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Abstract. In this paper, we study the two-dimensional Helmholtz scattering prob-
lem by a locally perturbed line with impedance boundary condition. Different from
the problem with Dirichlet boundary condition, the Green function of the Helmholtz
equation with impedance boundary condition becomes very complicated and com-
prises surface waves along the locally perturbed line. A uniaxial perfectly matched
layer (UPML) method is proposed to truncate the half plane into a bounded computa-
tional domain. The main contribution of this paper is to prove the well-posedness of
the PML problem and the exponential convergence of the approximate solution to the
exact solution as either the thickness or the medium parameter of PML increases.
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1 Introduction

Numerical solution of scattering problems has drawn considerable attentions for its broad
real-life applications and mathematical interests. The treatment of radiation conditions
of scattering solutions is the first key ingredient of numerical simulations. It involves
the truncation of an unbounded domain to a bounded domain and imposes highly accu-
rate boundary conditions at the artificial boundary (cf. e.g., [24-26,34]). Recently, there
arises a surge of studies on the scattering problems involving infinite boundaries, such
as the scattering in layered media and half-spaces (cf. e.g., [11,19,20,22,35]). With the ap-
pearance of infinite boundaries, the scattering waves usually comprise reflective waves,
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transmitted waves and surface waves. Thus the numerical treatment of radiation condi-
tions becomes very challenging and appeals for new theories and methods.

In this paper, we study the time-harmonic scattering problem governed by the
Helmholtz equation with impedance boundary condition in a locally perturbed half-
plane:

Au+ku=0 in R%,, (1.1a)
g:ll—ikﬁu:g on %, (1.1b)
. u . |2 : u 2
lim — —iku| =0, lim ——1\/Z2—|—k2u’ =0, (1.1¢)
r=|x[—+oo /51 1 OF r—+eo Js2| Or

which could model outdoor sound propagation or the harbour resonances. For example,
in the harbour resonances, the sea is supposed to fill the half-plane which is locally per-
turbed by harbour geometry. Here k >0 is the constant wave number, X = {(x1,p(x1)):
x1 € R} is the infinite boundary, p € C(RR) is a piecewise C'-smooth function supported
in [-1,1], R}, :={x€R?:x, > p(x1)} and n is the unit outer normal on ¥ pointing to the
exterior of R, . For convenience, we write ¥ into the combination of the flat part and
the perturbed part

L=3oUZ),  Zeo={(x,0):|x1]|>1}, IL,=%\Z.

Clearly X is a local perturbation of the horizontal axis £y:=0R?, where R? := {(x1,x2):
x1 €R, x>0} (see Fig. 1 for an illustration of the setting). B is the acoustic admittance,
which would have to be taken as a complex-valued piecewise constant function in order
to model the boundaries of rocks, sand, concrete in the applications. Here € L®(X) and
satisfies

Re(f)>0 and B=-iZ/k on X,

where Z >0 is the constant impedance parameter. We assume that the boundary condi-
tion on X satisfies

geH V2(L),  supp(g)CZ,.

The two radiation conditions in (1.1c) represent propagating waves and surface waves
respectively (see [22]) where

S, ={xeR%:|x|=r}, Sli= {xe Sr:x2271/4}, $2:=5,\SL. (1.2)
The existence and uniqueness of the solution to (1.1) are studied in [22]. Our concerns

here are to propose an approximation of the radiation conditions on a truncation bound-
ary and to solve the approximate problem on the bounded domain numerically.
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Figure 1: The setting of the scattering problem.

There are extensive studies on scattering problems in half-planes or half-spaces with
local perturbations (cf e.g., [1-3,21-23,35] and the references therein). A practical applica-
tion is the prediction of radar cross section of cavities in aircraft industries. In [1-3], Am-
mari and coauthors studied the well-posedness of electromagnetic scattering problems
from cavities and proposed a variational method for numerical solutions of the problems.
In [35], Zhang and coauthors proposed the UPML method for scattering problems from
cavities in a half-plane. They studied the Helmholtz equation with Dirichlet boundary
conditions on the infinite boundary ¥. The Green function in this case is the addition of
two fundamental solutions of the Helmholtz equation which represent the point source
and its image in the horizontal boundary . In [22,23], Duran and coauthors studied the
well-posedness of the scattering problems in locally perturbed half-plane and half-space
with impedance boundary conditions on X. Different from the problem with Dirich-
let boundary condition, the Green function of the Helmholtz equation with impedance
boundary condition becomes very complicated and comprises surface waves which only
propagate along ~. The main objective of this paper is to propose a UPML method for
solving (1.1) and to prove the exponential convergence of the UPML method.

Since the work of Bérénger [5], which proposed a PML method for solving the
time dependent Maxwell equations, various constructions of PML absorbing layers have
been proposed and studied in the literature (cf. e.g., Turkel and Yefet [33], Teixeira and
Chew [32] for the reviews). The basic idea of the PML method is to surround the compu-
tational domain by a layer of finite thickness with specially designed model medium that
absorbs all the waves that propagate from inside the computational domain. The conver-
gence of the PML method for homogeneous background materials has drawn consider-
able attention in the literature. It is proven that the PML solution converges exponentially
to the solution of the original scattering problem as the thickness of the PML layer tends
to infinity. We refer to [27,30,31] for circular PML methods for acoustic scattering prob-
lems. In 2005, Bao and Wau first proved the exponential convergence of the PML method
for time-harmonic Maxwell’s equations [4]. In [6-9], Bramble and Pasciak also studied
the stability and exponential convergence of the PML method in both circular and Carte-
sian coordinates for acoustic and electromagnetic scattering problems. In [16,18], Chen



104 X. Jiang and X. J. Li / Adv. Appl. Math. Mech., 12 (2020), pp. 101-140

and Zheng proved the exponential convergence of the PML method for time-harmonic
acoustic and electromagnetic scattering problems in two-layer media. We also refer the
reader to the papers [10,17,28,29] on the PML methods for elastic scattering problems.
In [12-15], Chen and coauthors developed the adaptive PML method for solving time-
harmonic scattering problems. The method refines the mesh using a posteriori error es-
timate and produces a coarse mesh size away from the fixed domain such that the total
computational cost is insensitive to the thickness of the PML absorbing layer.

The main objective of this paper is to prove the exponential convergence of UPML
method for the scattering problem (1.1). Due to the impedance condition on the infi-
nite boundary, the scattering solution comprises surface waves which only propagate in
the horizontal direction and satisfy a nontraditional radiation condition. This makes the
convergence analysis of the UPML method difficult. Our convergence proof is based on
the Cagniard de-Hoop transformation of the Green function and the idea of the complex
coordinate stretching. We first prove an integral representation of the solution of the exte-
rior Helmholtz equation. Then using some elaborated estimation of the modified Green
function, we show that the solution of the UPML problem converges exponentially to the
solution of (1.1) as the thickness of the PML tends to infinity. In the literature, the work
on investigating the exponential convergence of the PML method for scattering problems
in locally perturbed half-plane with impedance conditions is very rare.

The layout of the paper is organized as follows. In Section 2 we study the Green
function for the scattering problem in the upper half-plane. We use the Cagniard-de
Hoop transform to derive an expression of the Green function which is crucial for the
convergence analysis. In Section 3 we prove an integral representation of the solution
to the scattering problem. In Section 4 we introduce the UPML formulation for (1.1) by
the method of complex coordinate stretching. The exponential decay of the stretched
solution is proved by estimating the stretched Green’s function in the PML. In Section
5, we propose the PML approximation problem on the truncated domain and prove the
well-posedness and exponential convergence of the problem. Additionally, some useful
results concerning the PML transform are provided in the appendix.

2 The Green function

In this section we study the Green’s function for the scattering problem in the upper
half-plane

AG(x,y)+K*G(x,y)=—6,(x) in RZ,

G (2.1)

30, (0y)+ZG(xy) =0 on X,

axz
where J,(x) is the Dirac source at y € R3 and %o = {(x1,0) :x1 € R}. The Green function
satisfying (2.1) is analyzed in [22] and is represented as an integral along an complex
integral path. Here we derive the Green function for completeness and for our purpose
of PML theory. First we will derive an explicit expression for the Green function by using
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the Fourier transform and the Sommerfeld Integral Path. Next we will use the Cagniard-
de Hoop transform to obtain a new formula of the Green function which will be crucial
for us to prove the exponential decay of the PML extension in Section 4.

Throughout the paper we will always assume that for z€C, z!/? is the analytic branch
of v/z such that Re(z!/2) >0. This corresponds to the left half real axis as the branch cut
in the complex plane. For z=2z; +iz, 21,22 € R, we have

/2 |z| 421 |z| —2z

= > +isgn(zz) 5 (2.2)
2.1 The method of Fourier transform
Write Gy (x1,x2) :=G(x,y) and let
a 1 % .
G(&x :—/ Gy (x1,x0)e 11— 1)Eqx
(¢,x2) Nor y(x1,x2) 1

be its Fourier transform for the first variable. By taking the Fourier transform of (2.1) in
the first variable, we obtain the equation (with initial condition) in x;:

%G 1

— + (=) G=——=¢ f 0,

ax% +( C ) \/277_[ yz(xZ) or X2>

36 (2.3)
—+4+7G=0 for x,=0.

axz

The solution of the initial problem (2.3) reads (see also [22])

A _ b Y20 i) ikl
G(&,xp)= %8ny<Z+iye e ,

where y is the square root defined by using the limiting absorption principle

u(E) = lim [(k+ie)2—¢2]"2.

e—0t

(2.4)

From (2.2), it is easy to see that, for { € R,

o [VE-E i <k
P VivE=R i e sk

Recall that the Green function for the Helmholtz equation is

i
®(xy) =4 Hy' (klx—y),
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which satisfies (cf. e.g., [19])

i too 1 . .
<I>(x,y)=ﬁ /_ N :lel(’ﬂyﬂ@*‘ﬂ'xzwdg. (2.5)

By taking the inverse Fourier transform of G(C, x7), we obtain the Green'’s function

G(x,y)=x—D(x,y) +P(x y/)+i +°°Lei[(xryl)ﬁ(Xﬁyz)u]dg
’ ’ ’ 271 J—eo Z+ip
1 e 1 .
- Ny~ iflx1 —y1|8+ (x2+y2)p]
Ply)+Py)+o | Z1in dé

1 ]
=—q’(x1y)+®(xry')+§1(1/(Z+1H);\x1 —y1l.x2+y2),

for any x,y € R%, where y' = (y1,—2) is the image of y = (y1,2) in Lo and
oo ,

I(h;a,b):= / h(E)e@EHIdE, Yab>0.
Two possible roots of Z+iu(¢) =0 are

FE=lim &, =4[22+ (k+ie)?] 2

e—0t
While from (2.2) and (2.4), we have
w(§F) = lim p(3) = +iZ.
e—0t

Therefore, Z+ip (&) =0 only has one root *. The Green'’s function reads

G(x,y)=—2(x,y)+P(xy ) —S(xy)

1 .
+EP-V-I(1/(Z+IV);!JC1 —y1|,x2+y2), (2.6)
where
12 2ty il VIR 2.7)

S(x,y)=——
Clearly S(x,y) represents evanescent waves which propagate in the horizontal direc-
tion and decay exponentially in the vertical direction (see [22] for more discussions).
From [22] we have the following theorem on the radiation condition for the Green func-
tion.
Theorem 2.1. Let S},S? be defined in (1.2) and kz :=/Z2+k2. Then for any y € R2_, we have
2

. 0G(xy) .

1 — =
m fy| e kG| dsc=o,

. 9G(xy) . e
rﬂr_r}lﬂo/sg T—lsz(x,y) ds,=0.
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2.2 The Cagniard-de Hoop transform
Now we are going to derive a new form of the principal value integral P.V.I(h;a,b) by us-
ing the Cagniard-de Hoop (CdeH) transform [19, Page 215]. For any >0, the requirement

that pe(¢):=[(k+ie)? —¢?] "2 hasa positive imaginary part implies that the integral vari-
able ¢ should be in the second and the fourth quadrants. Therefore, the principal value
integral P.V.I(h;a,b) can be calculated along the Sommerfeld integral path (SIP)

P.V.I(l;a,b)=PV. | h(Z)e@rtrgz,
SIP

We refer to [19, Chapter 2] for more discussion on the SIP (see Fig. 2).

Im(&)

SIP
k Re(§)

*

-k
SIP

Figure 2: The Sommerfeld integral path.

Lemma 2.1. Let a,b>0, p=+/a%+b? and let h be an analytic function in C\ ((—oo,—k|U[k,00))
such that ¢h({) is bounded. Then

1
Vi2—1
where ¢+ is defined by the CdeH transform

Eo(t)=kp? (atiib\/t2—1>, Ve [1,+o0). (2.8)

[(h) (&4 (£)) + () (G (£))] ",

P.V.I(la,b) = —i/
1

Proof. First we define a curve by the CdeH transform
I=r,Nr_, Ti:= {gi Er=kp ! (atiib\/ﬁ) > 1} :
For any ¢ €T, write § =1 +id> with ¢1,52 €R. Then
G _&_#K

p_ﬁ_ﬁ' (2.9)
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Figure 3: Cagniard-de Hoop transform from the SIP to T UT _.

Clearly I' stands for the right branch of a hyperbola in the complex {-plane. The curve
intersects the real axis at o =ka/p. By the convention in (2.2), we easily get

dés u(és)
u(es)= P<bt$lﬂﬁ), TR e & (2.10)

For any r >0, let C;/,C;” be respectively the part of the circle {¢: |¢| =r} that are
bounded by the SIP and I' ; and by the SIP and I'_ respectively. The geometry is depicted
in Fig. 3. For the integrals on C;*, we claim that

lim
r—00

/C ih(@)ei@””b)dg‘ =0. (2.11)

The proof of (2.11) will be postponed to the last two paragraphs of this proof. Using
Cauchy integral theorem and letting r — co, we obtain

PV.I(l;a,b)=PV. [ h(&)eErmdz =PV / h(E)ei ) g,
SIP

which by the definition of I' and (2.10) yields

PV.I(1;a,b) = / Hh)(§4- (1)) + (uh) (E- (1)) )™ dt.

\h

Now it is left to prove (2.11). We only prove the limit for the integral on C;". The
proof for the integral on C; is similar and we omit the details. Let C;" intersect with I';.
at &(6;) =re'” and with the x-axis at &(0,) =rel®. Clearly 0 < 6; < 6, < 7t. Since &h(&) is
bounded,

. 6
/ h(é)e‘(g"*”b)dc_f‘ <C [ e mEmtub)gg, (2.12)
(eny 01
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If 0 € (01,77/2), Impu? = —r2sin20 < 0. From (2.2) we have

2 2,20 _ (12,2 1/2

Im(Za+ub) =arsinf—b {\k re”] ék d COSZO)] ,

which is an increasing function in [61,7/2]. Thus for 6; <6 <7/2,
Im(¢a+pb) >Im((61)a+pu(E(61))b) =kpt(61),

where &(6;) =re!®t €T, and t(0;) € (1,00) satisfies

rei®1 :I; [at(@l)—kib\ / t(@l)z—l] .

Therefore, we have r <kt(6;) and
Im(&a+ub) >kpt(61) > pr. (2.13)
If 0 (rt/2,57/6), since Imu? = —r?sin260 >0, we have
Im(¢a+ub) > arsinf > arsin(57/6) =ar/2. (2.14)
If 0 (57t/6,7), Rep? =k?>—r?cos26 < —r? /4 for r>> k. Then (2.2) shows that

2_ 2
Im(@'a—kyb)zblmy:b\/'mzReyZbr/z. (2.15)

Inserting (2.13)-(2.15) into (2.12) yields (2.11) for the integral on C;". O

2.3 The modified Cagniard-de Hoop transform

Notice that the CdeH transform ¢4 (¢) defined in the previous section will degenerate
as b — 0. It makes the Green’s function much more difficult to analyze. To solve this
problem, we introduce a small constant 0 <6 <1/4 and define

b= JPTTR,  pom A= TP
The modified CdeH transform is defined by
Ts={+():1<t<+oo}, @i(t):kpgl(atj:ibg\/ﬁ). (2.16)
Now we define a new integral path by (see Fig. 4)
['={FeTs:Im&>Im¢_ (V2)}u{kt+& (V2):t>0}.

Clearly, I'\Ts is located in the fourth quadrant. This indicates that y(t) are analytic
functions in both the domain between I'NTs and the left half of the real axis and the
domain between I'\T'; and the right half of the real axis (see Fig. 4).
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Im(S)

O+

Figure 4: Cagniard-de Hoop transform from the SIP to I

Lemma 2.2. Let a,b> 0 and let h be an analytic function in C\ ((—oco,—k|U[k,c0)) such that
Ch(g) is bounded. Then

0 Fe() stotge s Y2 F-(E) kot
PV.I(ha,b)=—i — L pMPitd—4 e Pt dt
( ) 1 Vi2—1 1 V2—1

kel /0 TGkt +_(V2))eMdr,
where ¢+ is defined by (2.8) and define
As(t)=kp;" (bstFiav/B-1),
Fu(8) =h(Ex () As($)dCt)A0 G (&) =fy(§)ellbr(©)—bsA- (VD).

Proof. For any r >0, let O",0~ be respectively the part of the circle {¢:|¢| =r} that are
bounded by the SIP and T in the first quadrant and by the SIP and " in the fourth quadrant
respectively. The geometry is depicted in Fig. 4. For the integrals on O, by arguments
similar to those in Lemma 2.1, we obtain

lim
r—00

/O +h(g)ei@ﬂﬂ*b)cig’ —0.

For the integrals on O, since ¢h(¢&) is bounded, Im& >Im¢_ (1/2) and Imp(&) >0 in the
fourth quadrant, there is a constant C >0 independent of 7 such that

lim
r—00

/ h(g)ei@“ﬂ‘b)dg' <limCr ! / I&h(E)|dE=o0. (2.17)
- =yo0 o-
Now using Cauchy integral theorem and letting r — oo, we obtain

PV.I(hab)=PV. [ h(&)eCdz =PV, / (&) g =1 1,
SIP I
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with

L=PV.| h(&)eCrrgg, L=PV.| n(&)elatrge.
I'nTs I\Ts

By the definition of [ and (2.16) yields

o0 . V2

h VR 1 VP-1

Moreover, since &(t) =kt+¢_(1/2) for any ¢ € I'\Ts and v2kps = aé_ (v/2)+bsA_(v/2),

we have

kst g,

L= kel V2kos /wh(g(t) )ei[kut+bu(¢(t))—b(s/\— (V2)lg¢.
0

Then the proof is completed. ]

2.4 The CdeH integral representation for the Green function

We end up this section by applying Lemmas 2.1-2.2 to the Green function G. Let 0 <6 <
1/4 be a constant which will be specified in Section 4. Define

a=|x1—y1|, b=xa4ys, p=+Va2+0?
b(5:”b2+(52p2, p(gzwaz-l-p(zs.

The CdeH transform is defined for b > da and b <éa respectively by

k(at:tib\/tz—l), if b>da,

Ge(t)= pk Vie([1,+00), (2.18a)
p(atiib(;\/t2—1>, if b<éa,
0

k(bt:Fia\/H), if b>da,

As() =4 Ve [1,4o00). (2.18b)
—<b5$ia\/t2—1>, if b<oa,
05
We define, if b > da,
eikpgt

Jiy) =i [ I ()AL () +h(E- (0)A- (D)
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and if b<éa,

o0 . ikpo"t

sy =i [ h(E ()AL ()N O —as
1 J—

eikpgt

2—1

dt

—i [ e A (et
1

+heV39s [ TG (e at,
0

where G(&) = h(¢)elltr@-bA- (V2] and ¢ (1) =kt +&_ (v/2).

Then the CdeH integral representation for the Green function is as follows

i
H[(l/ﬂ}‘xl —y1|,x2+12)

1 )
+E1(1/(Z+lﬂ);|x1 —y1|,x2+y2) —S(x,y).

i
Glay)=— (/Wi |x1 =yl [x2—y2l) +

3 The scattering problem

The purpose of this section is to study the weak formulation of the scattering problem
(1.1) and to show an integral representation of the scattering solution. We start by the
well-posedness of (1.1). The following theorem can be proved by very similar arguments
as in the proof of [22, Theorem 6.2]. We omit the details here.

Theorem 3.1. For any g€ H™'/2(%) satisfying supp(g) C 2.y, the scattering problem (1.1) has
a unique solution u € Hj, (R ).
3.1 An integral representation of the scattering solution

Let L1 21, Lo > || p[| .~ (r) be two constants and define

le{XEIR%+2|X1’<L1,XQ<L2}, 1"1::801\2.

Clearly X, C9();. Let Y51, Ypr be, respectively, the single-layer and double-layer poten-
tials defined by

Yo (A)(x) = /r Gy m)ds,, YAEH 2(Ty), (3.1a)

9G(x,y)

g(y)ds,,  vVgeHY*(Iy). (3.1b)
any

Fou(g)(x)= [

Now we show an integral representation of the solution of the exterior scattering prob-
lem. It plays an important role in our subsequent analysis.
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Lemma 3.1. Any solution u of the exterior problem (1.1) satisfies
M:TDL(’)/DM)—‘PSL(’)/DM) in ]R%_‘_\QL (32)

where ypu = u|r, and yNu = g—z
ofuonly.

‘Fl are respectively the Dirichlet trace and the Neumann trace

Proof. First we introduce a circular truncation of R , by
O,={xeR}.:|x|<r}, S,=00,\%X, Z,=00,NL. (3.3)

Let r be large enough such that (; C O,. By Green’s formula, we have

_ du(y) ~ 9G(xy) ] =
u(x)_/rlusr . \21)[ o G(x,y) o, u(y)|dsy, Vx€Or\ s,

where n is the unit outer normal to 9(O,\Bj). By the impedance boundary conditions in
(1.1b) and (2.1), direct calculations show that

du(y) 3G (x,y) B B
/z \ [anG("'y) - any”(y)} ds,=0, VxeO,\(.

Now it suffices to show that

d dG(x,
[ |55 ety - 25 ) a5, 0 as res S

To do that, we use the radiation conditions in (1.1¢) and find that, as R — oo,

/ 9’ +K2|u|* +2kIm ua— ds= / du_ iku dS —0, (3.5a)

sl or or sk or

/ %’ +K?|u|?+2kzIm 127 | ds 0. (3.5b)
s ||or or

On the other hand, for any fixed R <r such that (); C Og,, using Green’s formula again,
we have

/ LTI (uAa+Vu-w)dx:/ (V=R [ul?)dx
(0\Ox,) on 0,\Ox, 0,\Ox,
Since 8
u 2
an =Z | M|
on X by the impedance boundary condition, we have

021m</a(o,\OR )uazdS) :Im</sR0us,uandS>



114 X. Jiang and X. J. Li / Adv. Appl. Math. Mech., 12 (2020), pp. 101-140

which indicates that

oil o1l
/Im( ar)ds /SR Im(uar>ds<oo.

Thus we deduce from (3.5a)-(3.5b) that [|u||;>(s,) is bounded as r — co.
Similarly, by Theorem 2.1, we know that || G( Y)l12(s,) is also bounded as r—co. Note

that
Ju(y) _9G(xy)
| |55 ey - 25 ()| s,
_ du(y) . _(9G(xy) .
= S}K > 1ku(y)> G(x,y) ( on, ikG(x,y) u(y)|dS,
[ (ouly) . _(9G(xy) _.
+/53[< on, 1kzu(y)> G(x,y) < an, ikzG(x,y) |u(y)|dS,.
Then (3.4) follows from (1.1c) and Theorem 2.1. This completes the proof. O
Remark 3.1. From (3.2) and (2.6), the solution of (1.1) can be split into
() =1 (x) 1, (x), (36)
where
B du(y) 9S(x,y)
_/1“1 *Y) a on, (y)}dSy,
:/ u i[ ( L Slxr—wl, x2+y2) P(x,y)+D(x y/)}dS
r, any Z+ip ’ ’ Y
Ju(y) 1 :
L on, [ZnP'VI(Z+ 0 Sl =, x2+y2) (x,y)+<1>(x,y)}d5y.

The first term u; stands for surface waves (or evanescent waves) which propagate in the
horizontal direction but decay exponentially in the vertical direction. The second term
u, stands for propagating waves in all directions of IR? .

3.2 A weak formulation of the scattering problem

First we introduce the DtN operator T:H'/?(T';)— H~1/2(T;) be defined as follows: Given
fEHY2(TY), Tf= % on I'y where x solves the scattering problem

Ax+k*x=0 in R2,\Q)y, (3.7a)
;’Z 1 Zx=0 on T\aQY, (3.7b)
X=f on I, (3.7¢)
Jim [ a——lk}(’ ds=0, Jim [ \/ZZ——i—kzx‘ ds=0. (3.7d)
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Figure 5: The setting of the scattering problem (3.7).

Let R be sgfﬁciently large such that Q) C Og, where Og is defined by (3.3) and denote
Qr =Or\ ) for convenience (see Fig. 5 for an illustration of the setting). We introduce
the bilinear form b: H' (Qg) x H' (Qg) — C as follows:

b(v,w) = /Q (Vo Vo Kom) dx— (Dno,@) s, —Z (0,515, (3.8)
R

where £ =%N9(); and (-,-) stands for the inner product on L2(T) or the duality pairing
between H~1/2(T') and H'/2(T) for any one-dimensional Lipschitz manifold T. The DtN
operator Dy : H'/2(Sg) — H~1/2(Sg) is defined as follows: Given g € H'/?(Sg), define

Dn(g)= g—f on Sg, where ¢ solves

Ap+k*p=0 in R%,\Ok, (3.9a)

W 7p—0 on T\Zg, (3.9b)

8x2

v=g on Sg, (3.9¢)
2 2

lim a—lp—iklp’ ds=0, lim a—lp—i\/zz—i—kzlﬁ” ds=o. (3.9d)

r—+too Js1| Or r—+eo 2| Or

In [22, Section 6], Diran and coauthors proved that (3.9) exists a unique solution, and
showed the following property of Dy

[01122(5,) < —Re(Dxo,9) s < [[0ll (s, - (3.10)
A weak formulation of (3.7) reads: Find x € H'(Qg) such that x = f on Ty and
b(x,v)=0, VoeH} (Qr):={weH' (Qr):w=00nT4}. (3.11)

By using (3.10) and the trace inequality, we know that there exist two constants 7>0,6 >0
which only depend on k, Z, Qg such that
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By the spectral theory of compact operators, we deduce that (3.11) is a Fredholm equation
and has a unique solution except possibly for a discrete set of values of k. Since our main
objective is to study the PML approximation of (1.1), we do not elaborate on the well-
posedness of the continuous problem (3.7) and merely assume that (3.7) has a unique
solution for any f € H/2(T;). Therefore T is a well-defined linear continuous operator
on H'/2(Ty).

Let the bilinear form a: H!(Q;) x H' (Q;) — C be defined by

a(v,w)= / (Vo Vo —k*ow) dx—(To,@)r, —ik{Bo, D)y, . (3.12)
M
From the continuity of T, we know that a(-,-) is continuous on H'(Q;) x H}(Q);). A weak
formulation of the scattering problem (1.1) reads: Find u € H'(Q)) such that
a(u,0) =(g,0)s,, Yoe HY(Qy). (3.13)

Now Theorem 3.1 indicates that a(-,-) is coercive on H!(Q);), namely, satisfies the follow-
ing inf-sup condition

|a(0,w)|

sup >Cisllvllmq,),  VoeH' (M), (3.14)

0£weH () w11 ()

where the constant Cis >0 only depends on k, Z and ();.

4 The uniaxial PML method

Now we introduce the absorbing PML layer. Let aq (f) =1+i07(t), a2(t) =1+1i02(t) be the
model medium property which satisfy

0;>0, oj(t)=0i(—t) and 0;=0 for [t|<L; j=1,2.

Denote by ¥; the complex coordinate stretching defined by

)
;zj:/o ‘wi(t)dt,  j=1.2. (4.1)

Notice that ¥; depends only on x; and for this reason the method is called the uniaxial
PML method.

We extend the distance function by 7(%,) = [(%1 —71)?+ (£2—72)*]'/? for complex
variables and define the modified Green function by

G(x,y):=G(x¥), Vx,ye]Ri.

For any f € H'/?(T'y) and A € H~'/2(T), let the modified single-layer and double-layer
potentials be defined by

Fsr(A)(x):=¥s.(M) (%),  Fou(f)(x):=Y¥oL(f)(¥), VxeRE,\O. (4.2)
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For any f € H/2(T;), we introduce the PML extension as follows

E(f)(x)=¥pL(f)(x) = ¥s(Tf)(x),  VxeRE,\Oh. (4.3)

Usually E is called the PML wave propagation operator. It is clear that [E( f) is continuous
and satisfies

1, E(f) =, ¥oL(f) =, ¥se(Tf) =71, Yo (f) =, ¥su(Tf) = £, (4.4)

where r, : HL_(IRZ, \()1) — H'/2(T;) is the trace operator.
Let ii(x)=u(%) be the PML extension of the solution u of the scattering problem (3.13).
It is obvious that i satisfies
0% | 9%

=+
0% 9%3

+k =0  in RE, \O)y,

which yields the desired UPML equation by the chain rule
V'(AVﬁ)—I—lXﬂszzﬁ:O in ]R%;Jr\()l,

where A = diag(az(x2)/a1(x1),a1(x1)/a2(x2)) is a diagonal matrix. From the DtN op-
erator T defined by (3.7) and the integral representation (3.1a), we have i =E(u|r,) in
R?_\ ). The purpose of this section is to show that the PML extension E(u|r,) (or i)
will decay exponentially in the absorbing layer. We shall estimate the trace of E(f) on
the truncated boundary for any f € H'/2(Ty).

In the rest of this paper, we make the following assumption on the fictitious medium
property which is rather mild in practical applications of the UPML method:

~Ly+dq Ly+d
(H1) / Ul(t)di':/ 0p(t)dt =:7, > 1 is a constant.
0 0

Remark 4.1. For instance, we may choose o7 (t) =0 (Md;lh)m, o (t) :62(%;2“)*” for |t|>L;,
where m > 1 is an integer and 0; >0 is a constant, j=1,2. Then & can be enlarged by

increasing the constants ¢7 and &5.

4.1 Estimation of the modified Green function

First we present some preliminary lemmas for the estimation of the modified Green func-
tion.

Lemma 4.1 ([15]). For any 4= a,+iap and b= by +ib, with ay,a,,b1,by € R such that aya, +
biby >0 and a3+ b3 >0, we have

ajay+biby

\/a3+b2

Im (a2 +5%)'/2 >
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Let ), ={x€R2 4 :|x1|<Lyi+dy, x2<Lp+d2} be the truncation domain which contains
) and denote Xy =XN0dy, I', =00, \ ;. In the following we will always denote

212, b=tatys,  p=pEy)=(2+1), (4.5)

forany xcIp, y €0). From the convention (2.2), it is easy to see that i=a;+iay, b=b,+ib
with

X1 X2
alz\xl—yl\, HQI‘/O Ul(t) b1:x2—|—y2, bzz/o O'Q(t)dt.

By Lemma 4.1 and (4.5), p =p(%,y) satisfy

b b _
Imﬁ>w>vo', Vxel,, yely, (4.6)

> Jare

where we have used (H1) and 7o = min(ds,d;)

/2Ly +dy )+ (2Lo +4d5)?

. We remark that g~ O(1) for d;
and d, have the same scale. i

Write § = p1+ip2, then p2 = (p? —p3+2ip102). Since p? = a>+b> = a2 —a5+b2 —b3+
2i(a1a2+b1by), we have p10p =a1a,+b1b. Then by Lemma 4.1,

Rep=p =TI < fot it @)
Furthermore, we denote
bs = (2 +02p2)1/2 fs= (2 +D52)1/2 4.8)
It’s easy to see that
s = (2 + 1 +620%)V2 = /1+6%, (4.9)
and then
Imps >V 1+02y05,  VxeTl,, ye. (4.10)

The following lemma is the complex counterpart of (2.8) and (2.10).
Lemma 4.2. For any d=a;+iap and b=by+ib, with aq,a,b1,b2 >0, define
k (ﬁtiiE\/tZ—l), if by > day,

ee()=4" ) Vte[1,40). (4.11)
ﬁ(ﬁtﬂ:ibtg\/ tz—l), lf blgéal,
6
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Then u(G+) = (K —&2)"'? satisfies

ﬁ(fot:pia\/ﬂq), if by > day,
() = ’;{ ) Vte [1,+00). (4.12)
T(bé:Flﬁ\/tz_]-)l ifb1§5ll1,
)
Proof. For any t € [1,00), let uy = k(btFiavt2—1)/p for by > éay and puy = k(bstF
iaV/12—1)/p; for by <day. Clearly (u3)?=k*—¢% =p%. The lemma follows from the
convention (2.2) and Re(yoi) > 0 which can be proved by direct calculations. Here we
omit the details. O

In the following, we will always denote Z =z +iz, for Z= d,E,ﬁ and Z; = 2‘1S +izg for
25 =bs,p5. Moreover, we make the following assumptions on the transform parameter &
and the PML medium parameter 0

7% z. .\
(H2) 0<d< 78 and 7>9 <k+1> Yoo (2Ly+d).
We remark that the above assumption of ¢ is only used for theoretical analysis. Prac-
tically, & can be any constant large than one unit wavelength, while larger value of &
meaning faster decay of the scattering solution in the PML.

In the rest of the paper, without specifications, we let C>0 be a generic constant which
may depend on k and Z, but is independent of ¢ and d =max(dy,da,L1,L>).

Lemma 4.3. Let 4, b, p, bs and p; be defined in (4.5) and (4.8) for any x €T,y € Q). For any
he L®([1,00)), define

F(h;ﬁ,l?):% /1 \/tzljh(t)eikﬁtdt, if by >day,
Fif(h;a

- 1 [~ 1
h;a,b) =— / ——h
)=5- . JA T (H+
Let (H1)-(H2) be satisfied. Then for any integer n,

(t))ei(?’*l}&)ﬂi(f)eikﬁﬁdt/ if by <day.

[F(t"h;a,b)| <C HhHL“([l,oo))eik’YO(_T’
[FE (3, B) | < C ] oy €27
Proof. We only prove the lemma for F;=(h;a,b). The case of F(h;d,b) is similar and easier,

so we omit the details here.
First, we estimate y.+. Noting that when p(x,y) > 27,

lo(%,y)| > |Re(@+b0%)|"* > (o(x,y)* —25%)/2 > Zp(x,y)-
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Then by (4.9),
. . V1462
los(%,y)| =V 1+6%|p(%,y)| > p(xy)
V2
Thus for any x €T, y € O,
al _ 1Bl _ V2(p(xy)*+5%)'2 _ V10
sl les(EY) ~  Vit+8p(xy) T 2V1+6%
and
|E(5|< |b| +!5ﬁ|:\f2+y2\ sol . V10 0
051 ~ 10s] |05l 6] V1+2p] T 2v/146% V1462

where we have written § =p(%,y) and p; =ps(¥,y) for simplicity.
When p(x,y) <27, (4.10) yields that for any x €T, y € ()1,

7l _ (pGry) 4012 _ (p(xy)+ot)V2 V5
05 — Img; T V14820 V142
and
\55\< V5 vy s
0] ~ V1620 V1462

Substitute the above estimates into (4.12), we have |u | <5ktvy, Lforallt>1.

Note that by <éay, it implies that x, < L; and b, =0. Then
101 =[(a] —a3+b7 —b3)* +4(a1a2+ b1 b2) ]/ < [7* +dafc?] /2,
Using the above inequality and (H2), direct calculations show that
|b—Dbs| <2|b|+6|p| =2b1 +5|p| <25a; +6|p| < 260
Then by (H2), it is easy to see that
t

|1:‘1:|:(tnh/ﬁ/E)’SCHhHLm([l,oo))\/1 m

[ee) n _ )
SCHhHLw([Loo))/l ti_le(105701—\/14—7%)ktadt

ol (BB ) ()] —tTmp; g

00 tne—t

1 _
<Clh||; e~ 2kro7+1
<ClMli o LAl

=—

<C ]| o 1,00y~ 277

Then the proof is completed.

(4.13)

(4.14)

(4.15)

(4.16)
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Remark 4.2. Define b’ = [(%,—12)?] /2 Using similar arguments as in (4.6), we find that

Imr(%,y) =Im[(#1—y1)*+ (£2—12)*] "~ > 700.
Then Lemma 4.3 also holds by replacing b with &'

The following lemmas on the estimate of the modified Green function G will play an
important role in the following analysis.

Lemma 4.4. Let 4, b, p, by and ps be defined in (4.5) and (4.8) for any x €Ty, y € Q). Assume
by > bay. Let (H1)-(H2) be satisfied. Then

7 o~ Z(Lo+da)
Proof. By (2.5) and the method of Cagniard-de Hoop transform (cf. [19]) we know the
Green function ®(x,y) = iHél) (k|x—y]|) satisfies

G (x,y)| <C[147(d+7)]e” 0" + VxeT,, yeQy.

€ik|x_y|tdt.

1 > 1
oy =k [T
(ey)=5— . TR
Thus by (2.6) and Lemma 4.3, we know that,

Glxy)= %F (1;a,b) — %P(l;ﬁ,l?’) +F(f;a,b)—S(%y), (4.17)

1/2

where S is defined in (2.7), I’ = [(£2—1»)?] ' and

YA () u—(t)
f(t)__l(z+i+y+(t) +Z+i],t_(t)>' (4.18)

In Lemma A.3, we have proved that
|f(t)| <14+Co(d+0). (4.19)
Then from Lemma 4.3, there exists a constant C such that
|F(f;4,b)| <C[145(d+7)]e k7. (4.20)
An application of Lemma 4.3 and Remark 4.2 shows that
|F(1;a,b)|+|F(1;a,b')| < Ce 707, (4.21)
By (2.7) and Assumption (H1), the term of surface waves satisfies

Ze—Z(X2+y2)e—\/ Z2+k21m(d) Zmax(e—Z(Lz-i-dz) e~ Zz+k2(_7)
< 4
1/Z2_|_k2 - 1/ZZ_{_kZ
The proof is completed by substituting (4.20), (4.21) and (4.22) into (4.17). O

(4.22)

S(%y)|=
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Lemma 4.5. Let 4, b, p, by and ps be defined in (4.5) and (4.8) for any x €Ty, y € Q). Assume

by <éay. Let (H1)-(H2) be satisfied. Then

1G(x,y)| <C[1+(d+7)]e 27", VxeT,, yey.

Proof. Let
~ 1 o I eikﬁ(gt
ibh)=—_— i(b—bs)A+(t)
L) =5 [ () (e —dt,
bl ) = / 2h(g (1)) A (£)et0=bo)A- () AL
2 Ade _27_[ - - t2_1 4
Iy (3, 5) %kelﬁkm / H(E(#))elPHEO)~bA-(V2))] gikat gy
0

where ¢4 (t) are defined in (4.11) and &(t) :=kt+& with

§0=8-(V2)=—(v2a—iby).

_k
[
Thus by (2.6) and Lemma 4.3, we know that

3
Clxy)=) Glz-(l/ﬂ;ﬁ,f?) - ;Iz'(l/u;ﬁfﬁ’)ﬂi(f;ﬁ,@)) ~S(xy),
i=1

1/2

where S is defined in (2.7), b’ = [(Z2—y2)?]"" and

f=o with p=p(&) in I, p=p(@E) in L, p=p@) in b

Z+ip
Since by <daq, then Imad =&, the term of surface waves satisfies
Zo—Z(xat) o VZ2HRIma 7 ,—VZ2 4K
Sty = < T

By arguments similar to those in Lemma 4.3, we obtain for any 1 € L®([1,00)),

| (38,5 < C ||| o g 00y €277
An application of Lemma 4.3, Remark 4.2 and (4.26) shows that

2

Y L1/ wab) | =|F(La,b)|+|L(1/wa,b)| < Ce2kn7,
i=1

2

YL/ wa b )| =|FH(Lab)|+|L(1/wab)| < Ce™2k107
i=1

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)
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By (4.24) and Lemma A.4, we have

—ip -
= < < .
| f| ’Z+iy _H—‘Z‘HP‘ ‘ <1+4C(d+0)
Then from Lemma 4.3 and (4.26),
2 -
Y IL(f:,8)| =|F* (uf:,0) | +| o f3d,b)| < C[1+ (d+7)]e~ 27k, (4.29)
i=1

Now we estimate [3. By Lemma A.2, Im¢(t) =Im¢&_ (v/2) <0 for all t >0. Then the
convention in (2.2) shows that

Rep(&(1)) >0, sign[impu(&(1))] = —sign[Im& ()] = —sign[Im¢(1)] >0,

which implies that by (¢) has nonnegative imaginary part. Then similar argument as in
Lemma 4.3 yields

ei[éy(é)—émf(\/@n‘ < ‘e—iﬁsMﬁ)’ < elbal[A-(VD)| < 20675V 2k " (4.30)

By Lemma A.5, we have proved that

1 ' —i
x <(C, \f(t)|:‘.A’§C. (4.31)
’ﬂ(é’(f)) Z+iu((t))
Then from (4.30), (4.31) and the assumption that 6 < %, we have
‘13(1/;1;&,13) —I(1/wa,b' )+ L(f;a,b)
<CeV2n0k / " e10VabTky ! kTt gy < CoVIMKT, (4.32)
< A <
The proof is completed by inserting (4.25), (4.27)—(4.29) and (4.32) into (4.23). O

Lemma 4.6. Let (H1)-(H2) be satisfied and let m,n > 0 be integers. Then for x= (x1,x2) €2,
y=(y1,42) €Oy, if by > day, for 1 <i,j <2,

am-H’l ~ - e—Z(Lz-Hle)
— G(xy)|<al| C1+a(d+5)|e 10k 72 |2 mnLe TR ,
ax:”ayy ( ]/) 0 ( [ ( )] (\/7) 7712

and if by <day, for 1 <i,j <2,

am+n 1 _
< Call 14 (d+0)]e 270k,

ax;ﬂayy Gxy)

where ag =maxyer, (|a1(x1)],|a2(x2)]).
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Proof. For the surface wave S(%,y). By (2.7), it is easy to see that if by > day,

omtn Zo—Z(Lo+dz)
— S(x,y) | <al'(\/Z24k2)ym T
and if by <da,
am+n ~ Ze_‘/ZZ_;’_kZa-
<a™(\/ 72 f2)mtn ]
8xmay] ( /y) —“0( + ) /7Z2—|—k2

For the propagating waves, we only consider the case of b; <dajy. The proof for the case
of by > éay is similar and simpler. By direct calculations, we have

" (Ex (1)) ' o Kt
9am obn gt

oM obn ||

where & (t) are defined in (4.11) and &(t) :=kt+& with & =¢&_(v2) = pﬁ(fa—lbg)
By (4.33) and elaborate calculations,

(Flea(ppett-inv) | <

(Féeyetmeer-bna) \ <Cklpi| e

" (S(t)) ‘ <c Kk Vm,n>0, (4.33)

om+n
’ o™ db"

omn
0™ db"

where f(&)=—i/(Z+iu). )
Consider the representation of G(x,y) given by (4.23). By arguments similar to the
proof of Lemma 4.3, we obtain

8m+”ll (f;ﬁ,E)
9amobn

i(b—bs)AL(t)

7

Albn(E(1)~bsA-(v2))]

4

’ Cld+a)e k17, 1=1,23.

Similarly, we derive that

I (1/ 1,b) < Cokmo 1=1,2,3.

9™ ob"
Then by the chain rule,
af af i af ﬂ B af ob < g
x| |9aom | =M% |3m| | 9B ax| =05
and
f af oi g i B af ob <g
oy1| |daoyy |~ = dy2| |obdy2|~ ob’

the proof is completed. O
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Note that e~ 10k < Ce~ 2797 for some constant C. To simplify the notation, we use

gmn - 7o~ Z(Latd)
Glxy)| <al | C[14(d+0)]e 270 4 (/ Z2 K2y ==

for both cases of by >da; and by <daj in the rest of this paper.

4.2 Estimation of the PML wave propagation operator

Let I' be any one-dimensional Lipschitz manifold. Throughout the paper we shall use the
following weighted norm ||- | )

- [o(x) —v(y)
ol gy =10 oy ol ol = [T dseds, @9
Lemma 4.7. Let (H1)-(H2) be satisfied. Then for any f € H2(Ty),

H?DL(f)HH%(r)

2

<ao (Cgpe 204 g 2R £y

where {py =14 (d+0) and {s=1+Z.

Proof. For convenience we denote v=¥py (f). Then from (4.2) and Lemma 4.6 we know
that, for any x €I,

|<‘G

~Z(Ly+dy)
ey < | 2 NN VT T
L1(Ty) p \/m LY(Ty)

)HfHLl(l“l) <wg (Cgpe*ﬂokr‘r_i_Ze (Ly+da) ) Hf||L1 -

Wloo

Vo (x \<‘vc )‘Wm

From (4.34), we deduce that
121,43 ) S Ml T2l VOl o) <ellfll ey <ellFll 3

where
1 _
e=ung (Cgpe*§70k0+ (1+Z)67Z(L2+d2)> )

This completes the proof. ]
Lemma 4.8. Let (H1)-(H2) be satisfied. Then for any A € H-? (Ty),

[T,y S0 (CTpem i L2 )1

2
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Proof. For convenience we denote v =Yg (A). Then from (4.2) and Lemma 4.6 we know
that, for any x €I'p,

fo(x)| < || G(x,)|

H/2(Iy) HAHH_I/Z(FI)

<C (Hé(x,.)HLm(rl)+|r1| (é(x,.)\wm(rl)> B

Vo(x)| < V26 (x|

H1/2(r1) HAHH*l/Z(rl)

<c([[9:60] g, +II[OCA )Ny

We complete the proof by using Lemmas 4.5-4.6 and similar arguments as in the proof of
Lemma 4.7. O

Theorem 4.1. Let (H1)-(H2) be satisfied. Then for any f € H 2 (1),

IEC, 3y, S0 (CTpe 310K e 2Lt

(I) “fHH%(rl)'

Proof. This theorem is a direct consequence of Lemmas 4.7—4.8 and the continuity of the
DtN operator T: H'/2(T'1)+ H~1/2(T';) which is defined by using the scattering problem
(3.7). O

Remark 4.3. Theorem 4.1 implies that the solution u of problem (1.1) satisfies

- — 1o ko —
HMHH%(FZ):HIE(M)HH%(FZ)SD(O (Cgpe 270k0+§se Z(L2+d2))HuHH%(r1)'

Thus iI decays exponentially in the PML as we enlarge the thickness of the layer.

Heuristically, from (3.6) we know that, inside the PML, the propagating waves u,
decays at the rate ao( pe_%wk‘_f, the surface waves u; decays at the rate apl pe_%Wk‘_f in the
horizontal direction but at the rate ay(. se~Z(Latd2) in the vertical direction.

5 Exponential convergence of the UPML method

Since i decays exponentially in the PML, we define the approximation problem by setting
homogeneous Dirichlet boundary condition on the outer boundary:

V- (AVi#)+ajak*i=0 in O, (5.1a)
o .

%—1kﬁu:g on X, (5.1b)
=0 on Iy, (5.1¢)
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where we extend g by zero to Z. The well-posedness of the PML problem (5.1) and the
convergence of the solution # to the solution of the original scattering problem will be
postponed to the end of this section.

A weak formulation of (5.1) reads: Find it € H'(Q);) such that

a(d,0)=(gv)x,,  VvE HY (), (5.2)
where the bilinear form 4: H'(Q);) x H!(Qy) — C is defined by

a(v,w) :/Q (Vo-Vao—k*v@)dx— (Tv,®)r, —ik(Bv,®)y,. (5.3)

The DtN operator T: H'/2(T'y) — H~'/2(Ty) is defined by Tf:= %—Z’ for any f € H'/2(Ty),
where @ solves

V- (AV®D) +aa2k*d =0 in Qpyp =0\, (5.4a)

a A,

%-’-ZZ’D:O on ZPML::ZMHBQPML, (54b)
2

w=f on Iy, w=0 on I5. (5.40)

The original problem (3.13) and the PML problem (5.2) only differ from the DtN operators
T,T. Now we shall study the well-posedness of (5.4) and estimate T —T.

Remark 5.1. The boundary conditions in (5.1b)-(5.1c) are compatible at the two points
p.==%(L1+4d1,0). In fact, we have

.o o oil N P ol N
_}ggzl (M_lkﬁu>(x)_}§zl <BTC2+ZM> (x)—O—}ieri (a—xz—kZu) (x),

where 11 is assumed to be piecewise smooth such that the above limits make sense.

5.1 The PML equation in the layer

From (3.7), (4.3) and (5.4), for any f € H'/2(Ty), (T—T)f= %—i‘l’, where w solves the bound-
ary value problem of the PML equation in the layer:

V'(AVw)—I—oqoczkzw:O in QPML/ (55&1)
9 L Zw=0 on Zpwmi, (5.5b)
ax2

w=0 on Iy, w=E(f) on Iy. (5.5¢)

Introduce the bilinear form c: H'(Qp) x H' (Qppr ) — C as follows

c(cp,q)):/QPML (AVq;.ng—ocmszcpgb) dx—Z{a1¢, @) sppg s ch,q)eHl(QpML).
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Then a weak formulation of (5.5) reads: Find we H' (Qppy) such that w=0 on Ty, w=E(f)
onI and
c(w,¢)=0,  VpeHr r,(Qrm), (56)

where H%lurz (Qpmr) is defined similarly as in (3.11).
In the reminder of this paper we make the assumption on the medium property:

(H3) 0i(t)=0>1,V|t|>L;, j=1,2, where ¢ is a constant.

This assumption is not restrictive in practical applications and allows us to prove
the coercivity of the bilinear form c. The assumption ¢ > 1 is just used to simplify the
constants in the convergence analysis. The following lemma shows that (5.4), (5.5) have
unique solutions and the DtN operator T is well-defined.

Throughout the paper we will use the weighted H!-norm for any () C R*:

1/2
9l 0y = (I @l2(0) + ko l22()) (5.7)

Lemma 5.1. Let (H3) be satisfied. Then (5.6) has a unique solution and the bilinear form c(-,-)
satisfies, for any ¢ € HE. r (QPML)

lc(e.9 )|_ 1 [l oy Cs' =07 (1+Zd+K2d%). (5.8)

Proof. Tt is clear that Qpy = QU0 UQy, where
QC:{XEQPML:|X1’>L1, XZ>L2},
le{xEQpMLZ|X1|>L1, X2<L2},
QZZ{XEQPML2|X1|<L1, XZ>L2}.

Since o1 =0 =0 in Q, 02 =01in Q1 and 07 =0 in )y, it is easy to check that

Reictp =2 |2 o
0% l2ua) 19000 102 S0l 20,
+0?[lkgl[F2(0,) — Hkqolliz(om)—zllqvlliz zPML ) (5.9a)
Im[C(qv,qv)]:’aqo ? g ||’ L qu
_2Hk§0|‘i2(ﬂf)_HngH%Z(QlLJQZ)_ZH(PH%Z(ZPML)' (5.9b)
Then we observe that, for any v >0,
v—1
Re[c(<P/<P)]+7Im[C(§0/<P)]
aqo 2 2 2
Vol +7H |
L2 LZ(Q]) aX] Lz(Qz) 1“1‘(7 Z; ax] ( )

+(1+07=29) Ik 720, — Yk 1200 002) — Y2 @12 (200 (5.10)
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Since ¢ =0 on I';UTI'y, from the trace theorem we deduce easily that

aﬁ 2
ax]-

99 |°
ox; L2(0UQ,)

2 2
”(PHLZ (Zpmr) <2d‘ s ||§0||L2(Q]) Sd

L2(Q)

Substitute the above estimates into (5.10) we obtain

Rele(p, )]+ 7 Tmle(p, )]

219910, +7] 52,

L2(0)) H ax1 L2(0),)

(oo nzd) 32

L2( Q) ZdHaxz L2(Q)

—|—(1+(T —27)Hk€0’| +')’Hk§"HL2 (O U0,)

Now taking v = [4+4(k2d*+ Zd+1)(1+0?)] ! we have

2—v 20
]1+ —29k*d”—

Since 0 <y <1and o >1, we have

2le(¢,9)| > Relc(@,9)]+ (1) Im[c(9,9)] > VIl @171 opyy )

This completes the proof.

1
1402 —2y>7, qZd< i

5.2 Convergence analysis for the PML method
Now we present the main results of this paper.

Lemma 5.2. Let (H1)-(H3) be satisfied. Then for any f € H'/?(Ty),

[(T=D)fll -3, < CCs' (0% +d2)? (e - ge2lar)) | £ [

Proof. Let w be the solution of (5.5) and define
X(f):={CeH (Qpm):{=0 onT; and {=E(f) onTa}.
We claim that there exists a constant C >0 independent of Qpyy. such that

glgf 1E e (pre) < CINE N 12y -

In fact, by the Sobolev extension theorem, we can extend E(f) by f as follows

feHY?(T;), f=E(f) on T, and 1Flenr2y) < CIE | izry).

. j=12

129

(5.11)

(5.12)

(5.13)
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where T, := 9B, is the boundary of the box By:= {x €R?: |x1| < Li+dy, |x2| < Ly+da}.
The weighted H 2-norm in (4.34) indicates that the constant C is independent of I';. Then
(5.12) follows from (5.13) and the following trace inequality:

f < inf =\ <C|If = ..
glg( 1M e (apy) < veﬁ?@) ol (8,) = CllA ey
:fonfz,v:Oinﬂl

Since p=w—{ € Hf 1, (Qpmr) for any 7€ X(f), by (5.8) and (5.11), we have

Cisll[w—ClllF1 gy ) < 24lc(w—E,0)|=241c(Z,9)]
<[24(1+0)?+2dZ] 111l 1 gy 1@ 111 (coppa -

This proves

A

el () < CCis (02+dZ)§ei)rg(ff)HICH!Hl(QPML)- (5.14)

Now we test (5.5a) with any ¢ € H%Z (Qpmr) and obtain

’<?;:’¢>rl

where we have used (5.11) in the second inequality. Thus by (5.12), (5.14) we have

<le(w,@)| <C(e* +dZ)[|w]l| 11 (crppge) @Ml 1 (O ) (5.15)

A

<CCN (P +AZ[E(F) | sz ry) -

[ oV R T .

We complete the proof by using Theorem 4.1 and (H3). O

Theorem 5.1. Let (H1)-(H3) be satisfied and let u be the solution of (1.1). For sufficiently large
7 > 0y, where 0y > 0 is a constant independent of k and Z, the UPML problem (5.1) has a unique
solution ii. Moreover,

1 % — A~
Hu uHHl <CCIS Cﬁlg(é’ e 770k0+gse Z(Lz+d2)> Hu||H1/2(l"1)r (5.16)

where {:=0(c?+dZ)? and Cg', C;5* are respectively the inf-sup constants in (3.14) and (5.8).

Proof. We prove the estimate (5.16) first. Suppose that the solution i of (5.1) exists. By
(3.13) and (5.2), simple integration by parts implies

a(u—1,9)=i(i,9)—a(f,g)= (Ta—T0,g)r,,  VeeHL ().

Using (3.14) and Lemma 5.2, we obtain (5.16).
Now we turn to the well-posedness of the UPML problem. By the Fredholm alter-
native theorem we only need to show the uniqueness of 7. For that purpose we assume
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(5.1) has a solution i for g =0. By the uniqueness of the solution of (1.1), we know that
the corresponding scattering solution u =0 in €);. Thus (5.16) implies

~ —_1A— 1o ko — ~
||u||H1(Ql) SCC151C151§<€,76 210k | 7 e Z(L2+d2)> ||UHH1/2(1"1)‘

Thus for sufficiently large & we conclude that # =0 on ();. That # also vanishes in
QOppmr, follows from Lemma 5.1 since # satisfies the PML equation (5.4) with homoge-
neous boundary conditions. O

Appendix

A Some technical proofs

In this section, we present the proofs for some technical estimates which are used in our
analysis.

Lemma A.1. Let (H1)-(H2) be satisfied. Let i, b, p, bs and s be defined in (4.5) and (4.8) for
any x €'y, y € Q1. Assume by <éay. Then

50
<by<2Y455 and 27V*5ay <bS <day\/2+42.
T =S ! !

Proof. Let 5= (%1,V1+1/6%%2), §,= (§1,—V1+1/6%7>), then
bs=(D*+0%0*) = (2 + 1)+ 6% (21— 1)+ (%2 +12)2) /2 (A1)
o o/ o
=5 (21— 71)*+ (1+1/8) (224 72)%) * = 6p (35, 5)-

Since by <éay, namely, |x2+y2| <6|x1 —y1|, itis easy to see that b,=0, ay=0 and a1 >d; >0.
By (H2), it is easy to check that & >2a;. Then

l0(%s,35) P =] (F1=51)*+ (14+1/8) (£2+72)?|
=/ (B 02+ (14+1/62) R +4(a10)2
<\/ —(24062)a3)2 +4(a17)2 < V257

By Lemma 4.1 and by <da;, we have

|x1—y1|0 b

Iy P (1+1/82) a2 V2HE

Imp(%5,§5) >

From the last two inequalities, we find that

V2+62

<Imp(is,i;) <245 (A2)
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Note that Rep(%;,7;) -Imp(%;,75) =a10, we deduce that

27143 <Rep(%s,7;) <a1V/2+42. (A.3)
Then the proof is completed by combining (A.2)-(A.3) with (A.1). O

Lemma A.2. Let (H1)-(H2) be satisfied. For any x €T, y € Oy, define

§=~£(at—ifa(5\/t2—1), Vte[1,00).

06
If by <éay, then Im¢ <0 for all t > V2.

Proof. From the definition, it is easy to see that

k
Img:W[t(Pﬁﬂz poar) —t' (919 +p3b3) -
s

For p‘lsaz < pgal, using Lemma A.1 and (4.10), we have for ¢t > V2,

k
Im&<———=#(p b 4-p3b3) < — V146275 <0.
s> ur ¢2 52

For pla, > pday, we write

95|
[ Im(;‘ M1 Mz,

with M =pfa, and
M, =pbay+— (P1175+P2b2)

Obviously, M; >0 and M, >0.
Noting that (#')2/t*>1/2 for t > V2, we have

2(M3 ~M3) <2 | (0} — (03— (<p€>2<bf>2+<p3>2<b3>2)}
=[a*Regf — s Rea 2 (|puf?[ s+ RepiRel?)
<|0s]*Rebi - |b(5|2ReP5—*(|P5| |b5]* +Ref; Reb})
§§’ﬁ<5| |b5]2—§Reb§(Reﬁ§—2|f)5\ )

1. y
<3105 ([Bs|>+2Re3).
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Using Lemma A.1 and (H2),
|bs|* +2Rebf = (b9)*+ (6)* +2[(b)* — (b5)*] =3(b})* — (b3)* <.

Thus
2(M3 M) < 3 |ouf2(1hs P +2Rel) <0
Therefore,
|€i‘2(M1 +M,)Im¢ = M3 — M3 <0.
The proof is completed. O

The purpose of the following lemma is to prove inequality (4.19) in Lemma 4.4.

Lemma A.3. Let the assumptions in Lemma 4.4 be satisfied and let f(t) be defined by (4.18),

namely,
iy p(t) p-(t)
flt)=—i <Z+i+y+(t) - Z+iy(t)> '

Then
If(£)| <14+Co(d+0). (A4)
Proof. For convenience we denote t'=+/t>?—1 for any +>1. From (4.12) and (4.6), we have
6| |Z+ipy | =|Zp+ikbt+kat'|

=|Zp1+1Zpy+ikbyt —kbat+kayt' +ikast’|

>Z02+kbit+kaxt' > Zyo0. (A.5)
Next we estimate |§|-|Z+iu_|. Note that
|p|-|Z+ip_|=|Zp+ikbt—kat'|

=|Zp1—kbot —kayt' +i(Zpa+kbyt —kast')|. (A.6)

Let I'; | be the part of I'; parallel to the horizontal direction and I'; ;| be the part of I';
perpendicular to the horizontal direction, respectively.
For any x€T', |, we have b, =0. By (4.7) and (H2), we have

6] |Z+ip—|>|kbot +kart' — Zp, |

Zkﬁ'—Z\/(ZLl +d1)2+(2L2+d2)2 (A7)
>k /3.
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For any x€T, |, we have a; =0. Let Zpp+kbit—kaxt' =0, then ' = Zp%fblt. Insert it into
(A.6) to get
. a a
0| |Z+ip—|=|Zp1 —kbot —kayt'| = ‘kt <b2+a;b1> -Z (pl—a;pz> ‘ (A.8)

In the following, we prove that |Z(p; — % 0,)| is much smaller than kt(b, +%b;), so there
& p P ap P a3

exists a positive lower bound of |j|-|Z+iu_|. We shall consider two cases.

Case 1. Suppose £ 4/a2+b? <b, <. Then
a1 a1 a1
—by | >kby+k—by > Z\/a?+b>+k—by. A.
kt <bz+a2b1> > kb, + azbl_ al+b1+ azbl (A9)
From (4.6) and (4.7), it is easy to see that

a
z <p1 - a;m) <2\ 10— Zdiyo, (A.10)

where we have used that a; = |x; —y1|>dj and ay =0 onT, ;.
Inserting (A.9) and (A.10) into (A.8), we obtain

a
6|1 Z+ipn—| Zka—lbedmZde. (A11)

Case 2. Suppose 0< b, < £, /a2+b?. Note that

1 Z(axp1—a1p2) _ Z(a3p1—a3p3)
Zlo1—2p, ) = . A12
<p1 o, 2> ap a(a1p2+a201) (A.12)

Direct computations yield that
a301 —atp3 =a;(|p*| +Rep?) /2—a1(|p?| —Rep?) /2
1. ~
=5[% (a3~ a7) +Rep? (a7 +a3)]
_1(a3—a})*(|Rep? P+ [Imp*|*) — (af+43)*|Rep?|* _ D

2 107 (a3 —a?)+[Rep?| (af +a3) H’

w?er% D = Z(aﬁbgz—a%zb%)(f%b%—a%bg) +4ayay(a3—a?) (azby —a1by) (a1by +azby) and H :=
|0°[ (a3 —a1) +|Rep?| (a1 +a3).
Using a, =7, by >day, (4.6) and (H2), we deduce that
H=|p*|(a3 —a7) + |Rep?|(ai +a3) > 750" /2,
|D| <2a3b2b3 +2a%a3b +4a,a3bi (a1by +asbs).
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Using the above estimates, we obtain
D| 4b?b3+4b}+8a%b?+8ayazbi by
\a%fﬁ—a%p%!:‘H‘é DT T TR (A.13)
70
Substituting (A.13) into (A.12) yields
a Z(4b%b3 +4b? +8a%b? +8ayarb b
‘Z<p1—1pz> < (4b1b; 1 31_21 1212)_
a a0
Then from (H2), by > da; and a; >d,, we find that forany x€I’ |,
~ . a a
ol |Z+ip_| >kt <b2+1b1) — ’Z <p1 — 1p2> ‘
ar 175)
L (k'y3("7a1 (ﬂlbl —I—llzbz) — (4b2b% —|—4b4 —|—8€l2b2 —|—8a1a2b1b2)>
i \Z 0 1 1 191
ki | Kby kody
90 9 90
Finally, from (A.5), (A.7), (A.11) and (A.14), we conclude that
'”i(t)‘ ‘,‘<1+C(T\pl<1+C(7(d+ﬁ).
Z+ips(t)| Z+ips(t)| -
Then the proof is completed. O

Lemma A.4. Let the assumptions in Lemma 4.5 be satisfied and let 4 (t) be defined by (4.11).

Then

1 _
‘Z+iﬂ(€¢(t))lgc(d+a)'

Proof. From (4.10) and (4.12), we find that
05| | Z+ip | =|Zps+ikbst +kat'|
=|Z08 +iZ05 +ikbt —kbSt+kayt' +ikayt'|
> 7,05+ kbSt+kayt' > Z\/ 1452707
Now we estimate |g;|-|Z+ip—|. Note that
|0s|- | Z+ip—| =|Zps+ikbst —kat'|
=708 — kbt —kayt' +i(Zp5+ kbt —kaat')|.
Since by <day, by (H2), it is easy to see that xcI', | and

b,=0, a,=0, a;>d.

(A.14)

(A.15)

(A.16)

(A.17)
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Using (H2), (A.17) and Lemma A.1, by arguments similar to Case 2 in Lemma A.3 and
careful calculations, we find that

a1 47
2 (o= 28 ) | < o (S0P a0+ 20 (A18)
2
+-2a1a5b965 +2a3a3b b3 +2a2 a3 (b3)? ) < 32%;115
0

From (H2), it is easy to see that %’)/8(72 9a;. Then using Lemma A.1 and (A.18), by careful
calculations and arrangements, we deduce that

. a a
AR CE T B =]

Z6 k Z4dq
> =+35-32a 5\/2+52) > : A19
From (A.15) and (A.19), it yields that
— | <C|ps| <C(d+0).
'Z+iyi(t)‘_ ’P(S‘_ ( +U)
Then the proof is completed. O

Lemma A.5. Let the assumptions in Lemma 4.5 be satisfied. Then

el <C  |zmem| =
p@O) 1 Z+ipE) T
whereé(t):kt+§0undCozé,(ﬂ):%(ﬁﬁ—i%).

Proof. From the definition, it is easy to see that
k ~ .7 k 5 .5 . e 18 1 210
Go :T (V2i—ibs) = 16s2 (03 —ip5) [V2(a1+iaz) —i (b +ib3)]
‘~Pka¢aﬁw9+mmf@— )i (o] (V20— ) —3(V2m +83)) |.

From the assumptions in Lemma 4.5, 2, =0 and b, =0. Then using (H2),

9sl? =(1+6%) |pI = (1+6) (0} — B+ b3 — 182+ 4(as>+ by o 2
=(140%)/ (a3 — @3 — 3> +-4aad < V2(1+6%)02. (A20)
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Thus by (4.9), (4.10) and Lemma A.1, we find that

Re? > Refo = o] (V201 +1) (21
k
o~ 1 2 2 2 2
(1+52) [myga(\fa 5\ 24625/ )}
> ko
2v1+62

where we have used that é < 'y% /20<1/2.
By arguments similar to (A.18), we get

(05)%a3 (pl)
381 +05a;

S 32(11(52
Y00

]pim —p‘faz) = ‘
Then by (H2), (A.20) and Lemma A.1,

g = 1| = (= o3 (201 +09) (V202 1))

1 _ o0 32(11(52
> (0 —— —
a+ \" are i
Yoo

~6(1+462)°
Using (A.21) and (A.22), it is easy to see that

\Imgﬂ:\zReg-Imgpﬂ
T 6(v1462)3
By (A.23), we derive that
k26
2 2_ 22 2 0
=k*°=¢°|>|Im¢"| > —F——.
|| =[k*=2%| = | é‘_6\/1+752)3
Then there exists a constant C >0 only depending on k such that
1
— | <C.
‘V(C(f))'
Now we estimate )Z i . Using (A.23), we have
1 —iu Z—ip Z—ipu U
< .
’Z—Hy ’ZZ+;4 ‘ZZ+k2—c§2 —‘ Im¢? CZ+‘I &2

137

(A.21)

(A.22)

(A.23)

(A.24)
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Noting that
2 g2 2 212 7\2 Re&
‘ p Foe-8] o, 121 o, VReEPHImE? | [Ref?]
Img*[ Im¢2| [Img?| |Im¢2| Img?|

Inserting Re¢? =k*t>+2ktRe{o+Re¢? and Im¢? =2kt Imp+Im¢3 into the last inequality,
we have for some constant Ty >0, if £t < T,

2 2 212 2
‘ i [<cs ‘Rer: LSC k“Ts +2kT0]Re2§g]+|Re§O] <C (A.25)
Im¢ Im¢2| (Im¢g)
and if t > Ty,
2 2 242 2
mo oo, [ReG| _ o K42kt{Reo|+|RedF| AD
‘Im{fz sCF Im&2* ~ 4k2£2(Im¢)? =C. (A.26)

Here we have used that Regy > 0 induced by (A.21), then Im¢; and Im&3 =2Re¢oIm¢
have the same sign.

By taking the square root of (A.25) and (A.26), and inserting them into (A.24), we
obtain

<cz+|- Lt

- <
‘Z+iy'_ ‘Im@z ¢

where C >0 is a constant only depending on k and Z. The proof is completed. O
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