sufficiently large speed ¢ > 1 are locally stable, when
the initial perturbation around the wave front is small. The asymptotic stability
of non-critical oscillatory traveling waves with ¢ > ¢* was proved by Huang-Mei-
Zhang-Zhang in [11]. Note that, their results still need the assumption of the small
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initial perturbations around the waves. The question whether these oscillatory
traveling waves are globally stable for large perturbations is not clear at all.

However, the most interesting cases are for the slower wave speed ¢ > ¢*, espe-
cially for the critical waves. As mentioned in [15, 32, 39], the critical wave speed
coincides with the asymptotic speed of propagation, and it is very important in the
biological invasions. Zhang-Ma [39] established the existence of critical traveling
wave solution with ¢ = ¢* and proved the number ¢* is also the spreading speed of
the corresponding initial value problem with compact support.

The stability for the critical oscillating traveling waves of the reaction-diffusion
equation with nonlocal dispersion and time delay (1) with ¢ = ¢* is open so far
as we know. In fact, the study on stability of critical traveling waves is very lim-
ited and also very challenging. For local dispersion case, there are several works
on stability of the critical waves of some typical reaction diffusion equations. In
1979, Moet [26] showed the algebraic stability of the critical waves for the clas-
sical Fisher-KPP equation by the Green function method. Later on, Gallay [6]
improved the algebraic convergence rate via renormalization group method. For
the local Nicholson’s blowflies equation, the global stability of critical traveling
waves is obtained in [20], and the convergence rate to the critical wave is proved
to be algebraic by the Green function method. Regarding the non-monotone trav-
eling waves, Lin-Lin-Lin-Mei [16] first proved that all non-critical non-monotone
traveling wave are time-exponentially stable when the initial perturbations around
the waves are small enough. Furthermore, Chern-Mei-Yang-Zhang [3] proved that
all critical non-monotone traveling waves are locally stable by the anti-weighted
energy method, but, due to the technical reason, there is no convergence rate ad-
dressed. Very recently, Mei-Zhang-Zhang [25] developed a new method to prove
the global stability of critical oscillating traveling waves. They based on some key
observations for the structure of the govern equations establishing the boundedness
estimate for the oscillating solutions. Inspired by their work, we intend to study
the nonlocal dispersion equation with time-delay. The numerical simulations with
oscillations are also addressed.

Our main purpose is to study the global stability of the reaction-diffusion equa-
tion (1) with nonlocal dispersion and time delay for all traveling waves, especially
the critical traveling waves. Due to the lack of monotonicity, the bad effect of time
delay and the nonlocality, we have to face some new challenges and look for a new
strategy to solve the problem. The main approach adopted is the weighted energy
method with some new developments. We prove that for all oscillatory traveling
waves, including the critical traveling waves are globally stable, where the initial
perturbations in a certain weighted Sobolev space can be arbitrarily big. The con-
vergence to the non-critical traveling waves with ¢ > ¢* is time-exponential, and
the convergence to the critical traveling waves with ¢ = ¢* is time-algebraic.

On the other hand, we also carry out numerical computations in different cases,
which also confirm our theoretical results. Because of oscillations of the solutions
and nonlocality of the equation, the numerical results obtained by the regular finite
difference scheme are not stable, even worse to be blow-up. In order to overcome
these obstacles, we propose a new finite difference scheme by adding artificial vis-
cosities to both sides of the equation, and obtain the desired numerical results.
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Now we define the uniformly continuous space Cynit[—7, T for 0 < T' < oo, by

Cunit[—7,T] :={v(t, z) € C([-r,T] x R) such that
lirf v(t, z) exists uniformly in ¢ € [—r,T],and
Tr—r+00
lim v, (¢, ) = 0, uniformly with respect to ¢ € [—r,T|}.

T—r+00

For ¢ > ¢*, we define the following weight function

6*2>\§7 £eR, forec>c*, N € (/\17)\2)a
(9) w(ﬁ) = —oa*e o
e , EER, for ¢ = c*,

where A; and Ay are specified in (6). Notice that for ¢ > ¢*, ELirinoow(ﬁ) = +00
and EEIEloow(f) = 0, because A > 0 and A, > 0. We denote the weighted Sobolev
spaces L} (R) and H}(R) by
Ly, (R) = {w;wu € L'(R)},
and
H,,(R) = {u; vwu, vVwu, € L*(R)}.

Our main stability theorems are as follows.

Theorem 1.1 (Global stability). Assume that (H1)-(H4) hold. Let b'(vy) and
r satisfy, either d'(vy) > |b/(vy)| with arbitrary v > 0, or d'(vy) < |V (v4)| with
0 < r < T, where 7 is defined in (8). Let ¢(§) = ¢(x + ct) be any given traveling
wave with ¢ > ¢* and the initial perturbation be vo(s,x) — ¢(x + cs) € Cunigf—7,0]N
C([-r,0); LL(R) N HL(R)) and 85(vo — ¢) € C([—r,0]; LL,(R) N HL (R)). Then the
global solution v(t,x) of (1) satisfies

i) if ¢ > c*, then

sup |v(t, z) — ¢(x + ct)| < Ct™we it
R
for some positive constants p > 0 and C > 0;
i1) if ¢ = c*, then

sup |v(t, z) — ¢(x + ct)| < Ct=
R
for some positive constant C > 0.

This paper is organized as follows. In Section 2, we prove our main stability
theorem. Then we shall carry out numerical simulations for Nicholson’s blowflies
model with nonlocal diffusion in Section 3, which further numerically confirm our
theoretical results.

2. Proof of the main results

Now we consider the perturbed solution v(t, x) of (1) around any given traveling
waves ¢(x + ct) = ¢(&) of (2). Define

u(t, &) =v(t,x) — ¢p(x +ct) = v(t,£ — ct) — $(§),
uo(s,&) :=vo(s,z) — p(x + ¢s) = vo(s,& — cs) — P(&).
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Then u(t, £) satisfies

%+ ege - 2( [ Tt - nay - u9) + Pll(e.©
(10) :/RK(y)Q[u](t—r,g—y—cr)dy, EeR, t>0
u(s,€) = uo(s,€), EER, s €[-n0]
where
an {P[u}(t,@ = d(6(€) + u(t,©)) — d(6(9)),
Qlul(t, &) := b(&(&) + u(t.€)) — b((E)).

We first show the existence and uniqueness of solution u(¢, ) to the initial value
problem of time-delayed nonlocal dispersion equation (10) in the uniformly contin-
uous space Cypit[—T, +00).

Lemma 2.1. Assume that (H1)-(H3) hold. If the initial perturbation uy €
Cunigl—7,0], then the perturbed problem (10) admits one unique global solution
u(t, &) in Cupig—r, +00).

Proof. First we solve the problem for ¢t € [0,7]. Since t —r € [—r,0] and
u(t —r,&) = ug(t —r, &), (10) is reduced to

%‘ . %Z - / J(y)u(t, € — y)dy — u(t,€)) + Plu)(t,€)

(12) :/K(y)Q[uO](t—r,ﬁ—y—cr)dy, EeR, t>0
R
U’(Oag) = ’U’O(Oaf)? £ € R7

Back to the original coordinates, that is, we make change of variable, u(t,£) =
u(t,x + ct) = u(t,x), £ = x + ct, the above problem (12) is equal to

5 - ([ @t -y - ate.)) + Plalt)
(13) = / K(y)Quo)(t —ryx —y)dy, xze€R, t>0
R
w(0,2) = up(0,z), x€R,

The existence of solution to (13) follows from the semigroup theory of the convolu-
tion operators. In fact, from the textbook [1], it is known that (13) can be written
in the integral form of

t t

(14)  u(t,z) = S(t) *uo — / S(t—71) x Plu](s)ds + / S(t — 1) * Q[uo](s)ds,
0 0

where S(t,z) is the fundamental solution of the linear convolution equation:

{St =D [ (@ = y)[S(y.1) - S(a.D]dy =0,
S(0,z) = §(x), the Delta function,
with an explicit form of
S(t,x) = e Pto(x) + K(t,z),
where K(t,z) is a smooth function defined in Fourier variables by

K(t,€) = e Pl(ePTOF _ 1),
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Let us define an iteration to (14):

(15) u (¢, ) = S(t)*uo—/o S(t—T)*P[u(”)](s)ds—i—/O S(t—7)*Qluo](s)ds.

When u(™ € Cyupnicl0, 7], it is easy to see w1 € Cypni¢[0,r]. Since Plu] is Fréchet
differentiable with respect to u and DP[u] = d'(¢ + «) is a bounded and positive
operator, by the existence and uniqueness theory for the convolution equations [1],
we then prove that such an iteration is a Cauchy sequence with a unique limit:
lim (™ (t,z) = u(t,z), in Cypif[—r, 7],
n—oo
in another word, the solution for (14) uniquely exists in Cypnit[—7, 7].

Next step is to consider (10) for ¢ € [r,2r]. Since t —r € [0,7] and u(t —r, &) has
been solved already, thus Q[u](t—r, £) is known function. As showed before, we can
similarly prove the existence and uniqueness of the solution to (10) in Cyyif|r, 27},
so then in Cynif[—r,2r] By repeating this procedure for t € [nr,(n 4+ 1)r] with
n € ZT, we can prove that the perturbed problem (10) admits one unique global
solution u(t, &) in Cypit[—r, +00). O

Lemma 2.2. There exist a large number £y € R and constants 1 > 0, C' > 0,
such that

(16) [w(E) ]| Lo (g0, +00)) < Ce™ lugl| oo (= r,0)xR)-
Proof. This proof is similar to [11]. Here we omit it. O
Since u— = 0 is the unstable node of (10), heuristically, for a general initial data

ug, we cannot expect the convergence v — 0 as t — co. Inspired by [3], we expect
the solution u decay to zero when the initial perturbation is exponentially decay at
the far field £ = —oo. Thus let us define

(17) a(t,€) == [w(&)|?u(t, &) = e u(t, ),

where A € (A1, \2) for ¢ > ¢* and A = \* for ¢ = ¢*. Then we substitute u(¢,&) =
e*a(t, €) into (10) and derive the following problem
(18)

G ege v [ IweMatts -y - a6.9) + N Pa0,6)

= [ KO)QUNa( -~y o)y, €€R >0
R
i(s, &) = e Mug(s, §) =1 fig(s,€), £ER, s€[-r0],

In order to derive the boundedness of oscillatory traveling waves, we compare it
with the following linear delayed nonlocal dispersion equation

(19)
ag: c% — D/ J(y)e Mut(t, & —y)dy + (d'(0) + cA + D)uT(t,€)
= b’( / K(y)e Tyt (t —r ¢ —y—cr)dy, £€R, t>0
ut (s, &) = ug(s,gl)gz 0, £€R, se[-r0,
Lemma 2.3. For non-negative initial value ug (s, &) > [ r, 0] xR, (19) has

a unique solution satisfying u™(t,€) >0 for all (t,€) € [ o0) x R.
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Proof. For t € [0 r], we see that ¢t —r € [—r,0], and

%+ Ou” D/ eVt (1,6~ y)dy + (d(0) + A+ Dyt (1,€)

=b'(0) /RK(y)ef)‘(er”)iﬁ(t —r,&—y—cr)dy
=b/(0) /RK(y)e*A(“”)ug(t —ré—y—cr)dy>0, £€R, t>0.
Making change of variable, ut(¢,£) = u™(t,x + ct) =: a* (¢, z),
D/ Ye Mt (@ — y)dy + (d'(0) + A+ Dyt (t,2) >0, x €R, ¢ > 0.

As showed in the textbook [1] for nonlocal diffusion equations, the linear convolution
equation (19) exists a unique solution satisfying a*(¢,z) > 0 for all z € R and
t € [0,7]. We can complete this proof step by step for ¢ € [nr,(n + 1)r] with
nezr. O

Lemma 2.4. Let u(t,€) and ut(¢,€) be the solutions of (18) and (19), respec-
tively. Then

a(t, &) <u(t,€),  (t,€) €[0,+00) xR,
provided that the initial value
lio(t, ) <ug (t,€),  (£:€) € [-r,0] x R,
Proof. For t € [0,r], let
U(ta g) = U+ (ta g) - a(t7£)
Since t — r € [—r,0], according to the initial condition, we have
la(t —r, &) = |ao(t —r,&)| <uf (t —r, &) =ut(t —1¢), te[0,r], E€R.
Then U(t,§) satisfies,

X f—D/ Je WUt — y)dy + (d'(0) + A + D)U(1,)
=b'(0 /K Ayter)y (¢ —r € —y — er)dy
7/\§/K a)(t —r,&—y—cr)dy

+e M PMa)(t,€) — d'(0)a(t, €)

SH(0) [ K)e 0t (6= 1.6~y = en)dy

’\5/K W (0)eNETY= Gt — r £ — y — er)dy
+e M (0)eMa(t,€) — d'(0)alt, &)
=0, EeER, t>0,
and the initial condition
U(s,€) = ug (s,6) —a(s,€) >0,  £€R, s€[-r0]

Similar to Lemma 2.3, we can prove that U(t,£) > 0 (i.e. u™(¢,&) > u(t,&)) for
all t € [0,7] and & € R. By replacing U(t,€) := u't(¢,&) — a(t, &) with U(t,§) :=
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ut(t,€) + u(t,€), we can similarly prove that u™(¢,&) + @(t,£) > 0 for all ¢ € [0, 7]
and ¢ € R. That is,

(20) a(t, o) <u*(t,6), (€ €[0,r] xR.
Next, when ¢ € [r, 2r], namely, ¢t — r € [0, 7], based on (20) we can similarly prove
a(t, )l <ut(t,€), (8 €2 xR

Repeating this procedure, we further complete this lemma. (I
Now let us recall the fundamental solution theory for time-delayed equations.

Lemma 2.5 ([14]). Let z(t) be the solution to the following linear time-delayed
ODE with time-delay v > 0 and two constants ki and ko

%z(t) +hyz(t) = koz(t — 1),
z(s) = 20(s), s€[-r0]

(21)

Then

_ 0 _
(22)  z(t) = e FltH ket () 4 / e~k t=9) gha(t=r=s) [0 () 1 k) 20(s)]ds,

-r

where ko = ko, and ezf?t is the so-called delayed exponential function in the
form
0, —oo <t < —r,
1, —r<t<O0,
1+ k2t 0<t<r,
7 .2 2
ehat _ 14 Bt RO r<t<or
7 7.2 2 m m
1 Bt RO RO D™ gy 1) <t <
and eEQt is the fundamental solution to
©2(t) = hoz(t )
(23) a o\ T REE T,

The property of the solution to the delayed linear ODE (21) is well-known [23].
Lemma 2.6 ([23]). Let k1 > 0 and ko > 0. Then the solution z(t) to (21) (or
equivalently the function z(t) in (22)) satisfies
|2(t)] < CoeM1teket,

where
0

Coi= ™ aal=n)]+ [ H¥[zh(o) + nzof)lds,

-T

and the fundamental solution eF2t with ky > 0 to (23) satisfies
et < C(14t)7et >0,

for arbitrary number v > 0. Furthermore, when ki1 > ko > 0, there exists a constant
0 < &1 <1 such that

e_kltefﬁ < C’e_e(kl_]”)t, t>0,
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and the solution z(t) to (21) satisfies

|2(t)] < Cesha=ka)t = 4 5 0,

For the linear delayed nonlocal dispersion equation (19), we take Fourier trans-
form of u™ (¢, £) and denote it by 41 (¢,7) or Z[uT](t,n), then we have

—a™t(t,n) + A(n)at (t,n) = B(n)a* (t —r,n),

(24) dt
at(s,m) =ad(s,m), s€[-r0], neER,
where
oy (A= —DFU@ENW) + @O + AL D) i
B(n) := /(0)e".FZ[K (y)e X +en](n), B
The liner delayed equation (24) can be solved by
it (t,m) e~ AME DG (—r )
0
A d
(26) b [ A DO L (s, + Al s.m)ds,
_r 8
where B(n) := B(n)eA(”)T. Then by taking the inverse Fourier transform, we get
(t r) = i/ew ne—Am(t+r) B(n)t +( rn)dn
d
@)+ [ g [ B i) 4 A s,
T
and its derivatives

(28)
1 _
Ot (1) = 5 [ i) e OB G (i

01 . - d
T / L / e (i) he AW B[ Lt (s 1y 4 At (s,m)dnds,
—r 27T R dS

for k € Z*. For simplicity, we denote
(29) Li(t,n) = (in)*Fe AN B (—r, ),

. — —s) B —r—s d
(30)  Doft = s,n) i= (i) e” AU DT (5,1) + A (5,).

Next, we are going to estimate the decay rates for the solution u™ (¢, x).

Lemma 2.7. Suppose that uf € C([-r,0]; H"(R) N L*(R)) and that dsul €
C([-r,0); H™(R)NLY(R)) for m > 1. Then there exist constants C > 0 and g1 > 0
such that

105w (8, 2)| 2 ry < CEFe 1m0 =53 ¢ 5 0,
for k =0,1,--- ,[m], where po(c) = Go(\) — He(N) > 0 for ¢ > ¢* and po(c) =0
forc=c*, and

EF =lug (=r)llpr @) + lug (=)l ax )

[ 10 2o + 16 i oo ]
u076 ’LLO Ll ]R) uo,asuo S Hk(R) S.

r
Furthermore,
[u (&, 2)|| Lo () < CELe™S10 =5 ¢ > 0.
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Proof. By using Parseval’s equality, we have

0
|05t (4, @)y = || 7 0k ) + [ F B~ s @)ds]

-

L2(R)

0
sm%*Uﬂwxmmmy+/'wf*uau—axmm@ws
0
(31) ﬁmwwm®+/Nmu—wmm®@

—Tr
‘We note that

|6—A(n)t| _ e—(d/(0)+c)\+D)t

exp (tD/RJ(y)e_Aye_iy'"dyN

= ¢~ (@ (O)F+eA D)t orpy (tD/ J(y)e ™ cos(y - 77)d1‘J>
R

:mﬂ—aﬂm+a+D—D4J@f“@D

cexp ( — tD/ Ye M (1 — cos(y - n))dy),
and since J(y) is even and sin(y - n) is odd, we have
exp - tD/ J(y Y(1 — cos(y - n))dy)
—)\y Ay
=exp | — tD/ + ¢ ——— (1 — cos(y - n))dy)

<exp —tD/ )(1 — cos(y - n))dy)

=exp | — tD/ )(1 —cos(y - n) — isin(y - n))dy)

—exp(tD(J(n)
Therefore,
le= At < exp ( —t(d'(0) +cA+ D — D/ J(y)ef)‘ydy))
R
exp(tD(J(n) — 1) = 71,
with

h:d@+a+D—D/J@f”@+Dﬂ—ﬂW-
R
Also, we have
B =Y OIFE e 0 0)] £ 5(0) [ Kl 0 dy = ko,
R

According to the assumption of the existence of traveling waves, there holds
(32)

Qﬂy:M—D/J@fM@+D+M®ZW®/K@MNHM@:JM&
R R
for A € (A1, A2) with ¢ > ¢* or A = A* with ¢ = ¢*. Therefore,

ki — ko > Ge(N) = He(A) + D(1 = J(1)) = po(e) + D(1 = J(n)),
where pg(c) = G.(A) — He(\) > 0 for ¢ > ¢* and po(c) =0 for ¢ = ¢*.
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From the assumption, there exist constants 0 < k1 < k9, 0 < § < 1, and 7 > 0,
such that

6<1—=J(n) <1, nl > 7.

Using the above estimates in Lemma 2.6 for time-delayed ODE, we obtain

121 (8, )72 =) :/RIS*A(")(”%?(")’SIZInl%lﬂ&(*h n)[2dn

a<1—Jn) < « <7
53) {mlnl < (n) < wanl™, Il <7,

<c / (a6 cRat)2 |2kt (e ) 2y
R
< / (e 0=k )2 2K it (. ) Pl
R
§C67251u0(c)t / 67251D(17j(77))t|77|2k|’&g(—7“, 77)|2d77,

R
and furthermore

/ e=2e1D(=T M)t |12k i (e ) [2dy
R

S/ 251 DT | 2K it (e )2y
[n]

_|_

/|| e~ 21 DA=IOD 12k g (—p ) |2 dny
n|>7

</ e‘gelD“""‘atlnl%lﬁo*(—nn)Ian+/ e 2P PR A (=, m)[Pdn
[n| <7 [n|>7

<||ﬁ5r(—7“a77)||%oo(ua)t_lt‘%/l|<~6_2€1D”1’“”““|77t1/°‘|2’“d(nt1/“)
n| <7

t 2eDst /| P
n|>r

_ 142k
<C(lug (=1, )12 gy + lug (=, @) |Gyt =

Substitute it into the above inequality, we obtain

142k

1Lt M2 @) < Clllug (=7, @) Ly + llug (=, I)HHIC(R))G%MO(C)%* 2o

Thus, in a similar way, we can also prove

[[12(t = s,m) || L2 (w)

_ —o) B . d 2
([ A B | ) + Al )| )

[N

1
2

_ _ _j d 2
<Ce ElHO(C)t(/Re 2e,D(1 J(n))tln‘Qk‘ [dsug(s,n) +A(n)u6r(s,n)} ‘ dn)

<C(|lug (s,2) |1y + 105ug (s, )21y + lug (s, 2) | ae ey + [105ug (5, 2) || e (wy)

142k
_e—Eluo(C)tt— %a |

The proof is completed. U

Lemma 2.8. When g € C([-r,0]; HY(R) N L*(R)) and additionally sty €
C([-r,0]; HY(R) N L (R)). Then there exist constants C > 0 and &1 > 0 such that

W(t, 2)|| poomy < Cee1r0@t—5 ¢ 5 (),
®)
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where po(c) = Ge(AN) — He(N) > 0 for ¢ > ¢* and po(c) =0 for c = c*

Proof. We can choose uj € C([—r,0]; H*(R)N L*(R)) with additionally dsug €
C([-r,0]; HY(R)NL(R)) such that | (s, &) < ug (s,&)| forall ¢ € Rand s € [—r,0].
Combining the boundedness Lemma 2.4 and the decay estimate Lemma 2.8, we

immediately get the convergence result. ([
Proof of Theorem 1.1. Based on Lemma 2.2 and 2.8, we have the convergence
rates of u(t, x). O

3. Numerical Simulation of traveling waves

In this section, we numerically study the stability of travelling waves of (1)
by using the finite-difference method and iteration technique. We consider the
Nicholson’s blowflies equation with nonlocal diffusion by taking the kernels as the
heat kernel

1 2 1
J(x) = meﬂ [Ge) = fol@), K(z)= Nz

And we choose the Nicholson’s type of birth rate and death rate
b(v) = pve” Y, d(v) = ov.

e~/ (4B) . fa(z).

They satisfies the hypotheses (H1)-(H2). This equation possesses two constant
equilibria: v— = 0 and v = In(p/d)/a. The traveling wave equation (2) now reads
¢’ — D(fa*d— )+ 3¢ =pfs * (dere™ %),
¢(_OO) = Oa ¢(+OO) = U4,

where ¢ (§) = ¢(£ — cr). The initial value problem (1) in the moving coordinates

(t,€) is

(34)

(35) 5—}—06—6 — D(faxv—v)+dv=7pfs* (vee *"),

’U(S,f) = UO(SaS)v s € [77’7 O]a 5 € ]Ra

where v,.(t,&) = v(t — 1, —cr).

The framework for the numerical simulation for local dispersion case can refer
to [36]. Here we present a framework for nonlocal dispersion problem. The initial
value problem (35) is required to be solved on R* x R, but numerically we have
to impose a finite computational domain (—M, M) for spatial variable ¢ and a
finite time interval (0, T") with some selected large numbers M and T'. Consider the
following second order differential problem with artificial viscosities —uA on both
sides of the equation

v Ov 0%v ~ ~ —ub 0%*v

ot ag—M@+(D+5)U:Dfa*U+pf/3*(vr€ T)—M@,
(36) (t,{E) € (OaT) X (_Mv M)7

v(t,—M) =0, v(t, M) =wvy, te(0,T),

v(s, &) =vo(s,§), s€[-n0], £ (=M M),

where v € CV2([—r, T| x [-M, M]), (s, &) = vo(s, &) for s € [-r,0], £ € [-M, M],
and o(t,—M) = 0, ¥(t, M) = K, p > 0 is the regularization parameter. The
solution of (36) is denoted by v = G(v). If the operator G admits a fixed point
¢ such that ¢ = G(¢), we may regard it as an approximate solution of (35). The
nonhomogeneous linear problem (36) can be solved by the standard finite-difference
method such as the backward difference scheme for any given v € C?([—r,T] x
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[-M, M]). The reason here we add an artificial viscosities —pA on both sides is
that our simulation without regularization seems not to be stable as its numerical
solution blows up in finite time.

The traveling wave equation (34) can also be numerically simulated as follows.
Consider the following second order ordinary differential problem with artificial
viscosities —uA on both sides
(37)

¢/ — ¢ + (D +8)d = Dfo + ¢+ pfs * (dere %) — pg", €€ (—M, M),
o(t,—M) =0, o(t, M) = vy,

where ¢ € C2([—M, M]), (t, —M) = 0, ¢(t, M) = K. For any given ¢, (37) admits
an unique solution denoted by ¢ = H (25) The fixed point of operator H (if exists)
can be regarded as the traveling wave solution of (34). We numerically solve (37)
by starting from the initial profile ¢(£) = vie € /(1 + e*+).

For simplicity, we choose D = 6 = v4 = p = 1 (which means a = log(p/d)) and
leave p,r and the initial data vy free. We also take &« = 8 =1 in the kernels J and
K. The critical traveling wave speed c¢* is uniquely determined by (4)-(5). From

our stability theorem 1.1, let us choose the initial data of (1) satisfying

lim wvo(s,x) =0, lim wo(s,x) =v4 uniformlyin se€ [—r,0],

and

— AT

e vo(s,x) —p(x+c*s)| -0 as x — —oo, uniformlyin se[-r,0].

So we choose the initial data in the moving coordinates (¢, &) as

vo(s,§) = @(§) +ef4(§), se[-n0, LR,
where ¢ is the traveling wave solution to (34). In simulation, we choose ¢ being
the numerical solution to (37) corresponding to critical speed ¢*, and ¢ = 1, v = 1.

The results in [11, 31] shows that when d’'(v;) < |[b'(v4)|, the traveling wave

exist for 0 < r <7, and no traveling waves exist for r > 7, where
. _ m—arctan(y/[P ()P = d(0)%/d' (v1)

7= ,

VIV (v3)2 = d'(v+)?

and when d'(vy) > |b/(vy)], the traveling wave globally exists in time for any time
delay r. Moreover, the traveling waves are monotone for 0 < r < r and it may be
oscillatory for r > r, where r is given by

(39) B (03 ezt =1,
The condition d’(vy) > |b'(vy)]| is equivalent to e < p/d < €2, and d'(vy) < |b'(vy)]

is equivalent to p/d > e2.
Next, we report the results in four cases, see Table 3 for the details.

TABLE 1. Different cases for selection of p, r.

Case p r Zone of p/é Zone of r c* As Behavior of v
1 5 02 Eef(ee’) r<r(0.403..) 5.104... 0.780... monotone
2 5 2 Ze(ee’) r>r 1.310... 0.754... oscillatory
3 10 02 E>¢ r < r(0.225...) 7.153... 0.931... monotone
4 10 2 B>¢? r<r<7(2.930..) 1.617.. 0.858... oscillatory

Case 1. e < % < e2 and r < r the solution converges to a monotone
critical travelling wave ¢(z+c*t). We take p = 5 and r = 0.2. In this case, when
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(a) v(t,€) _ (o) profile of v(t,§)
0.5 0.8+
2
20 06"
t o -100 &0
] ——t=0
0.4 e
(b) v(t.£)-9(&) —t=2
05 02 L _t=3
0 t=4
5 o . —)
t o 00 €° 0

-10 0 13 10 20

FIGURE 1. Case 1. e < % < €% with small time delay r < r. (a)

3D-graphs of v(t, £); (b) graphs of the error v(t,&) — ¢(€); and
(c) 2D-graphs of v(t,£) at t = 0,1,2,3,4 and the traveling wave
o(&).-

e < & < €2, the birth rate function b(v) for v € [0,v4] is non-monotone, where
vy = LInZ. A direct calculation from (4), (5), and (39) gives r = 0.4032979,

= 5.1041202, A\, = 0.7801950. Since r < r, the critical wave ¢(x + c*t) is
monotone. As numerically demonstrated in Figure 1, we can see that the solution
behaves exactly like a monotone traveling wave, which are consistent with our
stability Theorem 1.1.

Q

(a) v(t,&) ‘ (c) proflle of v(t 5)
1 /e S S—
1
05 0.8r
5
20 L
t o .00 &0 0.6
—t=0
1 047 —t=1
(b) v(t.£)-¢(S) —t=§
0.5 | —t=
0 0-2 t=4
5 20 ; ¢(E)
t o 0 &9 0~

-10 0 13 10 20

FIGURE 2. Case 2. e < £ < ¢? with big time delay r > r. (a)
3D-graphs of v(t, £); ( ) 3D-graphs of the error v(¢,£) — ¢(€); and
(c) 2D-graphs of v(t,§) at t = 0,1,2,3,4 and the traveling wave

P(8)-
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Case 2. e< £ < e? and r > r the solution converges to an oscillatory
critical travelling wave ¢(z + ¢*t). We can choose p = 5 and r = 2. Similarly,
we have r = 0.4032979, ¢* = 1.3108958, A, = 0.7548876 from (4), (5), and (39).
In this case, r > r, the critical traveling wave may be oscillating. The numerical
results are shown in Figure 2. Figure 2 shows that the solution v(¢, ) is oscillating,
and it converges to the oscillatory critical traveling wave.

(a) y@,g) g . (c) prpfile ofrv(t,g)_
1
0.5 08
3
j 20 H
t o -100 ¢° 06
—t=0
] 0.4 e
(b) v(t,£)-¢(&) —t=2
0.2} — =3
t=4
Sl (3)
0 _____ e L

-10 0 ¢ 10 20

FicurE 3. Case 3. & > ¢? with small time delay » < r. (a) 3D-
graphs of v(t,&); (b) 3D-graphs of the error v(t, &) — ¢(£); and (c)
2D-graphs of v(t,&) at t =0, 1,2, 3,4 and the traveling wave ¢(¢&).

(a) v(t,£) _(c) profile of v(t.£)
1+t /\,___
08¢
t o A0 20
o -100 ¢ 06|
—t=0
—t=1
047 —t=2
—t=3
0.27 t=4
(9]
0 R L

-10 0 ¢ 10 20

FIGURE 4. Case 4. 5 > e? with time delay r < r < 7. (a) 3D-
graphs of v(t,&); (b) 3D-graphs of the error v(t, &) — ¢(£); and (c)
2D-graphs of v(t,&) at t =0, 1,2, 3,4 and the traveling wave ¢(&).

Case 3. L > e? and r < r the solution converges to a monotone critical
travelling wave ¢(x + c¢*t). We take p = 10 and r = 0.2 and get 7 = 2.9304424,
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r = 0.2254235, ¢* = 7.1531405, A\, = 0.9315197 from (4), (5), (38) and (39). Since
r < r, the critical wave ¢(x + ¢*t) is monotone. The numerical results showed
in Figure 3 demonstrates that v(t, ) behaves like the monotone critical traveling
wave.

Case 4. L > e? and r < r < 7 the solution converges to an oscillatory
critical travelling wave ¢(z + ¢*t). We take p = 10 and r = 2. A simple
calculation from (4), (5), (38) and (39) gives 7 = 2.9304424, r = 0.2254235, ¢* =
1.6178475, A, = 0.8586847. The numerical results given in Figure 4.
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