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Abstract. A modified predator-prey model with a new nonlinear harvesting on predator
and gestation delay of prey is studied. It is shown that the stability of interior equilib-
rium point can switch finite times and Hopf bifurcations occur when delay increases
through critical values. The properties of the Hopf bifurcations are investigated by the
center manifold theorem. Special attention is paid to singularity-induced bifurcations
and their state feedback control. Numerical simulations demonstrate the effectiveness
of the theoretical results.
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1. Introduction and Preliminaries

The dynamical relationship of predator-prey interaction is one of the most important
research topics in mathematical biology [7,13,22]. In the 1920s, Vito Volterra and Alfred
James Lotka established an ecosystem model for one predator population and one single
prey population in a constant and uniform environment. This model, termed as standard
Volterra-Lotka predator-prey model, is described by differential equations. It attracted con-
siderable attention in applied mathematics and theoretical ecology. On the other hands, in
population dynamics of predator-prey systems, a lot of efforts have been spent on applica-
tions of the dynamic theory of nonlinear differential equations [7,12,13,22]. However, it
was discovered that within the Volterra-Lotka model, the growth rates of the predator and
prey populations are not bounded, which contradicts real-world experience. Therefore,
Leslie and Gower [23] proposed the following predator-prey model:

*Corresponding author. Email addresses: wliu2015@163.com (W.Liu), yljiang@xjtu.edu.cn (Y.L. Jiang)

http://www.global-sci.org/eajam 181 (©)2020 Global-Science Press



182 W. Liu and Y. Jiang

x(t) = x(t)(a —x(t) = y(1)),

1.1
y'(t)=y(t)(d—k%), D

where x(t) and y(t) are, respectively, the densities of prey and predator species, a and d
the corresponding maximum growth rates of preys and predators, and the parameter k > 0
represents the conversion rate from captured preys into predator births — cf. Refs. [7,13,
22,23].

It is worth noting that in order to express the interaction and coexistence of biologi-
cal populations, time delay is often incorporated in the predator-prey models depending
on the past history. Generally speaking, it would induce a wealthier dynamical behavior,
such as the loss of stability, oscillatory dynamics, various bifurcations (saddle-node, saddle-
node-Hopf, Hopf-Andronov, Bogdanov-Takens), and chaos phenomenon [7,12,13,21, 22,
29,37,39,42-44,46]. Over the years, various predator-prey models with time delay have
been studied [7,13,21,22,29,43,44]. One of such models — viz. predator-prey model
with gestation delay is ubiquitous in the real world, which can be considered as inherent
in biological populations. Taking into account Refs. [7,12,13,22], we incorporate the ges-
tation delay of prey population into the model (1.1), thus obtaining the following delayed
predator-prey model

x(t) = x(t)(a —x(t =)= y(t)),

1.2
30 =y (d—KE). 2

In order to study the economic return from the harvesting effort of mankind on ecolog-
ical resources, the following economic equation

Net Economic Revenue = Total Revenue — Total Cost (1.3)

has been adopted [8,14]. Using the principle (1.3), we are going to study the economic
revenue from the harvesting effort E(t) on the predator population in the delayed predator-
prey model (1.2). There are two common harvesting modes for predator-prey models —
viz. constant and proportional harvesting. The former means that the harvest rate is con-
stant — i.e. it does not depend on population density, and the latter means that the higher
number of preys or predators leads to a higher catch. The proportional harvesting is clear
improvement to a constant harvesting. However, the harvest increase in the proportional
harvesting can become unprofitable due to the market’s oversupply.

Here, we propose a new type of nonlinear harvesting. Suppose that T is the total time
that each worker needs for harvesting. It usually includes the time T; required for looking
of predators and the time T, for handling them. We also assume that the amount N of
predators caught by each worker is proportional to the searching time T; and to predators
population density y(t), i.e. N = T, y(t). Besides, m is the average time spent by a worker
on handling of each predator captured. Therefore, we have T, = mN = mT; y(t), so that
T = T;(1 + my(t)). Hence, the amount of predators caught by a worker per unit time is
N/T = y(t)/(1+my(t)). This harvesting rate is adopted here and the number of predators
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captured by the workers of the harvesting company is H(y(t)) = y(t)E(t)/(1 + my(t)).
We observe that as the density of predators y(t) grows, the amount of predators captured
also grows but at a decreasing rate.

Furthermore, we let the positive parameters p, ¢ and v be the harvest reward, the
harvest cost and the net economic revenue, respectively. Combining it with the economic
equation (1.3), we have

py(t)E(t)
1+my(t)’

Consequently, the net economic revenue v is

_ py(t)
V_E(t)(—1+my(t) c). (1.4)

Total Revenue = pH(t) = Total Cost = cE(t).

Taking into account the Egs. (1.2),(1.4), we consider the following modified predator-prey
model with delay and nonlinear harvesting:

x(t) = x(t)(a—x(t —7)—y(t)),

0 (a2 B
70 =0 (=15 - s )

_ py(t) )
O_E(t)(Hmy(t) C)

(1.5)

with the harvesting effort E(t) viewed as a variable in the dynamical analysis below.

Most of conventional predator-prey models with harvesting are formulated by differen-
tial equations [8,16,19,21]. However, in our case the harvested predator-prey model (1.5)
also contains the algebraic equation (1.4) coupled with the system (1.2). It is clear that in
a highly-developed commodity economy, harvested biological resources can be sold for eco-
nomical benefits. Thus unlike the traditional harvested predator-prey models [8,16,19,21],
our approach includes not only predator-prey interactions but also the harvesting on biolog-
ical population from economic viewpoint. Several modified predator-prey models related
to the model (1.5) have been considered in literature so far — cf. [5, 24-26,44,45]. In
particular, Zhang et al. [44] used the reduction method for retarded functional differential
equations [11] to study the Hopf bifurcation in a harvested predator-prey model with matu-
ration and digestion delays of the predator population. The work [26] employs results of [9]
and the theory of functional differential equations [17], to investigate the Hopf bifurcation
in a Gause predator-prey model with proportional harvesting and time lag. The stability,
oscillations, periodic motion and the properties of flip bifurcations and Neimark-Sacker bi-
furcations around the interior equilibria for discrete predator-prey models with harvesting
are considered in [5,45]. Li et al. [24] exploited Lyapunov stability theory and Hopf bifur-
cation theorem [15, 28] to study equilibria in an ordinary harvested predator-prey model
with Holling type II response function. The conditions for Hopf bifurcation and stability of
Hopf bifurcating periodic solutions in an ordinary predator-prey model with Holling type
IV response function is studied in [25] by the formal series method from [40,41].
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Nevertheless, various problems concerning the bifurcating periodic orbits in delayed
differential-algebraic predator-prey systems with nonlinear harvesting remain open. Con-
sidering a new type of bifurcation — viz. a singularity-induced bifurcation phenomenon, we
construct a corresponding state feedback controller to eliminate the bifurcation. A singula-
rity-induced bifurcation describes the spectral divergence through infinity [32]. Singulari-
ty-induced bifurcations in differential-algebra systems represent a challenging problem and
produce effects not appearing in systems described by differential equations [1,27,32]. In
the model (1.5) we have typical Hopf and singularity-induced bifurcations. In the latter,
the equilibrium point is placed at a singular surface. To the best of author’s knowledge,
singularity-induced bifurcation of biological systems with the nonlinear harvesting have
not been yet studied. In our considerations, we use center manifold theory [18], parame-
terisation method [6], singularity-induced bifurcation theory [35] and singularity control
theory for differential-algebra equations [10] different from [5,8,16,19,21,24-26,44,45].

This work complements the investigations [5,8,16,19,21,24-26,44,45] concerning the
dynamical modelling of predator-prey models. In particular, we rely on analytical methods
of differential-algebraic equations widely used in nonlinear dynamical control systems —
cf. [1,20,27,31,32,35], so that the present paper can be considered as an application of
the differential-algebra system theory in biology.

Let us now recall some basic facts needed in what follows.

If v > 0, then according to [28], X, = (xg, Yo, Eo)” is an equilibrium point for the model
(1.5) if and only if

a—xo—Yo=0,
q—x2o_ Lo _
xg 1+myg

EO(&—C)—V=O.
1+my,

Therefore, (1.5) has the equilibrium point

(1+myy)v '
Xo = (x0,¥0,Eo)" = (a — Y0» Yor T ) ,
(p—cm)yo—c
where y, satisfies
d+k)(p— cm)yg —(a+cd +ck+adp—acdm)yy+a(v+cd)=0.

Moreover, it follows from [20,31] that the model (1.5) is locally equivalent to the fol-
lowing differential-algebra system around its equilibrium point X:

x(t) = x(t)(a —x(t —7) = y(t)),

o OI:0
y(t)—y(t)(d 0 1+my(t))’

E(t) = f3(x(t), y(£), E(t)),

_ py(©)
O_E(t)(Hmy(t) C) "

(1.6)
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where f5(x,y,E) is a continuously differentiable function such that f5(xg, yg,Eg) = O.
An explicit representation for f3(x, y, E) is not needed. We write

£00 (0= x(t =)= x(0)

L _ _ y(t _ t
0= | A0 | - yo(d-Ed - |
3 f3(x (1), y(6), E(t))

g(x) :=E(t)(%—c)—v, X=(x,y,E)T

and omit t if it will cause no confusion.

2. Local Stability and Hopf Bifurcations

According to [7,13,22], the equilibrium point X, is an interior point — i.e. Xg, Yo
and E; should be positive. This means that the populations of predators and preys and
harvesting efforts are exist. Therefore, here and in what follows we always assume that

p—cm>0, K;>0, K12—4K220, yo<a, v>0, (p—cm)y,>c, 2.1)

where
K — a+cd+ck+adp—acdm
' [(d +F)(p —cm)]
a(v+cd)

Ky = .
* I+ R —cm)]
Considering the system (1.6), we find out that

PE PYo )
Dyg(Xy)=|{0, 5 —c |,
x8(Xo) ( (1+myy)? (1 +myy) C

where Dy g(X) is the Jacobi matrix of g(X) with respect to X. Besides, let

X(1) = (x(6), y(),E®)",

1 0 0
0 1 0
Q:=
E
0 PLo

(1 +myo)l(p —cm)yo —c]

In order to use the parameterisation method of Appendix A, we apply the nonsingular
transformation X = QX to the system (1.6), thus obtaining

x(t) = x(t)(a —x(t —7) = y(t)),

. y(t) PEoy(t) E(t)
— d—k _
y=y (”( (0 T Ayl —em)yo— At my() 1+ my(t))’

E(t) = fa(x(0), y(£), E(0)),

_(_ PEoy(t) = py(t)
‘( (1+myo)[(p—cm)yo—c]+E(t))(1+my(t) C) v

(2.2)
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where f5(x, y, E) is a continuously differentiable function such that f;(X,) = 0 at the equi-
librium point

PYoEo ]})T

_ —\T
Xo= (X05y0’E0) - (XO’yO’EO i {1+ myo)l(p—cm)yo —c

of the system (2.2). As was already mentioned, the specific form of f5(x, y,E) is not im-
portant — cf. Egs. (2.5) below. Recalling the notation of Section 1, we write

x(t)(a—x(t—7)—y(t))

7Y . FERRAC) PEoy(t) __E@® )
S0 ym( (0 T Tyl —emyo—cld +my@)  1+my@) |

3 (x(60), y(0),E(1))
g()_() ;:( pEoy (1) +E(t))(—py(t) —c)—v,

T (1 +myo)l(p —cm)yo —cl 1+my(r) 03
where f(X) := (f;(X), £,(X), £0))T. It follows that '
=\ p PYoEo
Drg(Xo) ‘(0’ 1+ myo)? [EO T myo)lp —cm)yo —c] ]
B p*yoEo __ PE,  (p—cm)y,— C)
(1+myp)3[(p—cm)yo—c]l (Q+my)> 14+my,

=(o,o, (p—cm)yo—C).
1+my,

It is easily seen that rankD)?g()_( 0) = 1 and the system (2.2) satisfies the conditions of
the parameterisation method of Appendix A. Following [4, 6], we will use the following
parameterisation v for (2.2):

X(O =9 () =Xo+UpY () +Voh(Y()) and g(p(Y(£)) =0,

where

Y(0) = (1(0), y2()" €R?, Uy =

o O -
o~ O
=
I
= O O

and h(Y (t)) is a smooth mapping from R? to R, the existence of which is guaranteed by
the implicit function theorem [4]. Taking into account the Eq. (A.8), we write the Taylor
expansions for the parameterised system of (2.2) as

— -1
Y(t)=UgDyf(>‘<o)(fo](f 0)) (O)Y(t)wum 2.4)

0 I
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Note that since

= _ pYokEo
Fo= bt T myo)l(p —cm)yo -}’

the Jacobi matrix of the linearised system (2.4) has the form

_ X, )\ (0
e o)) ()
0 2

_ (D;?f1()_(o)) (D;?g(}_(o))_l (0) kyz (2.5)
D;?fz()_(o) UOT I —20 — M|’ ’

0

where
e kyo  myoEy PYoEo
xo  (1+my)? (Q+myg)?[(p—cm)yy—cl

The terms f5(x, y, E) and f3(x, y, E) are absent here, so that they are not needed in what
follows. The characteristic equation for the Jacobi matrix (2.5) is
2 2 kyo -2
A2+ (xoe ™"+ M)A+ — + xgMe™T =0, (2.6)
X0

and for T = 0 it takes the form

2 kYo
0

The following lemma is a consequence of the Routh-Hurwitz criteria [34].

Lemma 2.1. For model (1.5) with T = 0, we have:

@ If
Xo + kyo > myoEo - 2PJ’OEO ’
xo (T4+myp)? (1+my)2[(p—cm)yo—cl]
k E E
k+ﬂ> MXoLg DPXoLo

xo  (T+mye)?  (1+myg)2[(p—cm)y,—cl’
then the interior equilibrium point X of the model (1.5) is locally asymptotically stable.
i If
kyo myoEq pPYoEo
xo  (1+myp)? (Q+my)l(p—cm)y,—c]l’

then the interior equilibrium point X, of the model (1.5) is unstable.

Xo +
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(iii) If

ot kyo,  myoE PYoEo

0 —_— >
xo (I+myg)? (1+my)?*[(p—cm)yo—c]
k E E

- Yo S mxyEg DXoLg

xo  (T+mye)?  (1+myg)?[(p—cm)y,—cl’
then the interior equilibrium point X of the model (1.5) is a center.

Remark 2.1. In case (iii), the Eq. (2.7) has purely imaginary roots, and for 7 = 0 the model
(1.5) may have Hopf bifurcation. To clarify the situation, one can use the Hopf bifurcation
theorem [15].

For T > 0, let A = iw, w > 0 be a root of the Eq. (2.6). Substituting it into the Eq. (2.6),
we obtain

2

.. . Y ..
—w? + [xo(coswT —isinwt) + A ]iw + =04 XoM(coswT —isinwt) =0,
Xo

and the separation of real and imaginary parts yields

. 2 ko
WX SINWT + Xg M COSWT = W — —, (2.8)
X0

WX COSWT — XoM SINWT =—w. M. (2.9)
It follows from the Egs. (2.8),(2.9) that

_ kyg//t
COs T = ——— (2.10)
w?xg + x5 M?

and

0 2 42 _
% —xpM*=0. (2.11)

2ky? Kyt
yo)w2+ Y
0

w4+(//12—xg—

X0

Lemma 2.2. If T > 0O, then we have:

@ If

k E E

x0+ﬂ> my002+ 2PJ’oo ’
xo  (+myp)? (L+myp)2[(p—cm)yo—cl]

I+ @ > mxoEq _ 2Pono ,
xo  (I+mye)?  (1+myp)*[(p—cm)yy—c]

2ky?
M? > x§+ i,

Xo

then the real parts of roots of the Eq. (2.6) are negative.
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(ii) If the term

_ 2ky2\*  4k2y?
A:(//ﬂ—xg— yo) — Zyo+4x(2)//t2
X x5
is positive and
2ky?
M* < xG+ i, (2.12)
Xo
k23 mxoEq pxoE 2
5 > | k— 5= > , (2.13)
x (T+my)*  (1+mye)*[(p—cm)yy—cl

0

then the roots w, and w_ of the Eq. (2.11) are positive. Substituting them into the
Eq. (2.10), we obtain

L 2xm 1 kys M
Ty = + —arccos| —————— |,
wy Wy wixg+ x5 M2

where & =0,1,2,....
Proof. Considering the polynomial equation (2.11), we note that if
Zkyg

//12>x§+ ,
X0

then it does not have positive roots. Subsequently, the Eq. (2.6) does not have purely
imaginary roots. Furthermore, if

- kyo _ _myoEo PYoEo

Pl x T (TmygP? T (1 myPl(p—em)yo—c]’
k E E

k+ﬁ> MXoLo PXoLg

xo  (T+myp)*  (1+mye)?[(p—cm)yo—cl’

then the real parts of the roots of the Eq. (2.7) are negative. By Rouche’s theorem [33], the
roots of the Eq. (2.6) have negative real parts as well.

Examining the case (ii), we note that if A > 0 and conditions (2.12)-(2.13) hold, then
the polynomial equation (2.11) has two positive roots — viz.

— .\ 1/2
s — {x§+(2ky02)/x0—/ﬂz:|: \/Z}
:l:_ .
2

Substituting w, into (2.10) and solving it with respect to 7, we complete the proof. O
Differentiating the Eq. (2.6) in 7 yields
dA

ZAQ + //{Q + Axge " (—A — T@) + xoe_Mg + XoMeT (—A— T—) =0,
dt dr dr dr dr
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so that

(@)_1 _22eM + (! —Txp) + xg— ATXg (2.14)
dT - AZXO + A,XO-% . .

Substituting A = iw into Eq. (2.14), we obtain
(&)
dr
W x§

20?2 _ w M , x4
= T[xo//lcoswﬂ:+x0ws1nwr]—T[wxocoswf—xo//lsmwﬂ:]— n

Q
—w?2xg + iwxg M

A=iw

| 2w? . w M .
+1i {_T [wxgcoswT —xg M sinwt]— - [XgAM COSWT + Xgw Sin wT ]

(2.15)

oyrxg//lz wBTxg wx(z)//l
+ J—
A A A ?

where

Q=2iw(coswT +isinwt)+ A (coswT +isinwt)+ xyg—iwTxy—TXyM,
A=w*x2 + x5
It follows from Egs. (2.8),(2.9) and (2.15) that
(@) | () e
_2a>2 —x(2)—2ky§/x0 + M

w2x2 + x2 M2

A=iw Xo

(2.16)

From Eq. (2.16), we have

da dan! 2k v2
sign{Re(—)} = sign Re(—) = sign sz—xg——yo +. 4%},
dt /) =i dt PY X

Thus the transversality conditions

. dA . dA
sign{Re| — >0 and signi{Re| — <0
dt =1}, w=w, dt /) ) c=r7, w=0_

k k

are satisfied.
Summarising the considerations above and recalling the results of [9,17], we arrive at
the following theorem.

Theorem 2.1. Assume that T > 0 and

- kyo _ _myoEo PYoEo

Pl x T (TmyeP T (1 myPl(p—em)yo —c]’
k E E

k+ﬂ> MXoLg PXoLg

xo  (T+myp)*  (1+mye)?[(p—cm)yo—cl
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Then:

@ If ,
2k

M? >x§+ yo,
X0

then the roots of (2.6) have negative real parts and the interior equilibrium point X, is
locally asymptotically stable.

(i) If A > 0 and the conditions (2.12),(2.13) holds, then there is a positive integer N such

that for
N-1
seloHU(Y i)

n=0
the equilibrium point X is locally asymptotically stable and it is unstable for

se(U G | Utsi oo,

Accordingly, if T takes the critical values Tic, n=20,1,2,...,N, the model (1.5) has
Hopf bifurcations.

3. Stability and Direction of Hopf bifurcations

We now consider the direction, stability and the period of the Hopf bifurcations. The
Hopf bifurcations are usually studied by the center manifold theorem [18]. In particular,
the leading order terms in the center manifold have to be determined. For this, we calculate
the normal form of system (1.5), starting with the second order Taylor expansions of the
locally equivalent parameterised system (2.4) — cf. Appendix B. Thus we have

y1(t) = —x0y2(t) — xoy1(t — T)—y12(t —1)=n(O)y(t) + O (|Y|3),

. kyg ky02 2 2kyq
Yo(t) —X—(z)h(f) — My, (t)— x_gyl(t) + X—g}ﬁ(t)J’z(t) 3.1

mE pE, pmyoEys  p%YoE k
n 0 St 0o ofo oo K yzz(t)+0’(|Y|3),
(I+my)®  P(m,c) P(m,c) Q(m,c) xo

where
P(m,c) = (1+my,)*[(p—cm)y, —cl,
Q(m,c) = (1+myo)’[(p —cm)yo —c]?.

In this section we use the notation of [18] and suppose that for T = 7, the sufficient
conditions for the Hopf bifurcation in predator-prey model (1.5) are satisfied. Let iw be
the corresponding purely imaginary root of (2.6) and

yi(t) :=x(tt)—xg, y2(t)=y(rt)—Yyo, T:=p+7T,.
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The Taylor expansions (3.1) can be written as a functional differential equation in
C([—1,0],R?), viz.

where
Y(6) = (1(0), y2(t)", Yo :=Y(t+6)=(y1(t+6),y,(t +6)), 6e[-1,0].

For
®(0) := (9,(0),2,(0)) € C([—1,0], R?)

we consider the terms

0 —XO
- ky?2 T —Xo O} gr_
L,®=(t,+W yzo ny o (0)+(Tn+.u)( 0 O)‘I’( 1),
X

F(11,8(0)) = (7, + 1) @;),

where

Fj; =—®2(—=1)—&,(0)8,(0) + -,

ky? 2ky
Fyy =— —83(0) + —5°%,(0),(0)
Xo X
E E k E 2yoE
i Mk by K pmYyoLy P Yofo @%(0)+---.
(]— + rn.yO)3 P(m5 C) XO P(m5 C) Q(m, C)

By the Riesz representation theorem [17], there exists a 2 x 2 matrix function, n(8, u),
—1 < 6 <0 of a bounded variation such that

0
L“<1>=J [dn(0,u)]®(0) for &(0)e C([—1,0],R?). (3.3)
-1

Indeed, we choose

0 —x
o=t | ks, 5(e)+m+m(‘go 8)6(9“),
x

where
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and define the operators A(u) and R(u) acting on functions ®(8) € C := C'([—1,0],R?) as

de(6)
do °

AW)e(0) :=14 o
J dn(6,u)2(6), 6 =0,

-1
_Jo, —-1<6<0,
| F(u,®(8)), 6=0.

-1<6<0,

R(u)®(6) :

The system (3.2) is equivalent to the operator equation
Y(t) =A(u)Y, +R(u)Y,, (3.4

where Y, =Y (t + 9) for 6 €[—1,0].
For ¥(s) € C* := C1([0,1], (R?)*) we define

_d\If(s)
ds ’

AN(s) := 0
J dn’(s,0)¥(=s), s=0,
-1

0<s<1,

and the bilinear form

0 0
< W(s), 2(6) >:=¥(0)(0) —J J (& —0)dn(0)@(£)de, (3.5)
=—1Je=0

where ¥(s) € C1([0, 1], (R?)*), (R?)* is the 2-dimensional real vector space of row vectors
®(0) € Cc'([—1,0],R?),n(0) = 1n(8,0). Recall that A(0) and A* are mutually adjoint op-
erators [18]. The previous analysis shows that +iwT,, are the eigenvalues of the operator
A(0). Hence, they are also the eigenvalues of A*. Consider the eigenvectors

q(8) =(1,g)Te*™? 9 e[-1,0],

1 ‘
q ()= 5(1,613)6“‘””5, s€[0,1]

of the operators A(0) and A* associated with the eigenvalues iwT, and —iwT,, respec-
tively. One can show that

In addition, we can choose

—iwT,
B

D=1+ qzq_§ —XoTne
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such that
<q*(s),q(@)>=1 and <q*(s),q(0)>=0.

Thus for the bilinear inner product (3.5), one has

0 6
<q*(s),q(8) >=q*(0)q(0) —f J q*(£ — 6)dn(0)q(&)dE
=—1Je=0

0
1 _ - .
== {1 + 454} —f (1,¢5) e“’”"eﬁ’dn((?)(l,qz)T}
6

=1

1 _ .
= 5 (1 +q2q5 — XoTpe “"T") =1.

It can be shown that g(0) and g(0) are, respectively, the eigenvectors of the operator A(0)
corresponding to the eigenvalues iwT, and —iwT,, i.e.

A(0)q(0) =—iwT,q(0) and A*q*(s) =—iwT,q"(s).
Besides, since A(0) and A* are mutually adjoint operators, the equation
<A"Y(s),®(0) >=< U(s),A(0)®(0) >
holds for any
W(s) e C'([0,1],(R*)*) and &(0)eC'([-1,0],R?).

Therefore

<@°(5),3(0) >= —— < —i7,4°6),4(0) >= — — <Aq(),4(0) >

n w n

. L g6, —iwr,a(6)>,

L n n

= — <q"(5),3(6) >,

= < q(5),A(0)(0) >=

so that < g*(s),q(8) >=0.
Following the approach of [18], we determine the coordinates of the center manifold
Cp at u = 0. Introducing the functions

z(t):=<q",Y,> and W(t,0):=Y,—2Re{z(t)q(0)},

we write

22

W(t,0) =W(z(t),2(t),0) = Wzo(e)z + W11(0)2z + Wy, (0)

72 z°
E + WSO(G)E + ftty (3.6)

where z and z are the local coordinates of the center manifold C; in the directions q and
G*. We note that W is real if Y, is real. If u = 0, then for any real solution Y, € C,, the
Eq. (3.4) takes the form

2(t) =iwTt,2(t)+ g (0)Fy(z,2) :=iwT,2(t) + g2(2,2), 3.7)
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where
2 52 225

8(2,8) = 820(6) 5 +811(0)27 + 802(6) 5 + 821 (6) 5 +-

It follows from the Eq. (3.7) that

g(z,2) = q*(0)Fy(z, Z)—T( »q 2)( )_3(F11+q2 22)

where
FO =—y2.(=1) = y1,(0)y5 (0) +---,

kyg 2ky,
Fy, =——2y2(0) + —=52y1,(0)y5,(0)
xo X
mE, i PEy  k  pmyoEg _PzJ’oEo
(1+myy)? P(m,c) xo P(m,c) Q(m,c)

]yit(0)+~-~

Using (3.6)-(3.8), we represent g(z,%) in the form

T o] siecs ka3ye  2kaxqsyo  mq3q3Eg
g(z Z) ==3\% —e€ - q2 - 3 + 2 3
x; x5 (1+myg)

pa3dsE0  Pma3asyoEo  p*aydsYoEo  kajd;
P(m,c) P(m, c) Q(m,c) Xo

2kqiy?  4kq; 2mq,GLqLE
+o5|—2— 2Re(q2) _ qig;yo + qé.)/O Re(qz) + qzqzqz 30
x5 x5 (1+my,)
2pq24295E0  2Pmaafad5Y0E0  20°QadadYoEo  2kqadaq;
P(m,c) P(m,c) Q(m,c) Xo
4 52| eriono_ g _ ka3ye  2kgaqsyo  mdx’qhEq
x3 x3 (1+my,)?
PR°GEe  Pmay’q5yoEo P R GYoE0 kG d;
P(m5 C) P(m5 C) Q(m5 C) Xo
2kq5y5 . 2kqyq3y
+2%2 || —qy— i 2 4 222 0 (1)(0)
X0 X0
oy 2ka5yo | 2maaqiEo | 2p4aqiEo  2kqaq;  2pmdxqzyoFo
x3 (1+mye)*  P(m,c) Xo P(m,c)

2p2q2q%yoE kqiy? k
_2P74295Y0 O>W(2)(O)+( 42 K43Yo 4 QZqzyO)W(l)(O)

3
Q(m,c) 2 x3 xg

195

(3.8)
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+( 1 k@tyo mdqiEe  pdaqiEo

2 x2 (1+myy)®  P(m,c)

Pmdd3YoEo P°%d5Y0E0  kdad; w0)
P(m,c)  Q(m,c) Xo

_ Ze_in"GWS)(—l) _ ein”QWZ%)(—l)] 4. } 3.9

Equating the coefficients (3.8) and (3.9) shows that

270 | siwe,e ka3y | 2kaxq3¥0  ma3q3Eo
820="%= ¢ T

5 < T Army)
paydsE0  Pma3azyoEs  p*aidsYoEe  kajd
P(m,c) P(m,c) Q(m,c¢) xo |
Tn 2kg3y  4kd;¥o 2mq, g5 Eo
g1y =2 | —2—2Re(qy) — 220 | T2 M0pe gy 4 TRDD0
D x3 x2 (1+myo)
2pq> Qo030 2PmaGad5YoE0  2P°02d205Y0E0  2kqadad;
P(m,c) P(m,c) Q(m,c) xo ]
_2% | sien0 o kazye  2kdaqzyo  mdyr’qiEg
802 =75 1 x3 x2 (1 +myy)3
PR GE  pmd*GyoEo PR GyoE ki s
P(m,c) P(m,c) Q(m,¢) xo |
27 2kqsye  2kqaqiyo 1
g =—=" [(—% ——3  t 2 W( )(O)
D X Xg
oy 2Ka5Yo | 2maaqiEs | 2p4adEo  2kqady
x2 (1+my,)®  P(m,c) X0
_ 2pmqyq3yoFo  20°dad5¥oEo w®(0)
P(m,c) Q(m, c)

L kaiyd  kq. 1 kg mq,qiE
4 92 KdyYo + CI2CI2}’0 W(l)(0)+ L 4>Y0 424550
2 X 27 x| (LtmyP

0 0

PBRa3E0  PMdad;YoEo  P*0ad3YoEo  kdad; w®(0)
P(m5 C) P(m, C) Q(m, C) Xo
e, 0y (D) wm (D
— 2e 1m0 W D(—1) — w0 1)]. (3.10)

The coefficients g4, £;1 and gy, are now expressed via known parameters, but formula for
g-7 contains not yet determined terms W,,(8) and W;,(8). Following the considerations
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of [18], we write

i . ig . .
WZO(Q): 820 q(O)e“"T"0+ 802 C—I(O)e—lwrn0+g1621wrn0,
wT, 3wT, 3.11)
i . ig . )
Wy (0) = —22L g(0)el@™0 4 LBl a(g)e—iomd 4 g
Th wT,
where
( 2iw + xge A Xo !
P
& =92 Tev2 ( 11 ),
! K —Lzo 2iw+ A Pn
Xo
-1
( Xo  Xo o
& =2 k 2 11 )
S A ( 22
Xo
and
911 - e—2iw’rn —qs,
ky: 2kqyy,  ma5Ey  pag53E;  pma3yoE,
921 - 3 + B + 3 —
xO xo (1 + m}’O) p(m) C) P(m) C)
_ P’a3yoEy ka3
Q(m,c)  xo°
247 =—1—Re(q2),
ky? 2k mq,q,E, 7 Eo — pmqoGayoF.
2, Z_LBO + z/ORe(qz)+ qo2q> 03 DPq292Eq —PpmqoqsYoLy
Xy xg (1+myq) P(m,c)
_ P’0daYoE0 kg
Q(m5 C) XO

Straightforward calculations show that

4:@111‘60 + 2.//1911 — 2X0:@21

@
g - . )
! 41:(,():@21 + 2XO6_21an<@21 + (2kyg/x(2))c@11
@ 2x1
2M 211 —2%020

kyd/xo+ xoM

gz 2 2 b
(ky§/x5)211 +2x025;
ky3/xo+ xoM 2x1
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where
kyd —2i . —2i 2
w=—+xgMe """+ 2w (//t + xge “"T") —4w*.
Xo

Substituting &;,&, into (3.11), we get the expressions for W,,(68) and W;;(8). This

leads to complete description of g,; in (3.10) and we can compute important characteristic
of [18], viz.

2
c1(0) := Yot (811820 —2]gn - %) + %,
Re{c;(0)} .
2= RV (T} By :=2Re{c,(0)},
T, = _Im{c,(0)} + poIm{A'(7,)}

wT,

where the sign of u, determines the direction of the Hopf bifurcation on the center manifold
Cy for T = 1, the sign of 3, the stability of the bifurcating periodic orbits, and the sign
of T, the period of the bifurcating periodic orbits. Recalling the conditions for the Hopf
bifurcations — cf. Section 2 and the Hopf bifurcation theorem in [18], we arrive at the
following result.

Theorem 3.1. Assume that T > 0,A > 0,

X +@ myoEy pYoEo

°7 xo T (M+mye)lr (L+mye)l[(p—cm)y,—c]’
k mxoE, XoE

k+ﬂ> oLo PXolLo

xo  (L+myp)*  (1+mye)[(p—cm)yo—cl’

and the conditions (2.12),(2.13) hold. If T takes the critical values T:, n=0,1,2,...,N, then
the model (1.5) has Hopf bifurcations. Moreover;

(1) If uy > 0 (uy < 0), then the Hopf bifurcations are supercritical (subcritical).
(i) If By < 0 (B, > 0), then the bifurcating periodic orbits are stable (unstable).

(iii) If T, > 0 (T, < 0), then the bifurcating periodic orbits increase (decrease).

4. Singularity Induced Bifurcation and Feedback Control

We now show that for time delay T = 0 the model (1.5) can have a singularity-induced
bifurcation. According to [8,14], if the harvesting profit v is equal to zero, then there exists
a biological economic equilibrium. Therefore, we choose v as a the bifurcation parameter
to study the singularity-induced bifurcation around v, = 0.

It is easily seen that the differential-algebra system (1.5) without delay has an equilib-
rium point

— k
(X*,VO) = (X*5y*$E>Z<5 VO) = ([ap (pciacn;;_ 1)], (p _Ccm);(l + my*) (d - ;/*)5‘}0) .




Hopf Bifurcation and Singularity Induced Bifurcation in a Leslie-Gower Predator-Prey System 199

Moreover, some ecological reasons require the positivity of x,,y, and E,, hence we assume

that

k
p>cm, ap>clam+1), d> y*. 4.1)

*

The singularity-induced bifurcation theorem in Ref. [35] — cf. Appendix C, yields the fol-
lowing result.

Theorem 4.1. If the model (1.5) without delay has a singularity-induced bifurcation, then
the bifurcation value is vy = 0. Moreover; the equilibrium point X, changes from stable to
unstable when the harvesting profit v increases through zero.

Proof. Setting

_ x(t)(a—x(t)—y(t))
fHE(),v)

100 i i Y@ E()
T:=[0 1 0], F&(©O):=|AXWOW |= y“)(d e 1+my(t)) ,
0 0 O =
gx(0),v) _py(® O\
E(t)(1+my(t) C) Y
we write the differential-algebra system (1.5) as
TX(t) = f(X(8),v), 4.2)

where X(t) = (x(t), y(t),E(t))T. The leading matrix T is singular and in such cases,
differential-algebra systems are called singular or degenerate. Next, we check the condi-
tions (SI1-SI3) in [35, Part III(A)] for singularity-induced bifurcation.

(I) One can show that det(Dgg(X(¢),v)|x,,v,)) = 0, so that Dgg(X(t),v) has an alge-
braically simple zero eigenvalue at (X,,v,). Besides,

DE.fl) . = = - ) pE*y*
trace = |adj(D D, g,D. &) =———" <0
((DEfz j(De&)(Dy 8, Dy oy Amy)p

(ID

Dxfil Dyfjl DEJil
det(J,) :=det| Dfo D,fy Dgfo

ng Dyg DEg (X.,v0)

—X, —X, 0
2
kﬁ _% ME, Y, __ s px,y.E
=det| 2 x, (1+my)? l4+my, |=—fF . ——5<0
£ * S| TTaTmyy
PE,
0 —_— 0
(1+my,)?

Hence, the matrix J; is nonsingular at (X, vy).
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(III) Following [35, Part IV], we define the function

AX(D),v) := det(Dg(X(t),v) =

and calculate the determinant det(J,), i.e.

D.fi D,fi Dgfi D.fy
det Dyfs Dyfy Dgfy D,fy
D.g D,g& Dpgg& D,g
DA DyA DgA D,AJy |
—X, —X, 0
2
ky, ky.  _mEy. .
x2 x, (1+my,)? 1+my,
= E
0 p—* 0
(1+my,)?
p
0 —_— 0
\ (1+my,)?

Thus the matrix J, is also nonsingular at (X, vg).

W. Liu and Y. Jiang

py
(1+my)

C

°)

DXy Yy

1| Q+my)?

°)

The items (I)-(III) show that the conditions of [35, Theorem 3] are satisfied. Conse-
quently, the differential-algebra system (4.2) can have a singularity-induced bifurcation

with the bifurcation value vy = 0.

Further, in order to determine the stability switch of the equilibrium point X, we need

to establish the following terms:

} Dy f: E
b :=—trace(( Ef-l)adj(DEg)(ng,Dyg)) =P s,
DEf2 (X*,Vo) (1 + my*)
- - - _1 -
Dxfl Dyfl DEfl val
¢:=|D,A—(DyA,DyA,DgA)| Dyfy Dyfs Dgfy D,f,
D& Dy& Dgg Dy87 ] v
1 1+ 2
[ 1 0 A +my)” )
Xy PE,
1+ 2
. 0 0 (1+my,)
PE,
Cky(1+my)  14+my,  (1+my,) [ky kvl mxy.B ]
x3 ve pxyE T T armyr )
0
1
x| 0 |=—=—2>0,
E
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where
p
e:=10,—————,0,
( (1+my,)? )

so that )

b PE.Y.

—=——"—=>0.

¢ (A+my,)?

According [35, Theorem 3], if v increases through v,, then one eigenvalue A; of the dif-
ferential-algebra system (4.2) moves along the real axis from C~ to C* diverging to co
since b/¢ > 0.

On the other hand, the Jacobi matrix of the differential-algebraic system (4.2) at the
equilibrium point X, is

—X, —X, 0
2
ke kv _mEy, v,
Jx, = [ x2 x, (1+my)? 1+my,
E
0 p—* 0
(1 +my,)?

Considering now the characteristic equation det(AT —Jx ) = 0 of the system (4.2), we ob-
serve that A, = —x, is also an eigenvalue of the system (4.2) at the equilibrium point X,,.
It is negative and continuous. Therefore, according to [35], it cannot jump from one half
open complex plane to another as the harvesting profit v increases through the point vy = 0.
Thus A, is continuous and bounded in the half-plane C™~ when profit v increases through
zero. Therefore, the movement A, does not influence the stability of the positive equilib-
rium point X, of the system (4.2).

Table 1 shows the change of the sign in the real part of A; and A, caused by harvesting
profit v.

Table 1: Signs of real parts of eigenvalues of differential-algebraic system (4.2) at X,.

Harvesting profitv ReA; ReA,
v<O0 — —
v>0 + —

By the Routh-Hurwitz criteria [34], for negative v the equilibrium point X, of the system
(4.2) is stable. It becomes unstable when the harvesting profit v increases through zero.
Consequently, there is a stability switch (from stable to unstable) for the equilibrium point
X,. This completes the proof. O

Remark 4.1. The singularity-induced bifurcation is a new type of bifurcation in differential-
algebraic systems discovered by Venkatasubramanian et al. [35]. Later on, important re-
sults on singularity-induced bifurcations have been obtained in [2, 3,38]. It is notable
that singularity-induced bifurcations do not appear in the systems described by differential
equations.



202 W. Liu and Y. Jiang

According to [35], the singularity-induced bifurcations lead to impulsive phenomenon
in the system (4.2) that is harmful for the system. In what follows, we develop a state feed-
back controller to eliminate the singularity-induced bifurcation at the equilibrium point X,.
Moreover, by [10, Theorem 2-2.1] the differential-algebraic system (4.2) is locally control-
lable at the equilibrium point X,,, since the matrix discriminant matrix (Jx_, TJx , TZJX*) at
the equilibrium point X, has rank 3. Therefore, according to [10, Theorem 3-1.2], in order
to stabilise the system (4.2) at its equilibrium point X, a state feedback controller can be
constructed. Following [10], we consider the state feedback controller of the form

0 X(t)—X*
ia=|( 0 J(0 0 &) y(O)—y. |,
1 E(t)_E*

where & is the feedback gain and E, the third component of the equilibrium point X,.
Applying the state feedback controller # = G(E —E,) to (4.2), we arrive at the controlled
differential-algebraic system

#(6) = x(8) (a — x(6) — y(6)),
(0 =y(t)(d—ky (&) __ E®) )

x(t) 1+ my(t) (4.3)
py(t) ) _
0=E(t)| ———=—=—c|+G6(E—E,)—.
O T2 —c )+t =)y
Theorem 4.2. If the feedback gain & satisfies the inequality
g > max ,
{ (x2+ky)(1+my,)> —mx,y,E(1+my,)
px2y.E,
3 > ) 4.4)
ky*(x*"‘y*)(l +my*) _mx*y*E*(l +my*)

then the controlled differential-algebraic system (4.3) can be stabilised at the equilibrium point
X, of the initial system (4.2).

Proof. The Jacobi matrix of the system (4.3) at (X, vy) is

—X, —X, 0
2
| RE kv, mEy. v
Jo = x2 x, (1+my,)> 1+my, |-
E
0 P &
(1+my,)?

and the corresponding characteristic equation has the form

12+C_llz,+c_l2 - 0, (45)
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where

ky, _mEy,  pEyY,
X,  (A+my) 6(1+my,)*

2
ky:  mx,y,E,  px.y.E,

x, (Q+my)? &(1+my)?

C_l]_:X*'i‘

C_lz - ky*+

We observe that:
(i) Ifa, >0,a, >0, and d% > 4a,, then (4.5) has two negative real roots.
(i) Ifa; >0, a, > 0, and c’zf = 4d,, then (4.5) has one negative real root.

(iii) If a; > 0, a, > 0, and c’zf < 4a,, then (4.5) has complex roots with negative real
parts.

The equilibrium point X, of the system (4.3) is either a stable node (in cases (i) and
(ii)) or a stable focus (in case (iii)) when both of the coefficients d; and a, are positive —
cf. Ref. [34]. At this moment, the controlled differential-algebraic system (4.3) is stable.
Subsequently, it follows from the inequalities a; > 0 and a, > 0 that the feedback gain
O satisfies the inequality (4.4). Hence, the initial differential-algebra system (4.2) can be
stabilised at the equilibrium point X, by the feedback controller it = &(E —E,). This allows
to eliminate the singularity-induced bifurcation in (4.2). O

5. Numerical Simulations

We consider two numerical examples to illustrate the theoretical findings.

Example 5.1 (Hopf Bifurcation). Using the parameters

we obtain the following problem

x(t) = x(t) (5 —x(t =)= y(1)),

ey 7 y() E@)
y(t)_y(t)(4 (0 1+y(t))’ (5.1)
_ Y@ 1y 1
O_E(t)(1+y(t) 2) 4

Here we consider the dynamical behaviors of the interior equilibrium point X§ = (2,3, 1).
Other interior equilibrium point of (5.1) can be examined analogously.
For the equilibrium point X;5(2,3,1), we have

k myyE E
xo+ 0 =35> o0 PYo%0

Xo (1+mye)*  {(1+my)*[(p—cm)yo—cl}

=0.375,
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k E E
k0 =255 00 Pro%o —0.25,
Xo (1+myo)? {(1+myp)[(p—cm)yy—cl}
2
N {(@ __myoEy PYoEo )2_X2_ 2ky§} B 4k%yg
xo (A+myp)? {(Q+myg)[(p—cm)y,—cl} °  xo x2
2
mx,YoEo PxoYoEo )
+4| ky,— — =76.9456 > 0,
( O Q+myp? {1 +mye2l(p—cm)y,—cl}
2
k E E 2ky?
{ﬁ— o0 _ Pl } = 1.2656 < x2+ —22 =13,
xo  (A+myp)? {(Q+mye)(p—cm)y,—cl} Xo
k2 2 E E 2
70 —225> {k— 00 _ 200 } — 0.5625,
X (1+my)? {(1+myp)[(p—cm)yy—cl}

0
so that the Hopf bifurcation conditions of Theorems 2.1,3.1 are satisfied. Besides, since
the corresponding equation (2.11) has the form w* — (751/64)w? + (243/16) = 0 and
possesses two positive roots w, = 3.2020 and w_ = 1.2171, Lemma 2.2 shows that

.1 162

To = 32020 (_(64 -(3.2020)% + 81)) =0.5598,
1 162

To = 1177 (_(64 C(1.2171)% + 81)) = 2.2534.

By Theorem 2.1, X (2,3, 1) is locally asymptotically stable if T € [0,0.5598) and unstable if
7 €(0.5598,2.2534). Therefore, for Tg = 0.5598 the model (5.1) has a Hopf bifurcation.
Using Matlab, we also find out that

¢1(0) =0.3537—14.8205i, A'(7y)=1.8624—2.5129i,

Uy, =—0.1899 <0, f,=0.7074>0, T,=8.0019>0.
By Theorem 3.1, the corresponding Hopf bifurcation is subcritical and the bifurcating peri-
odic orbits are unstable and increase.

Theorems 2.1,3.1 also show that X(2,3,1) is locally asymptotically stable for 7 =
0.5498 < 7§, consistent with the graphs in Fig. 1. We also note that for 7 = 75 = 0.5598
there are periodic orbits bifurcating from X(2,3,1) — cf. Fig. 2, for 7 = 0.5620 > 7 the
bifurcating periodic orbits are unstable and increase — cf. Fig. 3, and for 7 = 0.5798 > Tg
the equilibrium point X{(2, 3, 1) is unstable — cf. Fig. 4.

Example 5.2 (Singularity-Induced Bifurcation). Using the parameters
a=3, d=2, k=2, m=2, p=3, c=1,
we obtain the following differential-algebra system (4.2):

#(6) = x(0)(3 — x(0) — y(0)),
N _ 2y(t) _ E(t)

(0 = y(t)(z ) zy(t)),
3y(t)

1+2y(t) _1)_V'

(5.2)

0=E(t)(
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Figure 1: Positive equilibrium point X;(2,3,1) of system (5.1) is locally asymptotically stable when
T =0.5498 < 77. Initial values for numerical simulations are (x,, o, Ey) = (1.999, 2.999,0.999).
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Figure 2: Periodic orbits bifurcating from positive equilibrium point X(2,3,1) of (5.1) when 7 =1} =
0.5598. Initial values for numerical simulations are (x,, y,, Ey) = (1.995,2.995,0.995).
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Figure 3: Bifurcating periodic orbits are unstable and increase when 7 =0.5620 > 7. Initial values for
numerical simulations are (x,, y,, Ey) = (1.9997,2.9997,0.9997).
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for numerical simulations are (xq, yo, Eo) = (1.999,2.999,0.999).
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This system has the equilibrium point
(X*a VO) = (X*, Yo E*) VO) = (2) 1: 3) O)

and one can check that (5.2) satisfies the conditions SI1)-SI3) of singularity-induced bifur-
cation. According to Theorem 4.1, this is a singularity-induced bifurcation and there is a
stability switch when the harvesting profit v increases through zero. By Theorem 4.2, this
singularity-induced bifurcation can be eliminated by the state feedback controller

i=06(E—E,)=&(E—23).
The corresponding controlled differential-algebraic system has the form

x(6) = x(£)(3 —x(t) — y(t)),

N _2y(t)_ E(t)

y0=y0(2- 22 -5 2=,
3y(t)
1+2y(t)

(5.3)

0=E(t)( 1)+6(E—3)—v.

According to (4.4), the feedback gain & has to satisfy the inequality & > max{1/7,2/5}.
Here, we choose & = 2 and by Theorem 4.2, the controlled differential-algebraic system
(5.2) can be stabilised at the equilibrium point (X,,v,) = (2,1,3,0) — cf. Fig. 5.
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time t

Figure 5: Controlled differential-algebraic system (5.3) is stable at the equilibrium point (X,,v,) =
(2,1,3,0) of differential-algebraic system (5.2). Initial values for numerical simulations are (x,, y,, E,, vy) =
(1.995—0.01 % k,0.995,3.0025,0) (k=1,2,3).
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6. Concluding Remarks

We develop a differential-algebraic predator-prey model with a nonlinear harvesting
and gestation delay and study the delay influence on the population dynamics. The para-
metric procedure of [6] for differential-algebra equations and the results concerning Hopf
bifurcation for functional differential equations [9,17] show that the local stability switches
of the interior equilibrium point. The dynamical analysis reveals that the Hopf bifurcations
occurs when delay increases monotonically through some critical values. For sufficiently
small gestation delays, there are conditions providing the stability of interior equilibrium
points. However, if delay increases, the stability of the interior equilibrium point mutates
into instability for a few times, before becomes unstable for all large delays. Thus the delays
play an important role in the stability of interior equilibrium point and can initiate Hopf
bifurcations.

In population dynamics, the stability of interior equilibrium points is closely connected
to the sustainable development of predator-prey systems. For stable interior equilibrium
point, the predators and preys populations and the harvesting effort are in a coexisting
equilibrium state less susceptible to outside interference. On the other hand, slightly dis-
turbed unstable interior equilibrium points mean that the predator-prey system can easily
lose its ecological equilibrium. Along with the Hopf bifurcations, small-amplitude peri-
odic orbits would bifurcate from the interior equilibrium point - i.e. periodic oscillatory
behavior appears and the density of the biological populations and the harvesting effort
will fluctuate periodically. Similar to the stability property of interior equilibrium points,
the bifurcating periodic orbits are biologically important, since they determine whether the
predator and prey populations and the harvesting effort can still coexist in an oscillatory
case. Therefore, we also examine the properties of the small-amplitude periodic orbits in-
cluding direction, stability and period. This helps in better understanding of complicated
dynamical phenomena in the harvested predator-prey system.

The singularity-induced bifurcations, also considered here, produce impulse effects in
differential-algebra predator-prey systems, usually associated with the rapid growth of
species population. With no restrictions present, the species population will grow beyond
natural environment carrying capacity that can cause an ecological disbalance. Therefore,
preventive measure have to be taken. In order to eliminate singularity-induced bifurca-
tions, we develop a state feedback controller. It is also shown that the singularity-induced
bifurcations can be eliminated by intensifying harvesting effort on the predators popula-
tion. As the result, the ecological balance of the differential-algebra predator-prey system
can be restored.

We note that the differential-algebra predator-prey model (1.5) with harvesting is a sin-
gular system. Singular systems differ from the systems described by differential equa-
tions. Thus singularity-induced bifurcations never appear in familiar harvested predator-
prey models described by differential equations — cf. [2,3,10,35]. Therefore, the harvested
predator-prey model presented here, exposes a richer and more complicated dynamical
behavior. It is also worth mentioning, that the parameterisation method transforms the
delayed differential-algebra equations of the model (1.5) into delayed differential equa-
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tions (3.9). In a sense, the method is a bridge between differential-algebra and differential
equation systems.

(i) The delays due to gestation and maturation of predator population can also be in-
corporated into model (1.5), and the dynamical effects of multiple delays on the
population dynamics could be studied by using the normal form method and center
manifold reduction presented in Ref. [11].

(ii) The bifurcations considered here are local, namely, they just exist in the small neigh-
bourhoods of the critical values. So global continuation of the bifurcating periodic
orbits in model (1.5) can be further investigated by employing the global Hopf bifur-
cation theorem developed in Ref. [36].

(iii) Apparently, many stochastic factors in the natural environment can affect the dynam-
ics of biological systems, such as flood, temperature, pestilence, etc. On the grounds
of the stochastic modeling methods for population models in Refs. [29,30], the envi-
ronmental fluctuations can be introduced into model (1.5), and then we can investi-
gate the stochastic stability and bifurcations of the model with stochastic fluctuations
and time delay.

We leave the above issues for future consideration.
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Appendix A

Here we provide the main points of the parameterisation method [6]. Consider the
following differential-algebra system

X(t) = FX(1),

_ (A1)
0= g(Xx(¢)),

where f : R" - R", g : R" — R" are continuously differentiable functions,

f:= (fl’fZ""’fn)T) &g = (gl’g2)""g1r)T) n>r.

Suppose that X, is an equilibrium point of (A.1).
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If (A.1) satisfies the conditions
rankDzg (Xo) =1, Dgg(Xo)=(0,P)rxn,
where P_, . is a nonsingular matrix, then the system (A.1) can be parameterised as follows:
X(£) =y (Y(0)) =X, + UpY () + Voh(Y (1)), (A2)
g((Y (1)) =0, (A.3)

where

Tr

I 0
Y= (yl)yZ;w.).yn—]r)TE]R(n_]r)) UO:( (Tlaff')) > VOZ(I ) )
nx(n—r) nxr
I, is the identity r x r matrix and h(Y') a smooth mapping from R(™™) to R”. Substituting
X(t) =y (Y (t)) in the first equation of (A.1) yields

Dy (Y ()Y (£) = f(p(Y (1)) (A4

Differentiating (A.2) and (A.3) with respect to Y and multiplying the first derivative by UOT
from the left, we obtain

Ug'DYw(Y(t)) = I(n—rr), (A.5)
Dzg(X())Dy (Y (£)) =0. (A.6)
The Egs. (A.4)-(A.6) yield that
— -1
DreX(ON) (0 V)= fur o)), A7)
Uy Itn—r)

and, consequently,

0 Yo .. 0
(I(n—r)) Y= (UOT f(w(Y(t)))) :

so that system (A.1) is equivalent to the parameterised system
Y () = Uy f(p(Y (1))). (A.8)
Appendix B

Let us show how to establish the normal form (3.1). First, we write the Taylor expan-
sions of the parameterised system (2.4) as

_ _ 1 _ _
1= fiy, (XO)J’1 + fiy, (XO)J’2 + —f1y1y1 (Xo)y12 + fiy,y, (XO)J’U’z
1 _
+§f1y2yz (Xo)y§+ﬁ(|Y| )
_ (B.1)
Y2 = foy, (Xo) »1 + foy, (Xo) y2 + f2y1y1 (Xo) y? + foyiy, (X0) 172
(Iv]

1 _
+ §f2y2yz (Xo)y§ +0(|Y] )
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and determine the coefficients in the above expansions. In follow from (2.3) that

D}—{fl()_() = (a —x(t—71)—xe " —y, —x,O),

— ky? 2ky E myE
DYfZ(X)_(xz’d_ x _1+my+(1+my)2
4 PEoy
(1+myp)[(p —cm)yo—c](1 +my)
N PEoyy Y ) (B.2)
(1 +myg)l(p—cm)yo—cl(1 +my)?” 1+my)’
= PE P°Eoy
Prsl) = (O’ A+my? A+ myo)l(p —cm)yo— I + my P
_ pEol(p—cm)y —c] (p—cm)y—c)
A +myllp—cm)yo—cl1+my)”  14+my J

Recalling the Egs. (A.5) and (A.6), we obtain

1 0
Dwg(X)\ "
oyn)=("50) (1) " @ | =D, 3
(p—cm)y —c
where
o) =—PE p*Eoy
(1 +my)?  {(1+myl(p—cm)yo—cl(1+my)?}
_ PE[(p —cm)y —c]
{(@+myo)l(p—cm)yo —c](1 +my)}
Besides,

N PYoEo
0 (¥o) = [ (1+ mJ’o)Z] {Eo T A+ myol(p —cm)yo—cl) }
_ p*yoEo ____PE

=0.
{P(m,c)}  (1+my,)?
The Egs. (2.4),(B.2) and (B.3) yield

flyl()_() :D)?fl()_()Dylw(Y) =a —X(t — "L') _Xe—l’r —y,

_ _ 3 N o
f1y, B =DehID,Y(V) ==, ), (K) = Dfo (D, (V) = =7,
ky _E PEoy

_ — 2
f2y2(X) =D)7f2(X)Dy21,b(Y) =d-= x 1+ my * 1+ m)i))[(p —cm)yo—cl](1+my)

4 PEoy L mE Y
(T +myg)l(p—cm)yo—c]JA+my)? (1+my)? (p—cm)y—c
y { p*Eoy
(1 +myo)l(p —cm)yo—cl(1 +my)?
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PEo[(p —cm)y —c] ___DE } B.4)
(1+myl(p—cm)y,—cl1+my) (1+my)? '

and substituting X, o into (B.4) shows that

fiy, (Xo) —xpe 7, fiy, ()_(o) = —Xo,

— ky? — (B.5)
f2J'1 (XO)Z x_zo’ f2}’2 (X0)=—.//{,
0

Invoking (B.4) again, we obtain

Dgfiy,(X) = (—2¢7*7,—1,0), Dgf1,,(X)=(-1,0,0),

l%nyl(X)—( 2ky” ,2"y , )

Do f (X 2mE 2m2yf
XJ272 (1+my)2 C (1+my)3
+ 2pEy
(1 +myo)l(p —cm)yo —c](1 +my)?
_ 2pmEyy + c
(1 +myo)l(p—cm)yo—cl(1+my)*  [(p—cm)y —c]?
[ p*Eoy
(1 +myo)l(p —cm)yo —cl(1 +my)?
PEo[(p —cm)y —c] ___PE ] B y
(1 +myo)l(p—cm)yo—cl(1+my) (1+my)?| (p—cm)y—c
[ 2p°Ey
(1 +myo)l(p —cm)yo —cl(1 +my)?
_ 2p*mEyy 2pmE ]
(1 +myo)l(p —cm)yo —cl(1 +my)? (1 +my)?
1 Py )
— + . B.6
+myP " @+ myPlp—cmy —c] ®0
We now substitute X, into the Eqs. (B.3),(B.6) to obtain
Dxfiy, (Xo) = (=2¢747,-1,0), Dgfyy, (Xo) =(~1,0,0),
— 2ky0 Zkyo
D}_(nyl (XO): (_ XS ) X(Z) 50 D
— 2ky, 2mE, 2pE, 2pmyoEy  2p%yoE, 2k
Dsfy,. (Xo) = — — =
2y, (Xo) ( x2 "(1+my)®  P(mc) P(mc) Q(mc) xo
B 1 N PYo )
(1+myp)?  (1+myy)?[(p—cm)y,—c]
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(1) (1) 1 0
Dy1(0) = (Dy,4(0),D,,(0)) = L O+ myey) 8 (1) (B.7)
(p—cm)yy—c
It follows from (2.4),(B.7) that
fl)’l)’l ()_(0) :D)_(flh ()_(0) Dylw(o) = _Ze_lT,
fl)’l)’z (‘)_(0) =D}?f1)’1 (‘)_(0) DyZW(O) =-1,
fiyay, (_0) =Dxf1y, ()_(o) D, 4(0)=0,
— — 2ky?
fayry, (Xo) =Dxfay, (Xo) Dy, ¢(0) =——=,
Xo
_ _ 2ky, (B.8)
Fayy, (Xo0) =Dgfay, (Xo) Dy, (0) = 2
0
= — 2mE
f2J’2)’2 (XO) :D)_(fz)’z (XO) DYzw(O) = JT}(’)O)S

2pEy  2pmyoEo  2p°YoEy 2k
P(m,c) P(m,c) Q(m,c) xg

and substituting the coefficients (B.5) and (B.8) into (B.1) leads to (3.1).

Appendix C

In a differential-algebra systems, singularity-induced bifurcations appear when the
equilibrium crosses a singular surface of the system at a bifurcation point. If the trajec-
tory of the system crosses singularity surface in a finite time with infinite speed, the system
changes its stability status. Such bifurcations can be described by the singularity-induced
bifurcation theorem from [35], which is recalled here.

Consider a differential-algebraic system with a one-dimensional parameter u, viz.

X(t) = f(x(0), y(6), ),

0= g(x(6), y(6), ), €D

where
X(t):= (x(t),y(t))T, x(t)eX cR", y(t)eYCR™, ueAcCRY

f o RMMH4 5 R g 0 R™M 5 R™ and n,m,q are positive integers. The equation
g(x,y,u) =0 is a constraint condition for the system (C.1).
Set
A(x,y,u) = det(Dy, g(x, y, u)).
We assume that (xg, Yo, Uo) is an equilibrium point of (C.1) and the system (C.1) satisfies
the following conditions:
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S11) Dy g(x, ¥, )l(xy,y0.u0) D@s @ simple zero eigenvalue, and trace(D, f adj(D, g)D,g) is
not equal to zero at (xg, Yo, Uo)-

D.f D,f\. .
S12) [ °F Y )13 nonsingular at (xg, Yo, to)-
(ng D,g g (%0, Yo, o)

D.f Dyf Duf
S13) | b,g D,g D,g |isalsononsingular at (x, Yo, o)
D,A D,A D,A

Then there exists a smooth equilibrium curve of differential-algebraic system (C.1), which
passes through (x, Yo, o) and is transversal to the singular surface

S={(x,y,u)€X x ¥ x A: g(x,y,u) =0,A(x,y,u) = 0}.

On the singular surface S there is a point, called singular point of the system (C.1), which
plays a significant role in the occurrence of singularity-induced bifurcation. For u = g,
one eigenvalue of the system (C.1) moves along the real axis from C~ to C* by diverging
through oo if M/N > 0 or from C* to C~ if M/N < 0, where

M := —trace (Dyf adj(Dyg)ng) |(Xo,yo,uo)’

-1
N D.f Dyf D,f
N:= DA—(DA,DA)(X y) (“) .
( g ’ g ng Dyg Dug (x0,¥05k0)

The change of the sign of the eigenvalue changes the stability status of system (C.1).
The remaining (n — 1) eigenvalues are bounded and stay away from the origin. Thus
the singularity-induced bifurcation is the change of the stability status of the differential-
algebraic system (C.1) because one eigenvalue of (C.1) diverges to infinity when the Jaco-

bian D, g(x, ¥, )| (xy,ye,u0) 1S Singular.
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