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Abstract. We study the error analysis of the weak Galerkin finite element method
in [24,38] (WG-FEM) for the Helmholtz problem with large wave number in two and
three dimensions. Using a modified duality argument proposed by Zhu and Wu, we
obtain the pre-asymptotic error estimates of the WG-FEM. In particular, the error es-
timates with explicit dependence on the wave number k are derived. This shows that
the pollution error in the broken H'-norm is bounded by O (k(k/)??) under mesh con-
dition k7/2h? < Cg or (kh)2+k(kh)P*1 < Cy, which coincides with the phase error of the
finite element method obtained by existent dispersion analyses. Here / is the mesh
size, p is the order of the approximation space and Cy is a constant independent of k
and h. Furthermore, numerical tests are provided to verify the theoretical findings and
to illustrate the great capability of the WG-FEM in reducing the pollution effect.
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1 Introduction

Let Q€R?,d=2,3, be a bounded domain with smooth boundary I'=0(). We consider the
following Helmholtz problem with the Robin boundary condition:

~AMu—Ku=f inQ, (1.1)
ou ..
n +iku=g onT, (1.2)

where i =+/—1 denotes the imaginary unit and n denotes the unit outward normal to I".
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The above Helmholtz problem is an approximation of the acoustic scattering problem.
The Robin boundary condition (1.2) is known as the first order approximation of the
radiation condition [13]. We remark that the Helmholtz problem (1.1)-(1.2) also arises in
applications as a consequence of frequency domain treatment of attenuated scalar waves
[10].

It is well-known that the finite element method of fixed order for the Helmholtz prob-
lem (1.1)-(1.2) at high frequencies (k>>1) is subject to the effect of pollution: the ratio of
the error of the finite element solution to the error of the best approximation from the
finite element space cannot be uniformly bounded with respect to k [1,3,4,9,16,18,19].
In other words, the error bound of the finite element solution to the Helmholtz problem
(1.1)-(1.2) usually consists of two parts: one is the same order as the error of the best
approximation of u from the finite element space, the other dominates the error bound
of the finite element solution for large wave number k. The second part is the so-called
pollution error (cf. [8,17]). We recall that, the term “asymptotic error estimate” refers to
the error estimate without pollution error and the term “preasymptotic error estimate”
refers to the estimate with non-negligible pollution effect.

However, the highly indefinite nature of the Helmholtz problem with high wave
number makes the error analysis of the FEM (including discontinuous Galerkin meth-
ods) very difficult. The reader is referred to [21,22] for the pollution free error estimates
of the FEM for the one and higher dimensional Helmholtz problems, and to [11,12,33,34]
for the estimates with pollution error of the FEM and CIP-FEM for two and three dimen-
sional Helmholtz problem.

Weak Galerkin finite element methods were first introduced as nonconforming meth-
ods in [31] by Wang and Ye in 2013 for second order elliptic equations, which has been
used to solve various problems [36-38]. The WG-FEMs admit various finite element
meshes, such as a mix of arbitrary shape of polygons and polyhedrons and less num-
ber of the degree of freedoms in algebraic system than the general DG methods after
parallel computation. The biggest feature of WG-FEMs is their ability to replace the
classic derivatives in various variational formulations by the weak derivatives defined
in [31]. Wang and Ye have applied the WG formulation for solving the Helmholtz prob-
lem in [38] and have shown the error estimates under the mesh condition k*h < Cy by
using the Schatz argument, where Cy is a constant independent of the wave number k
and the mesh size h of a uniform partition. Since k*h < Cy is too strict for large k, later
they improved the mesh condition and derived the stability and well-posedness without
a mesh size constraint using arguments similar to those provided in [14,15] by Feng and
Wu. However, the convergence rate in their estimates lost one order under the general
assumption that kh <1 for the large wave number problem. The goal of this work is to
obtain the optimal pre-asymptotic error estimates under the mesh condition k’/2h% < Cy
or (kh)?+k(kh)PT1 <Cp by using a modified dual argument like the one recently proposed
in [33,34].

Other than the WG-FEMs, various discontinuous Galerkin methods are also noncon-
forming methods. We refer the reader to [20] by Melenk et al. for the latest asymptotic
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error analysis of the general DG-method on regular mesh if k(kh)? <Co, to [14,15] by Feng
and Wu for the stability without any mesh constraint and the broken H! error estimate of
the interior penalty DG method and to [11,34] by Wu et al. for the pre-asymptotic error
estimates under the improved mesh condition k(kh)?*1 < Cy or k(kh)?F < Cy of the IP-DG
methods. For the error analysis of other methods including DG methods, we refer the
reader to [6,8,27,35].

The remainder of this paper is organized as follows. The weak Galerkin finite element
methods are introduced in Section 2. Some preliminary results, including the stability of
the continuous solution, the error estimates of various L?-projections and elliptic pro-
jections defined in the weak Galerkin FEM space are cited or proved in Section 3. The
preasymptotic error analysis of WG-FEMs is given in Section 4. Finally, we simulate a
model problem in two dimensions on triangulation and verify the theoretical findings in
Section 5.

Throughout the paper, C is used to denote a generic positive constant which is in-
dependent of h,k, f and g. We also use the shorthand notation A < B and A 2 B for the
inequalities A <CB and A> B. A= B is a shorthand notation for the statement A <B and
B < A. We assume that k>>1 since we are considering high-frequency problems and that
k is constant on () for ease of presentation. We also assume that () is a strictly star-shaped
domain. Here “strictly star-shaped” means that there exist a point xo € () and a positive
constant c depending only on (2 such that

(x—xq) n>cq Vxel.

2 The weak Galerkin FEM methods

We first introduce some notation. The standard Sobolev and Hilbert space, norm and
inner product notation are adopted. Their definitions can be found in [5,7]. In particular,
(-,-)x and (-,-)y. for & =0K denotes the L*-inner product on complex-valued L*(K) and
L*(X) spaces, respectively. Denote (-,-):=(-,-)q and (-,-) := (-,-). For simplicity, denote
H'H]‘:: H'HHJ'(Q) and H] = |'|HJ'(Q)'

Let 7}, be a triangulation of ) (cf. [21-23]). Let &}, be the set of all edges of 7T;,. For any
K €Ty, hg denotes its diameter and |K| denotes its area. Similarly, for each edge e € &,
define h,:=diam(e). Let h=maxgc7, hx. Assume that g ~h. We denote all the boundary
edgesby £F:={e€&,:eCT'} and the interior edges by &/ :=&,\EP.

Let K denote the reference elements, and let Fx denote the element maps from K to
KeTy,. Let P,(K) and P, (¢) be the set of all polynomials with degrees <r on K and ¢C 9K,
respectively. Also, let P,(K) and P, (e) be the set of functions v}, satisfying v, 0 Fx € P, (K)
and P, (é), respectively. Note that the partition 7, consisting of polygons or polyhedrons
introduced in [24,31] is not applied because of the analytic boundary of (). The theoretical
results of this paper also hold for finite element discretizations on curvilinear Cartesian
meshes or isoparametric finite element approximations [5]..
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Now we give the definitions of the weak derivative operator and its discrete form [31].
For any K € 7}, the local weak function space S(K) is defined by

S(K)={v={vo,vp}: v9 € L*(K), v, € L*(3K) }.
Then let the weak function space V be the set:
V={v={vo,vp}:v[x €S(K)}.
For any ve V and K € Ty, the discrete weak gradient V, , kv on K is defined by
(Vark0,q)x=—(00,V-q@)k+(v,q-0n)x  Vq€[P(K)]",

where r is a nonnegative integer.

Next, we introduce the discrete forms of the spaces S(K) and V. The definition of the
discrete space S(r,K) of S(K) is broken into two cases. In the first case, the local weak
finite element space S (r,K) is defined as

S1(r,K)={v={vo,vp }: vo € P,(K), vp|c € Pr_1(e) Ve COK}.
In the second case, S(r,K) is defined as
Sa(r,K) ={v={vo,vp }: vo € P;(K), vp|c € Pr(e) Ve CIK}.

We also define the approximation space of the weak finite element methods in two cases.
In the first case, let Vh1 be the discrete form of V, that is,

Vh1 = {v: {vo,0p}: v|k € S1(p,K), Up|kyne =Vb|Kyre
VK,K1,Ko €Ty, Ve 5,5}. (2.1)
In the second case, the discrete space th is defined as
Vii= {v: {vo,vp}: 0|k €S2(p,K), Vp|Kyne =Vb K00
VK,Ky, Ky €Ty, Ve &l } 2.2)

We show some L? projections [24] which will be used often in the forthcoming sub-
section. For any K€ Ty, Qo is a L? projection from L*(K) to P,(K) and Qy is a L? projection
from L2(e) to P,_1(e) or Pp(e) in the two cases for any e C dK, respectively. Then the L?
projection Qj, of weak FEM in V), is defined by

QhU|K:={QoU,QbU} VUGV,KEE. (2.3)
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Furthermore, Qy,: [L?(7;)]? — [Pp—1(Ty)]" is a L? projection defined by:
(Quapnx=(apwx Yae[L*(K))"py€[Pp-1(K)),

for any K& 7j,.
The following identity holds(cf. [24]):

Vap-1k(Qu0) =Qu(Vo) Vo€ H'(K). (24)
For simplicity of presentation, the sesquilinear form a(-,-) on V x V is defined as follows:
a(u,v):= Z (Va,p-1,xt,Vip-1,k0)k +5(u,0), (2.5)

KeTy,
=p Z h (Qptto —1p, Qpvo— V) 5x s (2.6)

KeTy,

where p is a positive real number.
Then the weak Galerkin finite element methods are defined as such: find u,={ug,u;} €
V,} or V7 such that

a(uy,04) —k* (1o, 00) +ik {up,0) = (f,00) +(8,00), (2.7)

holds for any v, = {vg, v, } € V}} or V7, respectively.
The following norms are useful later:

1/2
onlly: —(Z ||vo||L2 +hy 1||vao—vb||La1<> ,

KeTy,

1/2
llonll:= (la(on,on)|+kllooliF2r) )~ Voun={oo,00} € Vi

3 Preliminary lemmas

In this section, we recall some preliminary lemmas about stability estimates of the con-
tinuous problem and the approximation estimates of the discrete space V,.

The following lemma (cf. [22, Theorem 4.10]) states that the solution u to the continu-
ous problem (1.1)-(1.2) can be decomposed into the sum of an elliptic part and an analytic
part u =ug+u 4, where u¢ is usually nonsmooth but the H2-bound of u¢ is independent
of k and u 4 is oscillatory but the H/-bound of u 4 is available for any integer j > 0.

Lemma 3.1. Assume that () is a strictly star-shaped domain with an analytic boundary. Suppose
feL?(Q) and g€ HY?(T). Then the solution u to the problem (1.1)-(1.2) can be written as
u=1ug-+uy and satisfies

!ue!j<kf‘2cf,g, j=0,1,2, 3.1)
|MA’ <k] Cf,g VjGNo. (3.2)

Here Cyo:=|fllo+ I8l mr2r)
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The following lemma shows the regularity of # in norms of high order [11].

Lemma 3.2. Suppose s >2 and f € H*2(Q)) and ¢ € H*=3/%(T). Then the solution u to the
problem (1.1)-(1.2) satisfies the following stability estimate:

]| SE1Coa fgr (3.3)
where Cs_o,5.¢:= || fllo+ 18l 2y~ Xi=o k™ UV (I F1l+ NIl rrary)-

Since the partition 7}, is a curvilinear triangulation, the following estimates can be

easily obtained for the L2-projections. We omit the details of proof and refer the reader
to [5].

Lemma 3.3. Let 1 <s<p-+1. Then we have:

1/2
||w—Qh<w>Ho+h(ZTWM—@h(wnip(K)) <hul,,
KeTy,

1/2
I\M—Qoul\o+h< y |u—Qou|in(K)) <Ilul,,

KeTy,
for ue H*(Q)), and
10— Qpl[ 12(r) Sk ]l o1y
forue H*"X(T') and Qyul, € Pp_1(e) Ve &,

If u is the exact solution satisfying the decomposition u =ug+u 4 as in Lemma 3.1,

then we may approximate u and Vu by Qpu = Qpug+Qpu 4 and Q;,(Vu)=0Q;,(Vug)+
Qp(Vuy) to show the following estimate (cf. [21,22]).

Lemma 3.4. Let u be the solution to the problem (1.1)~(1.2). Suppose f€L*(Q) and g€ HY/?(T).
We have

1/2
( ¥ hKHVu—Qh(wwéK) < (bt (K)?)C g, (34
KeTy,
1/2
( 3 hIleQOu—uHSK) < (- (k1)) . (35)
KeTy,

Lemma 3.5 can be easily obtained by some arguments similar to those in Lemma 3.1
in [24].

Lemma 3.5. Assume that u is the solution to the Helmholtz problem (1.1)-(1.2) and uy, is the
WG-FEM solution in V;! or V2. Denote by e, ={eo,ep } := Qput— 1, = {Qou— 1o, Qpu—uy}, We
have the following error equality:

a(en,vp) —k*(e0,00) +ik ey, 0p) =1Ly (vp) +5(Quit,vp)  VoR € Vy, (3.6)
where Iy (vy) := ke, (Vw—Q,Vw)-n,v9 —vp) o



Y. Du and Z. Zhang / Commun. Comput. Phys., 22 (2017), pp. 133-156 139

Before showing the error analysis for the Helmholtz problem (1.1)-(1.2), we introduce
two kinds of elliptic projections similar to those in [33,34]. For any u € V, we define its
elliptic projections u;" = {ug,u;}, u, = {uy,u, } € V! or V? as the WG finite element
approximations to the following Poisson problem:

—Au=F in(Q),

a—M:l:iku:G onT,
on

for some functions F and G which are determined by u, i.e. the following equalities hold
for any v, = {vo,v;} € V}! or V2

a(u; o) +ik (), 0p) = (F,00) +(G,vp), (3.7)
a(op,uy, ) +ik(vp,u; ) = (vo,F)+(vp,G), (3.8)

respectively.
We establish approximation properties of these elliptic projections in the following
lemma.

Lemma 3.6. Let u be any function in H*(Q) and u;- be its elliptic projections defined by (3.7)
and (3.8), respectively. Then we have the following estimates:

(i) for uf eVl with p=1,
Qe =i || SE(w),

Jouu—u yh(EG)+

(i) for uiF € Vi with p>2 or uf € V2,
Q=i [+~ | Qo — g [ S E(w).

Here

1/2 1/2
E(u)z( Y hKHw—@hwrﬁz(aK)) +< y hilHQou—quK> |

KeT, KeTy

Proof. We only give the details of proof for the elliptic projection u;" of 1. The proof of u;
can be completed by similar arguments.
Define 17 = {10,175} :== Quu—u; . By some arguments used in Lemma 3.5, we have

a(;y,vh) —l—ik<17;,,’0b> =1, (Z)h) —I—S(Qhu,vh) Yo, = {Uo,vb} eV, (3.9)
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where [,,(v),) is defined in Lemma 3.5. Take v, =17, we have

717 =R (a(,5) +ik (1) ) +S (a(,17) +ik (1,175) )
SIL() [ +1s(Quu )|

1/2
Slnll (X il Viu—Qu V|72 k)

KeT,
_ 1/2
+( ) hKlquQOu_Qb”Hiz(aK)) /
KeTy,
where the inequality given in [30]
1/2
L (o) | S (Y hl|Vu—Qu V|| T2 a5 ) - llowll Vor € Vi UV
KeTy,

is used. By the fact that

1QuQou—QuullT2 o0 = Y., (Qe(Qou—1),QeQou—Quu),

ec&y,eCoK

— Z (Qou—u,QpQou—Qpu),

ec&y,eCoK
< 1Qou—ul 125 1 Qo Qot — Q| 123k

we get

71l E(w)-

(3.10)

(3.11)

(3.12)

(3.13)

Next, we estimate the L?-norm of 779 in Q. Consider the following auxiliary problem:

—A‘Y:Uo in Q,
b ¢

——ikP=0 on .
on

It is known that |||, < |70l (cf. [34]).
Testing the conjugated (3.14) by 7o, by (2.4) and (3.9) we have

112 =—(0,8%) = Y (Fr0, V)~ ¥ <no,a—‘*’>

KeTy, KeTy,

oY oY
=Y (V1,QVY¥)k— ), <'70—'7b/a—ne>aK— Y. <%E>e

KeTy KeTy ecgp ¢

=Y (Vup-1x1,QVY) — Ly (1) +ik (15, Qp'¥)
KeT,

=a(n,QnY)+ik(17,QpY) —lv (1) —s(n,QnY)
=1,(QnY)+s(Quu, QuY) — Iy (17) —s(n,QnY).

(3.14)

(3.15)

(3.16)
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We estimate each term in the right hand side of (3.16). We first estimate /,(Q;¥) in
two cases, respectively. In the first case where uj, € V!, the fact that Qv € P,_1(e), Vo€
L*(e), e€ &, implies

1L(Qn®) | <| ) ((u—Qpuu) ne, QoY —¥) ¢
KeTy,
+| Y (u—Quu) -0, ¥ —Qp¥) ok
KeTy,
1/2
< (X 1 Y- Q0¥
KeT,

1/2
(T el Vu- @l )+

KeTy,

ou
EGE}? < on e

) 0
Y (Gn- Qg t-0it)

B
ecé,

<Sh|Y|l,E(u)+ : (3.17)

e

If p=1, Qy'¥ € Py(e) implies that

ou

Sl ey || 55~

u ou u
Y (——Qp=— Y- QY Qr=—
on on on {2

B
ecé,

e

If p>2, QY € P1(e) implies that

d d
) <£_Qb£/T_Qb‘Y>

B
ee,

Z (Vu—QuVu)-n¥—-Q,¥),

e ecEl

1/2
ShH‘I’Hz< y heHVu—Qth%Z(E)) |

EGE}?
Therefore, in the first case we have
ou ou
< 0. =
@ISkl (B0 +| a3 )

for p=1, and

| (QuE) [ Shllollo E(u)

for p>2.
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In the second case where u;[ eVv?,

1.(QuE)|=| Y (Vu—Q,Vu) n,Qy(Q¥—¥))ax
KeTy,
) 1/2 5 1/2
< ( Y hKano‘f—‘ﬂusz)) ( y hK||w—Qhwan<aK>>
KeTy, KeTy,

ShlimolloE(u).

For |s(Qpuu,Q,¥)|, the following estimate holds for both u;" € V}! and V2

15(Qnut, QnY)| < Y b [1Qp(Qou—1) |55 [ Qb (Qo¥ =) |9k

KeTy,
1/2 1/2
_ 2 _ 2
5( » hKlquu—uHaK) ( y hleQOT—THaK>
KeTy, KeTy,
<hllolloE(u). (3.18)

From (3.11) and (3.13) it is easy to see that for both u;[ € Vh1 and th

by (1) |+ |5 (7, QuE) | SEIE [ 711 S P l170] E (). (3.19)
Combining (3.16)-(3.19), we have
(i) for u; € V! with p=1,

u

ou
< O —

(X hzl|\Qou—u||§1<)”2+|||nm). (3:20)

[2(T)  KeT,

(ii) for u;” €V with p>2oru, V2,

1/2
||17||o§,h<( Y e[V Qu Va2

KeTy,
- 1/2
(L Al Quu—ul3) "+ bl ) @)
KeTy,
Finally, by combining (3.13) we complete the proof. O

4 Pre-asymptotic error estimates

The duality argument (or Aubin-Nitsche trick) (cf. [2,10,19,21,22,26]), that is estimating
the L?-error of the finite element solution by its H!-error, is one crucial step in asymptotic
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error analyses of FEM for scattering problems. Based on the standard duality argument,
the stability of Melenk and Sauter [21,22] (cf. Lemma 3.1) leads to pollution-free esti-
mates under the condition that kP *1h? is sufficiently small instead. In [34], Zhu and Wu
develop a modified duality argument which uses some specially designed elliptic pro-
jections in the duality-argument step so that we can bound the L2-error of the discrete
solution by using the errors of the elliptic projections of the exact solution u and obtain
the first preasymptotic error estimates for the FEM in higher dimensions under the con-
dition that kP*2hPT1 is sufficiently small. We use this kind of modified duality argument
to obtain the error estimate for the WG-FEM.

Theorem 4.1. Assume that u is the solution to (1.1)~(1.2) with f € L>(Q), g € HY/?(T) and
uy, = {uo,up} be the WG-FEM solution. There exists a constant Cy independent of k and h, such
that

(i) for uy € V% with p=1, if K’/2h> < Cy,

ou ou
B - —1/2| 94 hidad
|Qou ”0||0N(h+kh)<E(u>+k on Qban Lz(r)>/
ou ou
< 2 3/2 o= '
Qs —unll S 1+ EIE @)+ 50 -Quog|
(ii) for uy €V} with p>2, if (kh)?+k(kh)P™ < Co,
B ou ou
||Qou—uo||o§(h+(kh)p)E(”)+(h3/2+k 1/2(kh)P) ——Qp== ,
on on L2(T)
NQute ] (1-+k(k)? E )+ (/20 + /2 k7 | T2~ Qe
0 on L2(T)

(iii) for up € V2, if (kh)*+k(kh)P+1 < C,,
1Qou —uollo < (h+ (kh)P) E(u),
1Qnu —uy|l| S (1+k(k)P) E(u),
where E(u) is defined in Lemma 3.6.

Proof. Let e, = {eo,ep} :=Qpu—uy, and u; be the elliptic projections of u defined by (3.7).
Consider the dual problem:

—~Ap—Kp=¢y in Q,

g(P ikp=0 on I.

Let ¢, be the elliptic projection of ¢ defined by (3.8). By Lemma 3.1, Lemma 3.3 and
Lemma 3.6, we show the error estimates between ¢ and ¢, :
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(i) for ¢, €V} with p=1,
I1Qup =y, |5 (h+-kh) [leollo (4.1)
1Qup =i [lo Sk leollo (42)
(ii) for ¢, € V! with p>2or ¢, € V7,

| Qup—¢y, || < (h+(kR)?) [leoll, (4.3)
|Qup— ¢y, [ SH(+ (ki) [leoo- (4.4)

Note that we have used the boundary condition 35 = ik¢ to estimate (4.2).
Testing the conjugated dual problem by ey and by arguments similar to (3.16), we get

lleol[§=alen, Quep) —K*(e0, Qop) +ik (e, Quep) — I (e,) — (e, Quep).- (4.5)
From Lemma 3.5, (3.9) and (4.5), we have

leo|§ =a(en, Qup— ¢y, ) —k* (0, Qo — 9 ) +ik (e, Qup— by )
+1Lu(¢y ) +5(Quitpy ) —lg(en) —s(en, Quep)
=a(Quu—u;, Qup—¢;, ) +ik{Qpu—u;",Qpp—¢, ) —k*(e0,Qop— ¢y )
+1p (1) — 1) +5(Quep, 1t —up) + 1L (P, ) +5(Quit, ;)
— 1y (en) —s(en, Quep)- (4.6)

Combining the equation above and the fact that

Lo (uf —up) =1Ly (en) = Lo (1 —up—ey) =1y (1,7 — Quu),
s(Quep,u;f —up) —s(en, Quep) =s (17 — Quit, Qup),

we have

leollo < 1 Qute = | [1Qung— i 1+ leollo | Qoo — 5 [l
+ |1y () — Q) |+ |5 (w7 — Quut, Qup) |+ [Lu (¢, ) |+ [s(Quit, ¢y )| (47)
Now we estimate the terms in the right hand side of the inequality above. From (3.11)
and Lemma 3.6, it is easy to obtain the following inequalities in both cases u;, € V;! and
uy € th:
gty —Qu) | SE(@) |y —Quu]
S (bt (kh)P) [leollgE (u), (4.8)
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|s(uy — Quu, Qud) | SE(@) ||| — Quu |
S (hA4-(kh)P) lleollo E (u), (4.9)

and

15 gr )| < |5(Quit, Qup— )|+ 15( Qi )
1/2
s(Lacleu-ulk)  (llow-oll+E@)

KeT,
< (h+(ki)P) Jleollo E(u). (4.10)

Then we estimate [, (¢, ) in two cases u; € V}! and u, € V2, respectively. First, it follows
from (3.11), (4.1) and (4.3) that

1Lu(y )| < | Lu(¢y, — Qup) |+ 11 (Qup) |
1/2
5( ) h1<||VM—QhV”||L2(aK)> N en —Que || +11.(Que) |

KeT,
S (4 (kh)P) lleollg E () + 1 (Qup) |- 4.11)

So we only need to estimate 1,(Q;¢) to complete the inequality above. By a argument
similar to (3.17) we get

d d
Q)| SEE@)+| T (5~ Qi —Qut)

B
ees,

< (h+ (kh)?) Heor|oE<u>+\

ou ou
an~ on

1= QoI 12(r)- (4.12)
L2(T)
In the first case that Qy¢p € Pp,l (e), thatis u, € Vhl. From Lemma 3.1, we know that the
solution ¢ to the dual problem also can be written as ¢ = ¢ 4+ ¢¢ satisfying

pe| SK2|eolly, j=0,1,2,
gl K leoll, Vi€ No.

If p=1, we have

1= Quell 2(r) S Pell e ry HR Il Pe | )
Sk (hkh) || eollo,

which implies

(i) | (k) (ECu) 12 | 32— 0, 2

) leoll- (4.13)
L2(T)
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If p>2, we know that Q,¢¢ is at least in Py (¢) for any e€ £ and get

19— Qupll2ry 12 el + 17 1@l o
S0P [leollo,

which implies

(i) ( (et () Bl + (7270072 | - 0,

) leolly-  (4.14)
L2(T)

In the second case that Q¢ € P, (e), that is uj, € V2. The fact that
1¢—Qudll12r) S ¢ — Qo ll 121y
ou ou
5 Hvu—thuHLz(r)/
L*(T)

implies that
[1u(Qup) | S (+ (kR)P ) E (1) +K2 [leo]l- (4.15)
By combining (4.7)-(4.15) and Lemma 3.6, we obtain:
(i) foru, eV} withp=1,

u ou
2 - —1/2||94  ~ ou
leollg < (h+kh) (E(u)+k o~ Qo

) leoll,
L2(T)

HIE eI,

which implies that there exists a constant Cy independent of k and /, such that if
k7/ 2 ]’12 < C 0,

u u
< -1/2)|Z2% _ 2%
el S ki)  EGu) k172 22— 0,

>; (4.16)
12(T)

)Heouo
2 l")

Ju ou
Er % »

(ii) for uy, € Vh1 with >2,

e ( 0+ 00 B+ 02k 172)

+((k)? +k(ki) ") [leoll o,
which implies that there exists a constant Cy independent of k and /, such that if
(kh)?+k(kh)PT1 < Cy,

Ju  du

a5 5 (7 ECa + 072 101720 [ 2, 2

> ; (4.17)
L2(T)
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(iii) for u, € V72,
leolIg < (h+ (kh)P ) E(u) [leollp+ ((KIt)> 4k (kh)P*1) [eo][5,

which implies that there exists a constant Cyp independent of k and &, such that if
(kh)? +k(kh)PT < Co,

leollg < (h-+ (KR)P)E(u). (4.18)

From (4.16)-(4.18), we complete the proof for ||eo||,.
Finally, the estimate of ||, || can be easily obtained by its definition and Lemma 3.5,

llewl|> =R (alen,en) +ik{epep) )+ (alen en) +ik(epen))
=R (a(en,en) —k*(eo,e0) +ik(epep) ) +k*(eo,e0)
+ S (alen,en) —K*(eo,e0) +ik (ep,ep))
=R (Li(en) +s(Quuen)) +S (Iu(en) +s(Quir,en)) +K2leo|
SE) [lenll[+5 [leoll5- (4.19)

By combining (4.16)-(4.19), we complete the proof for ||e,||. O

Remark 4.1. (a) The mesh condition k’/?h? < Cy and (kh)?+k(kh)P+! < Cy in Theorem 4.1
and Corollary 4.1-4.2 may not be “optimal”. For the CIP-FEM (including the classic FEM)
and the high order IP-DG, the pre-asymptotic error estimates under a mesh condition
k(kh)?F < Cy have been established [11,12].

(b) From the details of proof, it is easy to see that the same error estimates also can be
obtained for u;, € V2 by using fewer degree of freedoms if V? (2.2) is redefined as

th :{v:{vo,vb}:v|KeS2(p,K) and vb]eEPp_l(e) VKGE,eGSﬁ}.

By combining Lemma 3.2, with the approximating properties of the L? projections Q,
and Qj, and Theorem 4.1, we have the following corollary, which gives pre-asymptotic
estimates for HP*2-regular solutions.

Corollary 4.1. Let u be the solution to (1.1)-(1.2) and let uy, be the weak FEM solution. Assume
that u is in HP2(Q)) for u, € V! and in HP™(QY) for uy, € V2. There exist constants Co,Cy and
Cy independent of k and h such that the following estimates hold:

(i) for uy € V% with p=1, if k’/2h> < Cy,

1Qou —uollo < (KIt)*Cy .,
1Quu—upll S (K+k(kh)*) Cy 15
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(ii) for uy €V} with p>2, if (kh)?+k(kh)P™ < Co,

1Qou —uollo < ((kit)? +(kh)*) C 1.6,
1Quz =1l S (k) +k (k) ) Cy, g

(iii) for u, € V2, if (kh)?4+k(kh)P+1 < C,,

1Qou —uolly < (k)P +(kh)*) Cpp-1, 5,6,
1Qute—unlll S ((kh)? +k(kit)*) Cp1, -

Remark 4.2. (a) By dispersion analysis, an important tool to understand numerical be-
haviors in short wave computations, it has been found that error between the wave num-
ber k of the continuous problem and some discrete number w [1,9,16,18,19,28,29] for the
FEM is

k—w=0(K*P*h?) if kh<1,

which coincides with our estimates.

(b) Corollary 4.1 shows that u€ H"+2(Q)) is needed for u;, € V}! rather than ue H**1(Q))
for u; € V2. Whether the estimates are sharp with respect to the regularity of u needs
further verification in the future work.

By combining Lemmas 3.1 and Theorem 4.1 we have the following stability estimates
for the WG-FEM.

Corollary 4.2. Suppose the solution u € H*(QY). Under the mesh conditions of Theorem 4.1, the
following estimate holds:

lunll+kllunllgSCurg  Vun€Vy,

lunll +kuplly SCrg  Vup€ Vi

This Corollary shows that the WG-FEM is well-posed under the mesh condition in
Theorem 4.1.

5 Numerical examples

In this section, we will simulate the following two-dimensional Helmholtz problem:

AR i smEkr)

ou .
3 +iku=g onl. (5.2)

in Q, (5.1)
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Here Q) is the unit regular hexagon with center (1,1/3/2) and g is so chosen that the exact
solution is

_ cos(kr) cosk-+isink

' _k(fo(k)+i]1(k))

in polar coordinates, where J, (z) are Bessel functions of the first kind.

We shall use the uniform triangulation consisting of congruent and equilateral trian-
gles of size I in the following numerical tests. Let u;, = {1, u; } be the numerical solution
to (5.1)-(5.2).

We refer the reader to [11,12, 14, 33] for this problem computed by other numeri-
cal methods on both triangular meshes and rectangular meshes, such as the continuous
interior penalty finite element method and the interior penalty discontinuous Galerkin
method.

Jo(kr) (5.3)

-

5.1 Linear WG-FEM

We consider the first case that u, € Vh1 with p=1. From (2.4), Lemma 3.1 and Lemma 3.3,
we can easily get

1/2
< )3 ||Vw,o,1<QhM—VuHi2(K)> <h-+kh.
KET,

By combining the inequality above and Corollary 4.1, the error of the WG finite element
solution in the broken H!-seminorm is bounded by

1/2
( y |\vw,0,Kuh—W||§z(K)> < Cikh+Cok(kh)? (5.4)
KT,

for some constants C; and C; independent of k and £ if K7/2h2 < C,.

The second term on the right-hand side of (5.4) is the so-called pollution error. We
now verify the error bounds by numerical results.

We first show the relative errors and convergence rates of linear WG-FEM solutions
and linear interpolations for k=10,50,200 in Tables 1, 2 and 3. When k =10, the relative
errors of WG-FEM solutions are almost equal to those of interpolations. However, when
k=50 and 200, the relative errors of WG-FEM solutions are larger than those of inter-
polations although all the relative errors are almost equal when / is sufficiently small,
which implies the existence of the pollution errors. We remark that the numerical tests
for the pollution phenomenon of the finite element method have been done largely in the
literature and the reader is referred to [11] and the references therein for more details.

We verify more precisely the pollution term in (5.4). To do so, we introduce the defi-
nition of the critical mesh size with respect to a given relative tolerance [11,32].
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Table 1: The relative errors of linear WG-FEM solution u; and linear interpolation u; with k=10 where

= upl 0 = (e, | Voo = Vil )2
h Ju—uyly,,/|ul; order |u—uyl|;/|ul; order
i 1.0645 0.5712
: 0.3501 1.6044 0.3007 0.9257
= 0.1583 1.1447 0.1523 0.9815
+ 0.0771 1.0374 0.0764 0.9954
& 0.0383 1.0094 0.0382 0.9988
=5 0.0191 1.0024 0.0191 0.9997
e 0.0096 1.0006 0.0096 0.9999
=1 0.0048 1.0001 0.0048 1.0000
— 0.0024 1.0000 0.0024 1.0000

Table 2: The relative errors of linear WG-FEM solution uj, and linear interpolation u; with k=>50.

h |u—uply,/|uly order |u—ug|;/|ul; order

! 0.9999 1.0098

% 0.9942 0.0083 1.0274 -0.0249
11—6 1.1363 -0.1927 0.6994 0.5549
% 1.1803 -0.0548 0.3788 0.8846
61—4 0.3821 1.6272 0.1933 0.9710
1178 0.1276 1.5825 0.0971 0.9927
zlﬁ 0.0528 1.2719 0.0486 0.9982
5%—2 0.0249 1.0875 0.0243 0.9995
wlj 0.0122 1.0236 0.0122 0.9999

Table 3: The relative errors of linear WG-FEM solution uj, and linear interpolation u; with k=200.

h |u—uply,/|uly order |u—ug|;/|ul; order

i 1.0001 1.0008

: 0.9998 0.0004 0.9982 0.0038
= 1.0000 -0.0002 1.0093 -0.0159
+ 0.9986 0.0021 1.0260 -0.0237
& 1.1552 -0.2102 0.7006 0.5503
55 1.3238 -0.1966 0.3798 0.8834
% 1.1095 0.2548 0.1938 0.9708
=3 0.3419 1.6985 0.0974 0.9927
o5 0.0964 1.8261 0.0488 0.9982
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Definition 5.1. Given a relative tolerance ¢ and a wave number k, the critical mesh size
h(k,e) with respect to the relative tolerance ¢ is defined by the maximum mesh size such
that the relative error of the WG finite element solution in the H'-seminorm is less than
orequal to e

Clearly, if the pollution terms (5.4) are of order k12, then h(k,e) should be propor-
tional to k=3/2 for k sufficiently large. This is verified by Table 4.

Table 4: h(k,0.5) and h(k,0.1) for linear WG-FEM solutions.

k  h(k05) order k  h(k0.1) order

6 0.2500 6 0.0625

50 0.0182 -1.2362 30 0.0120 -1.0229
94 0.0073 -1.4457 54  0.0059 -1.2097
138 0.0041 -14710 78 0.0037  -1.2942
182  0.0028 -1.4800 102 0.0026  -1.3528
226 0.0020 -1.4880 126 0.0019 -1.3765
270  0.0015 -1.4809 150 0.0015 -1.3949
314 0.0012 -1.4862 174 0.0012 -1.4160
358 0.0010 -1.4893 198 0.0010 -1.4220

In this example, we set p =20 because of the assumption that p is positive for sim-
plicity of proof. When p is non-negative, it is easy to see that the sesquilinear form a(-,-)
is at least a semi-positive definite operator, which is essential for the elliptic problems.
However, because of the highly indefinite nature of the Helmholtz problem for large k,
the WG finite element method may perform better with negative p. For comparison, we
show the relative errors of the WG method solution with p=—4.6 and the FEM solution in
Tables 5-7. By comparing with Tables 1-3, it is easy to see that the WG-FEM with p=—4.6
performs much better than the one with p=20 and the classical FEM.

5.2 Quadratic WG-FEM

We consider the first case that 1, € V}! with p =2 by setting p=10. It is easy to get the
following inequality similar to (5.4)

1/2
< )3 ||vw,1,Kuh_v”||i2(K)> < Cy (kh)?+Cok(kh)*, (5.5)
KeTy,

where C; and C; are constants independent of k and & under the mesh condition k(kh)3.
Let u; be the quadratic interpolation of 1 and let

2
u—tply o= (Y [ Vewkun—Viulfzk))
KeTy,

1/2
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Table 5: The relative errors of linear WG-FEM solution uj, and linear FEM solution u};EM with k=10.

ho |u—uyly,/|uly  order |u—uEM| /|u|;  order

i 0.6615 0.9189

% 0.3083 1.1011 0.4348 1.0797
11_6 0.1532 1.0090 0.1776 1.2915
31—2 0.0765 1.0019 0.0800 1.1507
61—4 0.0382 1.0005 0.0387 1.0478
% 0.0191 1.0001 0.0192 1.0128
ﬁ 0.0096 1.0000 0.0096 1.0032
% 0.0048 1.0000 0.0048 1.0008
wlj 0.0024 1.0000 0.0024 1.0002

Table 6: The relative errors of linear WG-FEM solution uj, and linear FEM solution uEEM with k=50.

ho fu—uply,/|uly order  |u—uFM| /lu|;  order

! 1.0033 0 1.0000 0

% 1.5714 -0.6474 1.0045 -0.0064
11_6 1.4720 0.0943 1.2034 -0.2606
% 0.4010 1.8761 1.4144 -0.2331
61_4 0.1953 1.0379 0.7520 09114
1178 0.0974 1.0043 0.2212 1.7655
zlﬁ 0.0486 1.0010 0.0700 1.6600
5%—2 0.0243 1.0002 0.0274 1.3531
101ﬁ 0.0122 1.0001 0.0126 1.1249

Table 7: The relative errors of linear WG-FEM solution 1), and linear FEM solution MEEM with k=200.

ho Ju—uyly,/|uly  order |u—ulFM| /|u|;  order

i 0.9999 0 1.0000 0

: 1.0004 -0.0008 1.0002 -0.0003
= 1.0009 -0.0007 1.0000 0.0002
> 1.3017 -0.3792 1.0011 -0.0016
& 1.4432 -0.1488 1.1832 -0.2411
=5 0.4843 1.5752 1.2744 -0.1071
5 0.1970 1.2982 1.4710 -0.2069
=15 0.0977 1.0119 0.7813 0.9128
o 0.0488 1.0013 0.2094 1.8998
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Table 8: The relative errors of quadratic WG-FEM solution 1, and quadratic interpolation u; with k=>50.

h |u—uyly,/|ul; order |u—u|;/|ul; order
I 1.4195 1.5032

% 1.5994 -0.1722 1.0228 -0.5555
% 3.8820e-01 2.0427 3.3834e-01 1.5960
» 7.8465e-02 2.3067  9.0585e-02  1.9011
61_4 1.9479e-02 2.0101 2.3034e-02 1.9755
% 4.8766e-03 1.9980 5.7831e-03 1.9939
ﬁ 1.2198e-03 1.9992 1.4473e-03 1.9985
=13 3.0501e-04 1.9998  3.6192e-04  1.9996

Table 9: The relative errors of quadratic WG-FEM solution u;, and quadratic interpolation u; with k=200.

o Ju—uply,,/|ul; order \u—ugly / |uly order

i 1.4118 1.4071

% 1.4114 4.1659¢-04 1.4108 -3.8128e-03
11_6 1.4145 -3.2113e-03 1.4976 -8.6115e-02
% 1.5863 -1.6533e-01 1.0354 5.3236e-01
61_4 9.0907e-01 8.0316e-01 3.4036e-01 1.6051
8 9.6938e-02 3.2293 9.1115e-02 1.9013
zlﬁ 1.9912e-02 2.2834 2.3171e-02 1.9754
51@ 4.9106e-03 2.0197 5.8174e-03 1.9939

Table 8 and Table 9 show the relative errors and convergence rates of quadratic WG-
FEM solutions and quadratic interpolations for k =50 and k =200. It is shown that the
relative errors of quadratic WG-FEM solutions fit those of the corresponding interpola-
tions very well even if k =200 (cf. Table 9), which means that the WG-FEM is a very
efficient numerical methods for solving the Helmholtz problem with high wave number.
However, we emphasize that the pollution errors are reduced greatly, but not eliminated.
To illustrate this, we show the relative errors of both WG-FEM solutions and interpola-
tions with fixed kh=1 and kh =2 shown in Fig. 1.

Finally, We refer the reader to [38] for more numerical examples for various Helmholtz
problems solved by WG-FEMs.
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Figure 1: The relative errors of quadratic WG-FEM solutions and interpolations for kh =1 (left) and kh=2
(right).
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