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Abstract. In this report, we give a viscosity splitting method for the Navier-
Stokes/Darcy problem. In this method, the Navier-Stokes/Darcy equation is solved
in three steps. In the first step, an explicit/ implicit formulation is used to solve the
nonlinear problem. We introduce an artificial diffusion term 6Au in our scheme whose
purpose is to enlarge the time stepping and enhance numerical stability, especially for
small viscosity parameter v, by choosing suitable parameter 6. In the second step, we
solve the Stokes equation for velocity and pressure. In the third step, we solve the
Darcy equation for the piezometric head in the porous media domain. We use the
numerical solutions at last time level to give the interface condition to decouple the
Navier-Stokes equation and the Darcy’s equation. The stability analysis, under some
condition At <kg, kg >0, is given. The error estimates prove our method has an op-
timal convergence rates. Finally, some numerical results are presented to show the
performance of our algorithm.
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1 Introduction

The free flow coupling with the porous media flow, where the behavior of the fluid can be
described by different partial differential equations in different domains, is very impor-
tant in the computational fluids. In this report, we focus on the model of the Navier-
Stokes equation in the surface region coupling the Darcy’s law in the subsurface re-
gion [16], which is described by a mixed Navier-Stokes/Darcy’s model. The first im-
portant thing is the interface conditions between the Navier-Stokes flow and the Darcy’s
flow. This model was firstly studied by Beavers and Joseph in [4], they gave the interface
condition (named Beavers-Joseph (BJ) condition) on the interface between the surface
flow and the subsurface flow. Then, this condition was simplified by Saffman [37] get-
ting the Beavers-Joseph-Saffman (B]S) condition. This model is used in many areas, e.g.,
the simulation of flooding in dry areas, petroleum engineering and environmental engi-
neering. In point view of the numerical method, how to deal with the BJS or BJ condition
on the interface is a enormous challenge.

For its widely used and enormous challenge, many authors have given some great
works, e.g., unified stabilized finite element formulations for the Stokes/Darcy’s flow [2];
a strongly conservative finite element method for the Stokes/Darcy’s flow [30]; super-
convergence analysis of finite element method for the Stokes/Darcy system [1]; a pos-
teriori error estimate for the Stokes/Darcy [15] and so on. In 2012, Layton et al. [31]
split the Stokes/Darcy problems into the Stokes and Darcy problems and give four non-
iterative, sub-physics, uncoupling methods. The Robin-Robin domain decomposition
methods for the steady-state Stokes-Darcy system with the Beavers-Joseph interface con-
dition were shown by Cao et al. [9], Chen et al. [12] and Discacciati et al. [17]. In [23],
fully-mixed finite element methods was given by Gatica et al. In [36], a decoupled fi-
nite element method for the Stokes/Darcy flow was given. In 2012, Shan, Zheng and
Layton [38] presented a decoupled method using different time steps in different do-
mains. In [41], a local discontinuous Galerkin (LDG) method for the Stokes/Darcy flow
was given by Vassilev and Yotov. For the Navier-Stokes/Darcy coupling problem, sev-
eral iterative methods were presented by Badea, Discacciatiaw and Quarteroni [3, 16].
The two-level method for the Navier-Stokes/Darcy problem was given by Cai et al. [7]
in 2009. Girault and Riviére [25] presented a discontinuous Galerkin approximation of
coupled Navier-Stokes/Darcy Equations by BJS Interface Condition. In [43], two decou-
pling algorithms for the steady Stokes-Darcy model based on two-grid discretizations
were shown by Zhang and Yuan. In [39], we gave the decoupled modified characteristics
finite element method for the time dependent Navier-Stokes/Darcy problem. The fully-
mixed finite element method for Stokes-Darcy problems was given by Gatica et al. [8,24].
A decoupled preconditioning technique for a mixed Stokes-Darcy model was presented
by Marquez et al. [32]. A strong coupling of finite element methods for the Stokes-Darcy
problem was shown by Marquez et al. [33]. Two-grid finite element for mixed Stokes-
Darcy equations was given by Hou et al. [29, 44].

The fractional step methods, which split effects due to different operators appeared in
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the problem, are a widely used classical numerical method for time-dependent differen-
tial equations in computational fluids. The origin of this method is given by Chorin [11]
and Temam [40]. They developed the important and well known projection method. The
main drawbacks of projection methods are that the end-of-step velocity does not satisfy
the exact boundary conditions and the discrete pressure should satisfy a so-called “artifi-
cial’ boundary conditions. The viscosity-splitting methods is a kind of the fraction step
method, where viscosity is not fully decoupled from incompressibility. The fully discrete
viscosity-splitting method was called 6-scheme given by Glowinski et al. [27] and Ferna-
Cara et al. [20]. In [5, 6], Blasco et al. gave a viscosity-splitting fractional step method for
the Navier-Stokes equation and a new error estimate for which was give by E. Guillén-
Gonzélez and Redondo-Neble [26]. The fractional step method and operator-splitting
scheme combined with the well-known predictor-multi-corrector algorithm for solving
the Navier-Stokes problem were also considered in [13,14,18,19]. The advancement of
this method is decomposed into a sequence of two steps. At the first step, a linear elliptic
problem was solved, while at the second step a Stokes problem was considered. In [42],
a large time stepping viscosity-splitting fractional-step method was considered for the
viscoelastic flow problem.

In this paper, we given a viscosity splitting method for the Navier-Stokes/Darcy prob-
lem. In the first step, the explicit/implicit formulation is used to solve the nonlinear
problem. We use the implicit scheme for the linear terms and an explicit scheme for the
nonlinear term. The advantage of this method is that a linear system with a constant
coefficient matrix can be obtained in order to save computational cost. Furthermore, we
introduce an artificial diffusion term 6Au in our scheme for solving the small viscos-
ity v. The purpose of the artificial diffusion term 0Au is to enlarge the time stepping and
enhance numerical stability especially for the small viscosity parameter by choosing suit-
able parameter 6. In the second step, a Stokes equation is solved. At last, we solve Darcy
problems in the porous media domain. Then, we give the numerical analysis including
stability analysis and error analysis. The numerical result show that our method has an
optimal convergence order. On the other hand, we can see that our method can solve the
Navier-Stokes/Darcy problem with small viscosity parameter v. The numerical analysis
proves that our method is stable and has an optimal convergence rate. The numerical
results conform our theoretical analysis.

2 The viscosity splitting method for the time dependent
Navier-Stokes/Darcy problems and functional settings

Let Q C RY(d =2,3) be a bounded domain, decomposed into two non intersecting sub-
domains () and (), separated by an interface I', namely Q=Q,UQ,, QN = and
QrNQy =T. We suppose the boundaries d()s and d(}, have the Lipschitz conditions.
From the physical point of view, I' is a surface separating the domain )¢ filled by a fluid
from a domain (), form by a porous medium.
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Let T >0 be a finite constant, the fluid flow is governed by the Navier-Stokes equation
in ) f

W —vAu+(u-V)u+Vp=f(xt), x€Qrx(0,T],

V-u=0, erfx(O,T], @.1)
u(x,0) =uy, x €y, '
u=0, x €0\ % (0,T],

where u(x,t) represents the velocity of the fluid flow in Q, p(x,t) is the pressure, f(x,t)
is the external body force and v is the kinematic viscosity.
The porous media flow is governed by the following equation in (),

Sopr+V-u,=g,(x,t), x€Q,x(0,T],
(P(X,O) :(PO' X G Qp/
$=0, x €00, \I'x (0,T],

(2.2)

where ¢ is the piezometric head, u, is the fluid velocity in the porous media (),. K
represents the hydraulic conductivity tensor, for simplicity, we assume that K = diag,
(Ky,---,Kg) with K; € L®(Q)p), i=1,---,d and K; >0, i=1,---,d, which means the porous
media is homogeneous. We assume that K is uniformly bounded and positive defined in
)y, there exist Kinin, Kmax > 0 such that

Komin|x|? < Kax - x < Kpax|x|? ae. xeQy.
Using Darcy’s law u, = —KV¢, (2.2) can be rewritten in the parabolic form
Sopr— V- (KV) =g,(x,1), x €0y, x(0,T]. (2.3)

For the Navier-Stokes/Darcy model, the interface conditions of the conservation of
mass, balance of forces and the Beavers-Joseph-Saffman condition are imposed herein

u-ng+u,-n,=0 on I'x(0,T], (2.4a)
p—vnfaa:::gqb on I'x(0,T], (2.4b)
f
Jdu o\/Vg

—VTj=— =——————u-T;, i=1,2,---,d—1, on I'x(0,T]. 2.4c
‘ony trace(K) 01] (24c)
Here, g is the gravitational acceleration, « is a positive parameter depending on the prop-
erties of the porous medium and must be determined experimentally. The condition (2.4)
can be rewritten as

u-ng= on I'x(0,T]. (2.5)

99
Kanp
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2.1 Variational formulation of the continuous problem
Define W = Hy x H, and Q=L?(C)y), where
Hy={ve (H'(Qy))":v=0 on 30,\T'},
Hy,= {(ﬁGHl(Qp) :¢=0 on GQP\F}.

The spaces Hy and H) are equipped with the following norms

[l = Vulla,,  YueHy,
10l =1 Velle,, — VoeH),
where ||-||p:=||- || ;2(p) means the L2-norm on the domain D. We equip the space W with
the following norms
lwllo=/(ww)a, +gSo(¢.9)a,, Vw=(u,¢) €W,
lw||w = \/V(Vu,Vu)Qf—Fg(KV(]),V(P)QP, Yw=(u,$) €W,

where (-,-)p refers the inner product in the corresponding domain D for D = Q¢ or Q.
The weak formulation of the time-dependent Navier-Stokes/Darcy model read as fol-
lows: find w=(u,¢) € W and p € Q such that

[wy,z)+a(w,z)+B(u,u,v)+b(v,p)=(F,z), Vz=(v,p) €W, (2.6a)
b(u,q)=0, VgeQ, (2.6b)
w(0) =wy, (2.6¢)
where
[wt,2] = (ur, V), +850 (P, ¥) a(w,z) =as(u,v)+ay(¢,¢)+ar(w,z),
a1 a\/Vg
af(u,v):v(Vu,Vv)Qf+§/r\/tr;cﬁw(u-n)(v.n)ds,
a,(¢,9) =8(KV¢, Vi), ar(w,z) =ar(w,¢;v, ) =cr(¢,v) —cr(p,u),
B(u,v,w)=((u-V)v,w), cr(lp,u):g/rlpu-nf,
b(v,p)=—(p,V-v)a, (F,z)=(fv)a,+8(8p¥)0,

Here, we define the discrete Stokes operator A (see [42] and the references there) defined
by
(Au,v) = (AY?u,AV?v) = (Vu,Vv), Vu,v € Hy.
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Lemma 2.1 ([34]). The bilinear form ag(-,-), ap(-,-) satisfy

Ca
af(u,v)gmax{v+1,w}||uHHf||V||Hf, (2.7a)
ar(wu)>v||ul|%, + /u’qzds—vu aVil u-t||g, (2.7b)
flauw) >vl[ullf, + ax; lullf, + m!l IF
ap(9,9) < Kmax |9l 5, [ 1, (2.7¢)
ay(¢,$) > Kmin|[ 9|7, (2.7d)

The trilinear form B(-,-,-) satisfies the following property (see [21])
|B(w,v,w)| <Nlul[p, ||| H Wl H,, Vu,v,w e Hy. (2.8)

We can get the following lemma
Lemma 2.2. The trilinear form B(-,-,-) satisfies the following property

B(w,v,w)| <Cllullgi) I VVlawla,  YueH*(Qp), v,weH'(Qp).  (29)
Proof. By Cauchy-Schwarz inequality, we have

[B(w,v,w)| <[[ull~(0) [ VVllawlla,-
Using the embedding theorem, there holds |[ul|;~(q,) < Cllul|p2(q,), then it follows that
|B(w,v,w)| <Cllul|p2(q) I\VVIIQfHWHQf-

Thus, we complete the proof. O
Remark 2.1. Here, for u¢ H}(Qf)NH?(€)f), so we can not get

[ull(q,) < CllAu]lqy-

2.2 The Viscosity-Splitting for the Navier-Stokes/Darcy problems

For each positive integer N, let {7,: 1<n <N} be a partition of [0,T] into subintervals
TIn=(ty—1,tn), with t, =nAt, At=T/N. With the previous notations, we get the viscosity
splitting method for the Navier-Stokes/Darcy problem (2.1).

Algorithm 1 Viscosity-Splitting method.

Step1 Find u"*/2¢c H ¢, such that

un+1/2 —u"
— A — VAU 2 g A" T2 g Au" 4 (0" V)u" = f (b)) (2.10)
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Step2 Find (u"*!,p"*1) € (Hf,Q), such that
n+1_ ,,n+1/2
% —V(Au"+1 _Aun+1/2) +9(Aun+1 _Aun+1/2) +Vpn+1 —0, (2.11a)
V.u"t=0. (2.11b)
Step 3 Find ¢" ' € H, via
(Pn+1 _(Pn
So— TV (KV") =gp(x,tns1). (212)
Then, we can get the weak form of the method
Algorithm 2 Weak form of the Viscosity-Splitting method.
Step 1 Find u"*1/2¢ Hy, such that
n+1/2 _ .n
(uAtu,v> +af(u”+1/2,v)+9(Vu"+1/2,Vv)QffG(Vu”,VV)Qf
Of
B v) e (9,9) = (Fltr i) V) (213)
Step2 Find (u"*!,p"*1) € (Hf,Q), such that
n+l_ . n+1/2
(uAltl,Vv> —i-af(u”+1 —u"t1/2 )
O
—G—G(Vu”“—Vu”"'l/z,Vv)Qf—&—b(v,p"H):0, (2.14a)
b(u"t1,q)=0. (2.14b)
Step 3 Find ¢" ' € H, via
¢t —g" Kool
gSo| | +a(KVTL V),
on
—er () =gy (6 1) o 215
3 Stability analysis
Lemma 3.1 ([31,36]). There exits a constant C >0, such that
ler (¢, w)| <Cgll 9l [l (3.1)
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Theorem 3.1 (Stability). The Viscosity-Splitting method is stable, in the sense that, under the
condition ko >0, At <k, there hold

Atr &

Z || 1+1/2H2

0(1/ .
Z ™t rff 4 fu a2 )+ 0Ar ([0

n . .
||un+1‘|%2f+z ||u1+1_u1+1/2||%_2f

i=

vaax
. . n . . n . . .
+Z||uz+1/2_uz‘|%{f+zHuz+1_uz+1/2||%1f)+Ath(”u1+lH%{f+Huz+1_uz+1/2‘|%{f)
i=0 i=0 i=0

n . . n .
+8So(l¢" M 1B, + 1 97! —¢'l13, ) +28at )" K2V,
i=0 i=0

ATCRv1g? 4c2 T B 4Nt
<exp & 2080 ) (4am 1znf b)) [, + 2 Zugp t)|3 (3.2a)
Kmm Kmm f K f

i= min j—

[l 1, +2Sollg™ I, + Yo (lu™t —ul[F, +2S0ll¢™ ! — ' [,)

i=1

3 n . ) n ) .
FOAEY (V] A By Ko AT ) 2080 Au" By 42088 A ),
=1 =1

<exp <4gAt1/ lZ;Hu’H +4v*1T—|—K4T )
i= min

. , 4Nt

x | 4Aty ZHf(fiH)HQf Zng i)l |- (3.2b)
i=1 Kiin {5
Furthermore, we have

n
(u+9)At;)|\Aul+1HQf§c. (3.3)

1=

Proof. Here, we use mathematical induction. It is obviously that
(v+0)]| AuC |, < C.
We assume that
(1/+9)HAui||Qf§C, Vi<n.
Step 1. we give the proof of (3.2a) under the induction assumption.

Then, letting v=2Atu"*1/2 in (2.13), it follows by

1723,

At /v

np2 n41/2 o2 17212, ABLNVE L L1212
- + - +2Aty +—Y° T
[[u*{[gy, + [lu u’lg, [u 7 TR [u I
+9Af(HU"+1/2||Hf—||u”||%4f+||u"+1/2—u"|\?4,)

+2AtB(u" u" u" Y 2) 4 2Atcr (¢ w1V 2) =2A4(f (bpp1), 0T ) (3.4)

z
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Combining (2.8) and (2.9) gives
2AtB(u" " u"2) SCAH[W |1 102 1, 0
VAt
< 2+ Ot B 0 (35)
By (3.1), we arrive at

2Ater (¢, u*T2) <2ALCogl|¢" ||, 0" 2 1

VAt
<AMCR " By + S a2

4AtCIv—1g? VAt
S | SRV A (s (36)
min
Using the Cauchy-Schwarz inequality, we have
- VAt
20H(f (tns1) 0" 2) 0 SACAWTH| f(bui) [, + = [l 2y, 3.7)

Combining (3.4)-(3.7), we arrive at

alAt /v
1202, — a3, + [l 2 a2, + At 2, S /22
f f f f

V Kmax
FONH([u 2 g — [y + w2 )
_ 4NtCIv—1g2 _
4D B [0, IR 2V [, +4CAR | f () [y, B8

Taking v=2Atu"*! in (2.14) and noting b(u"*1,q) =0, we deduce
[l 8, —llu

FAHOv) ([, — a2 By 4 a2 )

n+1/2H%)f+ ||un+1 _un+1/2HQf

Atw, /v
VIS (R [ 2 B e — w2 2) <0

V Kmax
Combining it with (3.8), it follows by

a1, — u” [, + w22 A a2 R,

Atw /U
T N RN I( "t P ML

V Kmax
2 By a2 ) At et a2, )
4AHCI 1

2
_ g _
e T 129" 13, +4A £ (i) B, (B9)

Kmin
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Letting 1 =2At¢" ™! in (2.15), there holds
28S0(¢" T —¢",¢" ), +28AHKV P, V) —2Atcr (9" u")
=28At(gp(tns1),9" ), -
Using (3.1), we deduce

2AtC
2ter (¢ ") < =28 K2V g, u” |,

min

| 4G5t

gAL 100 i1 2 n
< |IK —=°
<SRV, + 2

(3.10)

Using the Cauchy-Schwarz inequality, it shows that

4

n At n
28AH(gy(tnt1)," ), < llgp(tnmlla +82 llK”zw 1, (3.11)

Combining (3.9), (3.10) and (3.11) gives

gSo(l19" 12y, — 197113, + 19" — @13, ) +gAL K2V,

4Nt AC3 gAt
881l + S

Combining (3.9) and (3.12), we arrive at
Atv
™13, = [, + ™ —a 2R = a2

FOAL ([0 [, — [, + 02 —u" ) + At (ot + o a2 )

At /v
# 2L (o w2 )
max
+gSo(9" 1, — 197, + 147 — g7 3, )+ 28AH|K2V g
4AtC31g?

<CRAW [ g 1”17y, +
min

||K1/2¢”||%{p+4_Atv—1 1f(tns1) ||%)f

4Atg | 4Cgat
3.13
S gt I, + o @13

Summing (3.13) over all 1, there holds
Atv &

E H z+1/2||2

lX,/ .
Z ||ul+1 T‘|2+||ul+1 u1+1/2_T||12_)_|_9At(||un+1HHf

Kimax i=

n n
+ZHuz—&-1/2_uz|‘%1f+ZHuz+1_u1+1/2||%{f)+AtVZ(Huz+1H%{f_’_Huz—i—l_uz—&-l/ZH%If)
i=0 i=0 i=0

n
Hun—i—lu%)f_'_Z ||lll+1—ul+1/2||éf
i=0
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+8So(ll¢™ 1B, + Y llg —¢'l13,) +2gAt Y IIK AV 3,
i=0

i=0
3 n . ) 4AtC21/_1 2 n B
<Chan Ty Aw [ i, + SN K g rant Y F(ta) I,
i=0 min i=0 i=0
4At 4C2gAt
i N8t I, + =2 =Y Iy
min mm i=

Via Gronwall’s lemma three times, it yields

2” z+1/2||2

4 .
V Z ||u1+1 TH2+||ul+1 ul+1/2'TH%)+9At(Hun+lHHf

Kimax i=

n n
+Z ™2 [, + ) [l —u 2R ) A Y (R, + a2, )
i=0 i=0 i=0

n - - Aty &
w2, + 3 — a2 +

i=0

+8So(ll9" 113, +Z]|4f“ 9'l13,) +2gAtZHK1/2V¢z+1H2
i=0

CIAL 4TC3v'g>  4C5gT
Sexp( Y lAw b, + = £ 28 )
mm min

) AAtg
X <4Atv 1Z||f(l‘n+1)|’?)f+I<fg2||gp(ti+1)|’?)p>'
min ;g

i=0

Step 2: we give the proof of (3.2b) under the induction assumption.
Adding (2.13) and (2.14), it follows by

A
+b(v,p" ) +er(¢9",v) = (f(tns1), V)0, (3.14)

un+1 —u"
<t,v> —|—af(u”+1,v)gf+9(V(u”+l—u”),Vv)Qf—i—B(u”,u”,v)
Qf

Letting v=2AtAu"*!, we deduce

2 (' —u, A 2] Aw
Qf f

+20A1(]| Au" [, — [l Aw" (|, + [ A" "))
+2AtB(u" ", Au" ) 4-2Atcr (¢, Au 1)

<2AH(f (tura), Au" g,
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Using the property of B(,-,-), we have
2AtB(u",u", Au" ) <2CAt|u" 2 10" (|1, | Au"1 o,
<O A B a0y A B
On the other hand, there holds that
2Ater (¢, Au™t1) :g/qu”Au”Jrl -nds:—ZAtg/rvq)”-Vu”des
<28V " | 20 [ V0" | 2r) <24t ]| AP" o, [ Au" |y,
<O Au R, +agan AR,
Via Cauchy-Schwarz inequality, we get

Atv _
28H(f(tuin) A )0, < S8 AW 4t F () By

f
Combining these inequalities, it shows that
w3, — a3, + ™ — a3, 20| Au |,
+20A ([ Au" [, — [ Au"[[{, + [ A" —u") )
<Atv|| Au" [ +4At T f(t) G, +4gAtTHAKY 29"
o A g "
Summing the above inequality all over 1, we arrive at
Hu"“H%fff"lHufﬂ—uf\r%f+§Atvir|Auf+lr\éf
i= i

n . .
+20At| Au" 3, +20A) [l A —u) ||,
i=1

n n n
<AAtTHY [ f(tia) [, +4gatv ™ Y (AP G, 4T ALY o' ) [w]F, (315)
i=1 i=1 i=1

Letting i =2AtA¢" ™! in (2.15), we have
250 ((PnJrl _¢n,A¢Vl+1)Q +2At(VKV¢Vl+1/A(Pn+1)
14

=2Atep (A" u") + 20t (g (x,tn41), AP ) q, - (3.16)
Using the definition of cr(,-), there holds that

< KminAt
- 4

4Nt
Kmin

28tcr (Ag"u") AP G, + [ Au"|[2,,.
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Using Cauchy-Schwarz inequality, we get

KmmAt 4Nt

20t(gp (%, tnr1), AP" ), < HA¢n+1HQp+7HgP( n) [y,

Combining these three inequalities gives
2S0(l¢™ I, — 19" 1%, + 19" —¢"II%, ) +2Kmin At AP [y,

_K At 4Nt 4Nt
= =5 1A, + AW, + gy () -

Summing over the above inequality, we have

n ) ) 3 n )
250" IR, +250 ) 197 = IIF, +5 A8 Y K2 AR,
i=0 i=0

4Nt
Z!lgp ), (3.17)

4At
ZHA Wil +

mm i=

Combining (3.15) and (3.17), we arrive at
[ [, +2S0l 9" IIirpﬂLi(llui+1 —u'[[}, +250[l¢"" ! —¢'[I7,)
im
+iAti_il(vnAui“né,+1<min||Aq>f+l||%),J>+29Atn«4u"“r|%)f
—|—20Ati | A(u!—u') Héf
i=1

<ANY | (tis) B, gty 12||A4> I3, +4v 1At2||ul||Hz a1,

i=1 i=

4At 4At
ileA u'lf, + % Zng 0)[[8,-

Using Gronwall’s lemma, it yields

[, +2S0ll¢™ I, + Y (la™ ! —wl[F, +2S0ll¢™ ! —¢'[1F;)
i=1
3 : ‘
+5At) (v Au G, + Kininl| A9 15, ) +20A¢ | Au 7,
i=1

n
i+l iy 2
+29At;||./4(u u )HQf
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LA 4T
<exp (4gAtv1 ZHulHip(Qf) +4v 1T+ ra )
i=1 min

ANt &

x <4Atv12uf<ti+1>||éf+1<,Zugp<ti+1>r|ap> . (3.18)
i=1 min j—

Step 3: we give the proof of (3.3) under the induction assumption.
n+1__

Define dyut1= “T“H. Letting v=2Atd;u" ! in (3.14) and using (V-u",q)=0, Vg€ M,
it follows that

K\/V
288y Y vl — vl 4 (R o)

V Kmax
Vg
e R S N M RN R

+2AtB(u", ", dpa" ) 4 2Atcr (¢, dia™ ) =2A8(f(tyy1),diu™ g

_l’_
-
Using (2.9), we have
2AtB(u",u",d;u" ) <CAt||u” ||Hz(Qf) ||u” HHf |dju™t? ||Qf
At
AN B 0 B+ 5
We also get

2Ater (¢, dpa ) =2cr (¢, u" T —u™)
1/2 +1
<C[[ VK" ||o, [[0™ —u" ||,

1/2 4112 n+l__ _.nj2
<[VKZ¢"[q, +viu™ —u"[,.
Using Cauchy-Schwarz inequality, we deduce

20t(f (ty1), dra"1) <20t f(ts1) o, 1dra"™ |,

At
4D f (b i) By, + 5 Ny

Then, it follows by

K\/V
At R vl R, v+ (R o)

V Kmax
a,/Vg
N [t —u" [ 0" —“nH%{f

<AAH| A" 1§y 0", + V9" [, +4AL f (tar1) Iy,

+
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Summing it over all n, there holds

n
i+12 nt1y2 . XVYE a1 g2
AfZHdtu 1o, +vIe™ {7, + mHu alis

i+1 i+ _ )2
N THr+9ZHu 'l

+
Z:\/ Kmax i=0

cop <4AtzuAufua) (Z!|V4>iH?>p+4AfD!f(ti+1>H?;f
i=0

i=0 i=0
Via (3.14), we have
2(v+0) [ Au" o,
<l dru" o +20[| Au" ([, +4] £ (tas1) 16,
+4g | AQ" (18, +4llu" |20 10" |1,

It means that

n .
2(v-+0)AtY [ Au g,

i=0
<t 3 Ll o+ 20 Au 47 5 (e I,
#4537 L A9 15, +47 L o Il <C.
i=0n i=0"

So we finish the proof.

4 Error analysis

We define

e = u(tyi1)—u"t,

&2 —y(tyr) — a2,

N = () —¢" .

265

Theorem 4.1 (The non-optimal error estimates). If u, u; € H*(Q), ¢, ¢ € H*(Q),) and

p € H' (Qy), there exists ko >0 such that when At <k,

||en+1|‘%)f+2||el+1_el+1/2||%)f+2Hel+1/2_el||%)f+AtVZ||el+1/2H%-If
i i i=0

Atoc«/ .
\/Ki E Hez—i—l T||r+||el+1 e1+1/2‘T||1%)
max ;—
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n n
oAl 3, + Y e e V2R ) A Y (e, + et —e 2R )
i=0 i=0

+50 (HW”“!I?),,JFDIH’“—??ZH?),,) +ArY |IKV2Vy g, <cAt,
i=0 i=0

where C is a positive constant independent of At.

Proof. Subtracting (2.13) from (2.6) with ¢y =0, we have

e +1/2 _gan

(i
—0(V(u(tys1)—u"),Vv)a,+B(u(tus1),u(tys1),v) —B(u",u",v)

=b(v,p(tni1)) +(R"V)a, +er((tua) =", v), (4.1)

,V)Q +ag(e"2,v)+0(Ve" T2, Vv)q,
f

where R" =u;(t,, 1) — w'

Letting v=2Ate"*1/2, we can deduce

2Ata\/Vg
en+1/2 2 e 2 + en+1/2_en 2 YN en+1/2 2 + en+1/2'T 2
e 122, — e, + 1B, 28t 172, + == I2

+OAL([le" 123, —le" |y, +le" 2 —e"|[F,)

<—2AtB(u(tyy1),u(tyy1),e"/2) 4 2AtB(u",u”, eV 2) £ 2Ath(e" /2 p(t,11))
+20At(V (u(tns1) —u(tn)), Ve /%) q +2AHR", "1/ g,
+2Atcr (¢(tni1) —¢",e"F1/2), (4.2)

Form (2.14), we have

e+l _ en+1/2
At

,V> +af(en+l . en+1/2,v>
Oy
+6(Ve"' = Ve T2, Vv)q +b(v,p" ) =0. (4.3)

Taking v=2Ate" ! and noticing the fact that V-e"*! =0, we arrive at
e[, — e 2[R, + e —em 2R,

Ate,/vg 1 .12 1/2 112 1 1/2 112
— 2 ([le™ e r|F—[le" 2R+ " T —e" T2 | f)
Kmax

+(0+v)At([le"[F, —[le™ /2|, + e —e" 2|, ) <. (44)
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Summing the inequalities (4.2) and (4.4), we get

e [, —lle" 13, +lle™ ! —e 2, et e, 4 Atv]e™ 2,

2Atw Ato /U
L e R e (e o e S
max max

HOA(€" 1, — e [, e~ /23 )+ At + e —em 2R, )
<—2AtB(u(tyy1),u(tyyr),e"/2) 4 2AtB(u" u", e/ 2) 1 2At0(e" V2, p(ty11))
+29At(V(u(tn+1)—u(tn)),Ve”H/z)Qf+2At(R",e”+1/2)Qf
+2Ater (¢t g1) —¢",e" T2, (4.5)
Using (2.9), we deduce
—2AtB(u(tyi1),u(tys1),e"/?)42AtB(u", u" e"t1/2)
=2At {—B(e”,u”,enﬂ/z) —B(u(t,s1) —u(ty),u(t,),e"/2)—B(u(t,),e",e"*1/?)
~B(u(ty1) u(tyi1) —u(ty) e 172)]
<2c1At[e" |l [lu"|| ) V"2l
+24tcr|u(tye1) = u(ta) o l[utn) 2o, Ve,
+24tcr|u(tn) [ 20y lle o, Ve /2|,
+ 20| Au(ts1) oy lu(ter) —u(ta) o [l
§81/_1Atc‘%||u”||%{2(0f)He”Héf%—SAtc%Hu(tn)H%{Z(Qf) ||u(tn+1)_u(tn)”%2f
+8Atc [[u(tn) [, lle” 16, +8ci At Au(ty) 17y, lu(tur) —ultn) 17,
+ 2 e,
<80 MG ([0 2 )+ 1t e, e B,
+CAL [u(tn) 32 () Hut(tn+1)!Iéﬁr%MHe”H/zHﬁf (4.6)
Using Cauchy-Schwarz inequality and Taylor’s formula, we deduce

20AH(V (u(tyyr) —u(ty)), Ve 1/2)q
<20At|[u(tyy1) —ulty)|a, €2k,

f

VAt
<COAL s (ti) [, + =g lle™ 21T, (4.7)
Using Taylor’s Formula, we have

At
20H(R",e"1/2)q, §CAt3—|—%He”+1/2H%{f. (4.8)
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Via (3.1), we can get

2t (@ltnss) — 9", /2) <2CogAH (b i) — "], ™2
<2CogA(Il¢(ts1) = p(tu) |1, + 119 (t) =" 1, )€™ /2 1,
<CgAr+ L K2 B, + U e 2 49
Noting V-e" =0 and using Cauchy-Schwarz inequality, we have
2Ath(e" 12, p(t,)) =2Atb(e" /2 —e", p(t,))
e e o f2nl p(t) [, (410)

Combining these inequalities with (4.5), we arrive at

<2AH|e" 2 —e"|o || p(tn) |, <

2Atx
e 13, — e 3, + e+ e 122 4 Atvlle" 2 4 o e

vaax
V8 intl 2 n+1/2 112 n+1 ne1/2 12
+—=(le" " -T|IT—]|€ -T||tt+|e " T—e T
m(l! 7=l T+ IT)
O[3, e [, + lle" ! —e /2|3 )+ Aty((len [ + [le" ! — ™1/ )
§8V_1Af0%(!|u"||§{z(g)+||u( )12 ) )l!e"lléf+CAt3IIU(tn)||2z e (tnen) 13,
CAt

+CO? AL +2A08 | p(ta) |7, + K HKUZV ”HQ+ H 23, (4.11)

Subtracting (2.15) for the weak form of (2.3), we have

n+l1__ n
250 ('7At'7,¢> +2g MKV, V) o, +2Ater (,u (ki) —u”) =0.
QP

It follows from the above equality, with iy =2Aty" !, that

850 (1" 112y, = " lla, + 17" =" 13, ) +28BHIKY 2V o,

=—2Ater (1" u(t, 1) —u"). (4.12)
Using (3.1), we can deduce
At
28ter (1" u(t1) —u") < CgAr+Cgatl|e” [y + 5 K20y 1R,

Then, we have

850 (7™ 13, — Il I, + 1l =" 3, ) +280H K27y o,

At
<CgAP+Cgat]le” [}, + 5= K201, (4.13)
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Summing (4.11) with (4.13), we get
e, — e B, + et — e 12, +ar e 2R,

Ata, /v
T (e Tl e r e 2 )
max

+OAH([e" 3, e 3, + [le™ ! —e /)
+ AR ([l + [l — e 2, )
+850 (117 I, =l I, + 1l =" 3, ) +8At K2V o,
<8u MM ([0 ey () B, ) 1€ I, + CAR [t B s (s I,
LA (b 1)|[B, + 5 "2, +CAP +CAHle" |,
+CgAt|K 2V 3, . (4.14)

Summing (4.14) form 0 to n and using Gronwall’s lemma twice, we can deduce

n i . n . . n i
oMy + L e+ e 2+ ) i) e
r F e 7 =~ i

DC,/ .
Z (e [+l —e™/2.7||7)

Kmax i—=

n . n . . X
+OAL(|€ 3, + ) [le ™ —e 22 )+ At Y ([l + (et —e 123, )
i=0 i=0

+50 <H77n+1||0p+2’|’71+1 77HQ>+NZIIK”2W“|| <CAt.

i=0
So we finish the proof. O

Theorem 4.2 (The optimal error estimates). If u, u; € H*(Qy), ¢, ¢y € H*(Qp) and p €
H'(Qy), there exist ko >0 such that when At <k,

n X . n . . n .
e 1y + 1ol e 2 e +ar(r+6) L e I

i=0

&\ /V
+—— leel+1 T|’F+9At(||en+l|‘Hf+EHeZ+1 e 12E,)

maxl =0
n . .
+AtVZ(He1“H%{f+Hel“—e’“”H%{ngSo (Hn”“!lép+ZH?71“—171H%2P>
i=0 i=0

n
1/2 i+1 2
+Atz(:)||K Vi lq, <CAE.

1=
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Proof. Summing (4.1) and (4.3), we arrive at

en+l_en
<,V> +ﬂf(en+1,V)Qf+6(ven+l,VV)Qf
Qf

At
—0(V(u(tys1)—u"),Vv)a,+B(u(tus1),u(tys1),v) —B(u",u",v)
=b(v,p(tur1) —p" )+ (R V)a, +er(@(ti) —¢",v). (4.15)

Letting v=2Ate"*! in (4.15) and noting that V-e"*! =0, we can deduce
le" 3, — e (I, + lle" ™ —e" |, +2At(v+0)[le"[1F,

¢ Ry 1 e el 2000V (u(ty0) ), Ve

Kiax =

+2AtB(u(t n+1),u(tn+1),e”+1)—ZAtB(u”,u”,e"H)
<2AH(R",e" ), +2Atcr (¢(tng1) —¢", "),

f

Using (4.6)-(4.9), we can deduce

le™ 13, — lle"lIy, +lle" ™ —e" I3, +2At(v+0)[le™ 7, +

1.7
o
<80 A (0 Bz ) B, >>He”l\éf+CAf3Hu<fn>HHz<of>”“f< o)l

+CO*AR + CAt

At
HK”ZV nH p ||en+1/2||2f.
Summing it with (4.13), we can deduce

™2, —[le"|IA, + e — e A, +281(v-+0) e[, +

\/ElZIIeZ+1 7|7
+850 ("1, = I lla, + 17" =" 13, ) +28 M K205 o,

sswwcmu”u%{z Il e, + CAPlutn) [a o 1wt (el
+COPAP + Km HKWV "+ §t|| "2 +Ceat]e|,

At
+ 8K 2V

Summing it form 0 to 7 and using Gronwall’s lemma twice, we can deduce
g g
n . . n . . n X
e, + e e 2 ) e+t ) Yol
i i i=0

x\/V
+— 2||e1+1 rr|r+eAt(||e"+1|\Hf+2uel+1 123, )

Kimax i= =
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n n
+Atv Y ([le [, +le™! —e™ 21, ) +gSo (Hn”“!lép+2Hﬂl“—nl\lép>
i=0 =0

n
1/2 i+1 2
+At;)||1< Vi |a, SCAF.
1=

We finish the proof. O

5 Numerical experiments

In order to show the performance of our method, we give some numerical results in this
section. Let Qr=(0,1] x [1,2] and Q,=[0,1] x [0,1] with interface T=(0,1) x {1}. The exact
solution is

ur(x,y,t) = [x*(y—1)*+ylcos(t),
uy(x,y,t) = [—

p(x,y,t) =[2—rtsin(7tx)]sin(0.57ty) cos(t),
¢(x,y,t)=[2—rsin(7tx)][1—y —cos(7ty)]cos(t).

x(y— 1)3} cos(t)+[2—rrsin(7rx)]cos(t),

WIN

The initial conditions, boundary conditions and the forcing terms are given by the exact
solution. The finite element spaces choosing the MINI elements (P1b—P1) for the Navier-
Stokes equation in ()¢ and the linear Lagrangian elements (P1) for the Darcy flow in Q.
Here, we use the software package FreeFEM++ [28] for our program.

We introduce a more accurate approach [36,38] to examine the orders of convergence
with respect to the time step At or the mesh size h due to the approximation errors
O(At")+O(h™). Then, we can assume that

vﬁt(x,tm) ~U(X, b )+ Cp (X, by ) AT+ Co (X, by )12
Thus, we can get

o= Cort) (et 422
T Rty (b)) = vt () [l 221
o3 () — 22 () ;41 =20

lop 2 () =0y A (b i 27 -1

Pou,Ati =

Here, v can be u,p or ¢ and i can be 0 or 1. We can see that p, j, ;, oy ati approach 4.0 or 2.0,
the convergence order will be 2.0 or 1.0, respectively.

Firstly, we focus on the convergence orders with respect to the spacing step h,
we study the errors with a fixed time step At =0.01 and varying spacing steps h =
1/2,1/4,1/8,1/16, and 1/32, respectively. Tables 1, 3 and 5 present the errors between
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Table 1: The numerical results at T=1 with At=0.01, v=1.0 and 8§=0.05 for different h.
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1/h [u(M)—uylo [ TV@(M=-uDllo [ Te(M=¢iTo [ TV(@(T)—¢) o
[0 [ullo l¢(T) o V(D)o
2 0.232865 0.401518 0.598926 0.628749
4 0.0746141 0.210431 0.188994 0.35896
8 0.0467415 0.117158 0.0471332 0.187352
16 0.044809 0.077671 0.0114311 0.0950967
32 | 0.0447816 0.064098 0.011852 0.0483665

Table 2: Convergence order of O(h") T=1 with A

t=0.01, v=1.0 and 6 =0.05 for different h.

1/ | luy —upollo | IV @ —uiio)llo | 9w —orollo [ IV —oio) o
4 0.186536 1.36784 0.160306 1.40745
8 0.0502415 0.710559 0.0519997 0.798709

16 0.0126097 0.357623 0.0147521 0.416217

32 0.00314492 0.178817 0.00382829 0.209643

Ou,h,0 Oun1 Lo,h,0 Pe,h1

8 3.71279 1.92502 3.08283 1.76215

16 3.98436 1.98689 3.5249 1.91898

32 4.00954 1.99994 3.85344 1.98536

Table 3: The numerical results at T=1 with At=0.01, v=0.01 and 6 =4.0 for different h.

1/h [u(T)—uyllo [ IV@D—uilo | oM —¢nlo [ IV@(T)—¢)llo
[1llo o [¢(T)lo [Ve(T)llo
2 0.333976 0.831983 0.592141 0.629023
4 0.0693539 0.431048 0.195919 0.358844
8 0.0685211 0.252043 0.0542478 0.187652
16 | 0.0775053 0.198443 0.0178825 0.0960285
32 | 0.0808675 0.186711 0.0140446 0.0505207

Table 4: Convergence order of O(h") T=1 with At=0.01, v=0.01 and 6 =4.0 for different h.

1/h [ luy —ullo | IV (g =ui¥o)llo [ 19 =dnallo [ V(@) —dpa)llo
4 0.314933 3.25999 0.15549 1.40043
8 0.0831566 1.64711 0.0518011 0.797107
16 0.0200227 0.789583 0.014627 0.415866
32 0.00534704 0.397218 0.00381673 0.209583
Ou,h,0 Oun1 P10 Pe,h1
8 3.78723 1.97922 3.00167 1.7569
16 4.15311 2.08605 3.54148 1.91674
32 3.74463 1.98778 3.83233 1.98425

the numerical results and the exact solutions for v=1.0, 0.01 and 0.001, respectively. We
can see that the errors diminish with the spacing step h changing small. Tables 2, 4 and 6
show the convergence orders with respect to the spacing step h for v=1.0, 0.01 and 0.001,
respectively. We can see that p, 0 and py 1,0 are nearly 4.0 and p,, .1, pg,n,1 approach 2.0.
It suggests that the convergence order in space for the L?>-norm of u;, and ¢y, are O(h?),
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Table 5: The numerical results at T=1 with At=0.01,v=0.001 and 6 =4.0 for different h.

1/h u()—uyllo [ TV -l | ToM—¢lo [ TV@(T)-¢ o
[0 [[ullo l¢(T) o [V(T)llo
2 0.349949 0.925095 0.591913 0.629033
4 0.0746775 0.500333 0.195544 0.358865
8 0.0732168 0.291469 0.0536393 0.187717
16 | 0.0820637 0.223925 0.0177584 0.0961669
32 | 0.0854242 0.208026 0.0145202 0.0508133

Table 6: Convergence order of O(h") T=1 with At=0.01, v=0.001 and 6 =4.0 for different h.

1/h | (luy —uiollo | 11V —uilo)llo | g8 —¢nyallo | V(@5 —¢ho)lo
4 0.33257 3.64765 0.155497 1.40032
8 0.0881533 1.89566 0.0519193 0.797389

16 0.0213933 0.924649 0.0146362 0.416026

32 0.0057549 0.467865 0.00381922 0.209667

Ou,h,0 Pu,h1 P¢,h,0 Poh

8 3.77263 1.92421 2.99498 1.75613

16 4.12061 2.05015 3.54733 1.91668

32 3.7174 1.97632 3.83224 1.98422

Table 7: The numerical results at T=1 with h1=1/32, v=1.0 and 6 =4.0 for different At.

At [u(M)—uyTo | IV@(M)=uDllo | Te(M=¢fTo | IV @D =¢)lo
[0 [0 [¢(T)llo [Vo(T)]o
0.5 0.0600635 0.0684851 0.0231833 0.0493908
0.25 0.027584 0.0476142 0.00652645 0.0477285
0.125 0.0237243 0.0454769 0.00438339 0.0476608
0.0625 | 0.0208114 0.0436585 0.00369908 0.0476051
0.03125 | 0.0168278 0.0410535 0.00317619 0.0475391

Table 8: Convergence order of O(At") T=1 with h=1/32, v=1.0 and 6 =4.0 for different At.

At | uy —uillo [ 1V =)o [ 191 =ehallo | 1V (R =i llo

0.25 0.178712 0.466978 0.0624593 0.465792

0.125 0.0430235 0.126154 0.0156514 0.117084
0.0625 0.00985868 0.0422007 0.00384549 0.0289859
0.03125 0.0079011 0.036303 0.00106173 0.0082662

Pu,At0 Pu,At1 Lo,At0 Po,At1

0.125 4.15383 3.70166 3.99066 3.97827
0.0625 4.36402 2.98937 4.07005 4.03934
0.03125 1.24776 1.16246 3.6219 3.50656

the convergence order in space for the H'-norm of uj, and ¢ are O(h!).

Then, we focus on the convergence orders with respect to the time step At, we study
the errors with a fixed time step h=1/32 and varying time steps At=0.5,0.25,0.125,0.0625
and 0.03125, respectively. Tables 7, 9 and 11 present the errors between the numerical re-
sults and the exact solutions for v =1.0, 0.01 and 0.001, respectively. We can see that the
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Table 9: The numerical results at T=0.01 with #=1/32, v=0.01 and 0 =4.0 for different At.
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At [u(M—uyTo [ IV@(M—uDllo [ TeM=¢iTo [ V(T —¢)lo
o lullo l¢(T) o [Vo(T) o
0.5 0.0815619 0.0991371 0.029804 0.0507619
0.25 0.0293946 0.063132 0.0065347 0.0477487
0.125 0.0237782 0.0579196 0.00417864 0.0476713
0.0625 | 0.0203077 0.0537641 0.00353974 0.0476047
0.03125 | 0.0160209 0.0492438 0.00306932 0.0475339

Table 10: Convergence order of O(At") T=1 with h=1/32, v=1.0 and §=4.0 for different At.

At ] up = llo [ IV (g =)o [ R —onvallo | 1V (¢R —¢no)llo
0.25 0.188199 0.414847 0.0645817 0.478491
0.125 0.0444021 0.120286 0.0159055 0.118791

0.0625 0.0109503 0.0573838 0.0037441 0.0284255
0.03125 | 0.00857969 0.0583418 0.00103058 0.00794661
Pu,At0 Pu,At,1 P¢,AL0 Pg,At1
0.125 4.23852 3.44883 4.06033 4.028
0.0625 4.05487 2.09617 4.24816 4.17904
0.03125 1.27631 0.983579 3.63302 3.57706

Table 11: The numerical results at T=0.01 with #=1/32, v=0.001 and 6 =4.0 for different At.

At [u(M—uyTo [ IV@(M—uDllo [ TeM=¢fTo [ TV —¢)lo
[0 l[ullo [¢(T)lo [Vo(T) o
0.5 0.0821624 0.0999722 0.0297175 0.0507326
0.25 0.0295736 0.0636198 0.00653324 0.0477496
0.125 0.0239263 0.0583415 0.00417921 0.0476718
0.0625 | 0.0204167 0.0541207 0.00353977 0.047605
0.03125 | 0.0160864 0.0495441 0.00306868 0.0475339

Table 12: Convergence order of O(At") T=1 with h=1/32,y=0.001 and 6 =4.0 for different At.

At ] u = llo [ IV (g =)o [ R —onallo | 1V (¢R —¢no)llo

0.25 0.188326 0.413749 0.0645731 0.478325

0.125 0.0444182 0.120054 0.0159067 0.118797
0.0625 0.0110042 0.0578813 0.00374262 0.0284173
0.03125 | 0.00866925 0.0590004 0.00103091 0.00794814

Pu,At0 Pu,At1 P¢,At0 Po,At1

0.125 4.23984 3.44635 4.05949 4.02642
0.0625 4.03646 2.07414 4.25015 4.18043
0.03125 1.26934 0.981033 3.63041 3.57533

errors diminish with the time step At changing small. Tables 8, 10 and 12 show the con-
vergence orders with respect to the time step At for v =1.0, 0.01 and 0.001, respectively.
We can see that p, at,0, 0g,at,0, Pu,at1 and pg ar1 approach 4.0. It suggests that the conver-
gence order in time for the L?-norm of u, and ¢y, and the H'-norm of u;, and ¢, are super

convergence, which is an interesting thing.
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