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Abstract. We study the problem of a weighted integral of infinitely differentiable mul-
tivariate functions defined on the unit cube with the L. -norm of partial derivative of all
orders bounded by 1. We consider the algorithms that use finitely many function values
as information (called standard information). On the one hand, we obtained that the
interpolatory quadratures based on the extended Chebyshev nodes of the second kind
have almost the same quadrature weights. On the other hand, by using the Smolyak al-
gorithm with the above interpolatory quadratures, we proved that the weighted integral
problem is of exponential convergence in the worst case setting.

AMS subject classifications: 41A63, 65Y20, 68Q25

Key words: Smolyak algorithm, infinitely differentiable function class, standard information, worst
case setting.

1. Introduction

A multivariate numerical problem refers to a sequence of solution operators S = {S; :
F3 — Gg}4en, Where for each d, F; is a class of functions with d variables and G is an-
other space. Multivariate problems occur in many applications such as in computational
finance, statistics and physics. To solve these solution operators, we often use informa-
tion based algorithms that use finitely many information operations. Due to considering
integral problem, in this paper, we only allow any function values to be an information
operation.

Most of the work on multivariate computational problems has dealt with problems
defined over classes of functions with finite smoothness. For such problem classes, the
corresponding minimal error sequence often converges polynomially. However, there has
been recent work in the worst case setting (see, e.g., [1-4]) on problems having infinite
smoothness, including problems defined over spaces of analytic functions. For such prob-
lem classes, the convergence rate of the minimal error sequence will often be faster than
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polynomial (e.g., supper-polynomial or exponential). Noted that all the problems involved
in above papers are over the weighted reproducing kernel Hilbert spaces, K. Suzuki [5]
focused on the integral problem on a weighted L,-normed space which consists of non-
periodic smooth functions. It used the multivariate QMC rules on digital nets to prove
that the corresponding minimal error sequence converges supper-polynomially. In this pa-
per, we will consider a weighted integral problem on the following infinitely differentiable
function class that was introduced in [6]:

Fo= {f (L1 - R[If = sup D%l < 00}, (1.1)

a=(ay,,aq)ENG

and we proved that the corresponding minimal error sequence converges exponentially.
The reason that we use [—1,1] instead of [0, 1] in [5, 6] is that we will use the Chebyshev
nodes. We mainly used the Smolyak algorithm and the interpolatory quadratures based on
the extended Chebyshev nodes. We would like to add that our proof is also suitable for
non-weighted integral.

The paper is organized as follows. Section 2 contains some basic concepts and lemmas
that will be needed in the proofs of our main results. In Section 3 we give the main results
and their proofs.

2. Some concepts and lemmas

First, let N, Ny and R respectively denote the sets of all positive integers, non-negative
integers and real numbers.

Now we introduce the related concepts. Assume that each operator S;: F; — G4 is a
continuous linear transformation, where F; is a Banach space of d-variate real functions
defined on D; c R? and G, is another Banach space.

For each d € N, we consider the approximation of S;(f ) for f € F; by using information-
based algorithms of the form

An,d(f) = ¢n,d (Ll(f)’ e ’Ln(f)) ) (21)

where Ly, Ly, -+, L, € A = {L|L(f) = f(t), Vt € D4} and ¢, 4 : R" — G is an arbitrary
mapping. As a special case, we define Ay 4 = 0.
The worst-case error of the algorithm A, ; is defined as

(St AndsFa,Ga) = sup  [|Sa(f) = Ana(F)]|g,-
FEFgIIfllg, <1

Furthermore, we define the nth minimal worst-case error as

e(n,S4,F4,Gq) = }xnfe(sd:An,d:Fd: Gq),
n,d

where the infimum is taken over all algorithms of the form (2.1).
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Traditionally we consider the problems for which smoothness of functions is finite. In
this case, the corresponding minimal error sequence is often of polynomial convergence
rate. Recently, some authors considered some multivariate linear problems defined over
classes of infinitely differentiable functions and find that the corresponding minimal error
sequence is probably of exponential convergence rate rather than polynomial convergence
rate. Now we introduce the notion of exponential convergence as follow.

We say that a multivariate problem S is of exponential convergence (EXP) if there
exist a number q € (0, 1) and functions r,C, C, : N — (0, 00) such that

r(d)
e(n,Sy4,Fy,Gq) < C(d)q (n/ca@) forall n,d € N. (2.2)

For the integral problems, papers [1-3] proved that the multivariate integral problems on
some weighted Korobov spaces are of exponential convergence, and [4] proved that the
multivariate integral problems on some weighted Hermite spaces are also of exponential
convergence. Noticed that all the problems are defined on some weighted reproducing
kernel Hilbert spaces and the proofs are heavily depended on the properties of the corre-
sponding reproducing kernels, K. Suzuki [5] introduced the non-Hilbert weighted spaces

d ID“f 4
Fgu=1f:00,1]° = Rlfllp,, = sup i a <
a:(a1>'“7ad)€Ng 1—1]21 uj
with u = {u;};>, a sequence of positive decreasing weights and
gtast-+ay

- = d
Daf_aalxlaaZXZ"'aadxdf’ Va—(al,-~.,ad)eNo.

He considered the numerical approximation of integrals
INT(f) = f fx)dx, Vfe€Fy, (2.3)
(0,174

by using quasi-Monte Carlo rules with digital nets and obtained that there exist positive
C(d) and C,(d) depending on d and u such that

e(n,INTy,F44,R) < C(d)e_CZ(d)logZ” forall n,d € N. 2.4

Noticed that Fj, are also weighted spaces, in this paper we will consider the weighted
integral problem on the non-weighted spaces F; (see (1.1)), i.e.,

1 d 1
INTy(f)= — fO[ [==dx V¥f<eFq, (2.5)
T Jr-1,1)4 j=1

1/1—)(}2

where x = (xy, -+, x4). We will prove that the weighted integral problem INT = {INT4}3 ;
is of exponential convergence (see Theorem 3.2).
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Now we show why we consider weighted integral problem (2.5) rather than non-
weighted integral problem. On the one hand, for d = 1, the weighted integral with weight
function is widely studied in the approximation theory, and the corresponding d-

v 1—x

fold tensor product problem is (2.5). On the other hand, the quadrature weights in the
Chenshaw -Curtis algorithm for the non-weighted integral problem are very complicated
(see (2) in [7]), however we proved that the quadrature weights for the weighted integral
problem (2.5) is almost the same (see (2.11)), i.e., the weighted integral (2.5) is easier to
compute. The basic error estimates obtained in this paper are all equality. Moreover, by
combining Chenshaw -Curtis algorithm given in [7] with the same proof used in this paper,
we can easily obtain that the non-weighted integral problem on F; is also of exponential
convergence.
To obtain our results, we first give the quadrature formulae of weighted integral

1 (! dt
I(f)= ;J f(t)? VfecC[-1,1] (2.6)
-1 —t

Newre

on the extended Chebyshev nodes of the second kind.
Let
—l=x 1 <x,<--<x1<x5=1 2.7)

be the zeros of (1 - xz) V,(x), where V,(x) is the nth Chebyshev polynomial of the second
kind, i.e.,
sin(n+1)6

Va(x) = sin 0

, Xx=cos0.
In this case the well-known Lagrange interpolation polynomial is given by (see [8])

n+1

Quiz(f,x) =Y Fx)(x), 2.8)

k=0

where

(1% (1= x2) Vp(x)

or(x) = T Dlx—x0) , k=1,---,n, (2.9a)
L A4V (1= )V(x)
$o(x) = W’ Pni1(x)= W (2.9b)

Lemma 2.1. The interpolatory quadrature of the weighted integral (2.6) on nodes (2.7) is

1 n+1
1 dt
To2(F) == | Quaalfs ) ——=—== D arf (xi), (2.10)
(s -1 1 - t2 k=0
where
1 1
g =dp+1 = ax = k=1,---,n. (2.11)

2(n+1)’
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Proof. Let P, denote the set of algebraic polynomial of degree at most n. Then by the
nature of the interpolation quadratures we know that for an arbitrary p € P, ;, one has

1 (! dt e
—f p()——==_ ap(xy). (2.12)
n -1 1 - t2 k=0

Let pO(x) = 1’p1(x) = x;pZ(x) = 2X2— 13ps(x) = (1 - xz) VS—Z(X)3S = 3,' ot ,Tl+1. Then
by (2.12) we obtain

n+1 1 1 dt
Zakps(xk) = —J p(t)——= forall 0<s<n+1. (2.13)

k=0 TJ V1-—t2

Let s = 0,1, 2, respectively. Then by (2.13), x; = cos — kr

—) and a simple computation it
follows that

f 1 1 dt =1 (2.14a)
a; = , .14a
k=0 \/ 1—1¢2

a cos = ) X = =0, (2.14b)
o m
n+1 n+1
Zak cos —Zak(Zxk f (2t?-1)- ——— =0. (2.14¢)
k=0 1-— t2

For s > 2, by virtue of the orthonormality of {V},(x)}>2; with respect to the weight function

1 — x2 we obtain

1
fps(t) \/_ fVO(t)-K_Z(t)- 1—t3dt=0. (2.15)

Moreover, by a direct computation we obtain

n+1 n+1
D arpy () =D ap(1 = x2V,_5(x)
k=0 k=0
W kx| (s—Dkn
=Zak sin sin
n+1 n+1
1 (s —2)km skm
=— Zak cos — oS . (2.16)
n+1 n+1
From (2.13), (2.15) and (2.16) it follows that
e (s—2)kn skm
Zak cOS ————— — oS =0, 3<s<n+1. 2.17)
n+1 n+1

k=0
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From (2.14b), (2.14c¢), (2.17) and the induction we obtain

atl sk TS (s —2)kn
Zakcos :Zakcos—:---zo, 3<s<n+1. (2.18)
P n+1 P n+1

By a direct computation we obtain

2": skm R Xn: skt R 1—e™ 0, s even, 2.19)
cos =Re entl | =Re| ————— — | = .
n+1 1 — es7i/(n+1) 1, s odd.

k=0 k=0

From (2.19) we checked that ag = a,;; = m,ak = n—}rl,k = 1,2,---,n, satisfies
the system of the linear equations given by (2.14a)-(2.14c) and (2.18) in the variables
Ag, A1, ,Aptq-

On the other hand, from [9, p. 204] we know that for an arbitrary m € N, one has

cosmB = 2™ 1cos™ O + p,,_1(cos 6), (2.20)
where p,,_; € P,,,_;. On using (2.20) and the computation of the Vandermonde determi-

nant we obtain that the value of the coefficient determinant of the system of the linear
equations given by (2.14a)-(2.14c) and (2.18) is

1 1 1 1
1-07 117 lkm 1(n+1)x
cosTa oS s h s —h
sOm slm sk s(n+1)m
Cos s h s h s =
(n+1)0m (n+1)1n (n+1kn (n+1)(n+1)m
s —h s = Cos = cos n+1
1 1 1 1
1-1 nnol O7 1-1 .01 1 . 1-1 001 k. 1-1 .ol (D)7
2 cos” -~ 2 cos” == 2 cos” =+ 2 cos’ =5
=|9s-1 s O s—1 s 1m . s—1 s km . s—1 s (n+1)m
2°7*cos e} 2°7*cos e} 2°7*cos e} 2°7 " cos e}
n n+l1 0m n n+l 1n . n n+l kx .. n n+1 (n+Dn
2" cos e} 2" cos e} 2" cos e} 2" cos e}
JjT i
=2n(n+1)/2 | | (cos 7~ cos . £0. (2.21)
0<i<j<n+1 n+ n+

From (2.21) we know that the solution of the system of the linear equations given by
(2.14a)-(2.14c¢) and (2.18) is unique. Hence we obtain (2.11). This completes the proof
of Lemma 2.1. O
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To give the worst-case error for T, , approximating IN T;, we give two lemmas. Let

Va(x) 2

(n+1)(x - xk)) ’
V,(x)

(n+1)(x — xy)

hi(x) = (1 — xz) (1—xx) ( k=1,---,n, (2.22a)

2
or(x)=(x—x3) (1—x,§) (1—x2)( ) , k=1,---,n. (2.22b)

For f € CW[-1,1], the quasi-Hermite interpolation polynomial G,(f,x) based on the
points system (2.7) is of degree at most 2n + 1 and satisfies conditions

Gn(f,X')Zf(Xj), j=0,~-~,n—|—1, (2.23a)
G\(f,x)=Ff'(x)), j=1,,n (2.23b)
From [10] we know
1+ 1— V2
Golf1x) = (Txf(l) " Txf(—l)) (n’f&
+ ) F () + D f (i) (). (2.24)
k=1 k=1

Lemma 2.2. If f € CV[—1,1], then

rah =2 e 0—% (2.25)
n+2f_; » nf: m .

Proof By (2.9a) and a direct computation we obtain

(—D*(xV, () + (n+ DTy (x)) (1R = x2)V,(x)
(n+1)(x — x3) (n+1)(x — x3)?

¢ (x)= ., 1<k<n, (2.26)

where T,(x) denotes the nth Chebyshev polynomial of the first kind, i.e., T,,(x) = cosnf, x =
cos 0. From (2.26) and a simple computation it follows that

Prl) = ——— > 1<k<n, (2.27a)
2(1-x3)
(_1)k+j

¢r(x;) = , 1<j#k<n. (2.27b)

Similarly, by (2.9b) and a simple computation, one obtains

(_1)]' (_1)j+n+1

Polx;) = m, $rpr(xj) = m, <j<n (2.28)

By the properties of the Lagrange interpolation we obtain

Qui2(f,x))=f(x;), 0=<j<n+1. (2.29)
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From (2.8) and (2.27a)-(2.28) we obtain that for 1 < j <n,

n+1

Qo x)) = D F ()i (x))
k=0

_(—1)jf(1) _ xjf(xj) (-1 )k+J (-1 )]+n+1
201 4 (1-2) +1S;<nf( W H Dy @30

Let C(x) = Quyo(f,x)—G,(f,x). Then from (2.23a), (2.23b), (2.29) and (2.30) we obtain

Cx)=0, 0<j<n+1, (2.31)

and for 1 <j<n,

—1) . . k
e

C'(x;) =
X 2(x;=1) o (1 - x?) 1<kZj<n
+f(-1 )( pr — f'(x;) (2.32)
20x;+ 1) ” '

From the interpolation properties of G,(f,x) and the fact that C(x) is a polynomial of
degree at most 2n + 1 we obtain

C(x) =G,(C,x)

1 1-
= (%C(l) + Txc(—l) +ZC(xk)hk(x)+ZC (xr)or(x)

s
= C'(x)o(x). (2.33)
k=1

For an arbitrary 1 < k < n, from (2.22b) and the orthonormality of {V,(x)}>? ; with respect

to the weight function 1/ 1 — x2 we obtain

! dt 1-x2 (1 n( )
J o (t) — = CEEID J V,(t ) 1—t2dt=0. (2.34)
-1 —t

From (2.33) and (2.34) we obtain

fl coo—L_ _q
-1 \V1-—t2 ’

and which means

dt
G,(f,t) .
V1 f V1-—t2

1
f Qui2(f, ) —/—— (2.35)
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From (2.10) and (2.35) we obtain (2.25). This completes the proof of Lemma 2.2. O
For f € CW[—1,1], denote

Rn(f3x) :f(X')—Gn(f,X).

Lemma 2.3. Let f € C?"*2)[—1,1]. Then

(2n+2)
Rn(f,x)—f(z +§|) 1)]_[( —x)?,  xe[-1,1] (2.36)

for some & € (—1,1) depending on x.

Proof. Since (2.36) is trivially satisfied if x coincides with one of the interpolation
points xg, -+ ,X,11, we need be concerned only with the case where x does not coincide
with one of the interpolation points. We define

() = (2 = D[ Jx = x))%, (2.37)

j=1
and keeping x fixed, consider g : [—1,1] — R given by

R, (f,x)
qn(x)

By the assumption on f we know g € C (2n+2) [—1,1]. From (2.23a) and (2.23b) we know
that g has at least 2n+3 zeros (count multiplicity), namely single zero x, 1, —1 and double
zero {x;};_,. Then, by Rolle’s theorem the derivative ¢’ has at least 2n+2 zeros. Repeating
the argument, by induction we deduce that the derivative g(*"*2) has at least one zero in
[—1, 1], which we denote by &. For this zero we have that

g(y) =Ry(f,¥) — q,(¥) e[-1,1]. (2.38)

R,(f,
0= £n2(e) - (2n-+ 2Pl
qn(x)
and from this we obtain (2.36). This completes the proof of Lemma 2.3. O

Noticed that l_[ ._1(x — x;) has the same zeros {x; }” , with V,(x) and this implies that
there exists C such that

n
Vi) =c[ Jex-xp.
j=1
From [11, p. 87] we know that the leading coefficient of V,, is 2". Hence by comparing the
leading coefficients of V,, with l_[;.lzl (x — x;) we obtain

V. (x)=2" l_[(x —x;). (2.39)

j=1
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From (2.36) and (2.39) we know that for f € C (2n+2) [—1,1], one has

Fe2(E)

RalfsX) = o 2

(= DV7(x),  xe[-1,1]
for some £ € [—1,1] depending on x.

3. Main results and their proofs

For convenience, for any operator S : F — G, we denote

ISlpsg = sup [ISfllg-
fEEIflp<1

The first result is for univariate functions. We obtained the following result.

Theorem 3.1. Let T, , be given by (2.10). Then the following equality holds.

1
e(INle Tn+2:F1)R) = ”INTl - Tn+2”F1—>R =

22n+l(2n 4 2)1°

107

(2.40)

3.1

Proof. Note that if f € F, then INT;(f) coincides with I(f) given by (2.6). Hence for

f € F; with ||f||F1 <1, from (2.6), (2.25) and (2.40) it follows that

dt

V1-1t2

e f e - 10—

- 22(2n+2)!n _1f : S e
1

1
=T Panr o f FED(E/1- v,
: -1

1 1
INT (f) = Tpya(f) = EJ (f(t) = G,(f, 1))
-1

From |f@"2)(&)] < ||f 22|, < 1 and (3.2) we obtain

1
IINT;(f) = Tppa(f)l = J FEFAE)W1 - 2VE(D)de
-1

22"(2n+2)!7

1
1
< (2n+2) 1-— t2V2 t)dt
“manrom) @ 2(0)
1 1

V1-t2v2(6)dt

S—
22"(2n+2)!m J_,

1 T
(‘ sin?(n+1)6d6 =

T 22(2n+2)ir |, 221127 4 2)1°

3.2)

(3.3)
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On the other hand, let g(x) =
(3.3) we obtain

2
G +2)' Then g € Fy, ||gllr, = 1 and by the computation of

INT,(g) — Tp42(8) = (3.4)

22n+l(2n 4 2)1°
From (3.3) and (3.4) we obtain (3.1). This completes the proof of Theorem 3.1. O

Now we begin to consider multivariate functions. The Smolyak algorithm based on
the Lagrange interpolation was introduced in [12]. Afterwards, [7] and [13] used this
algorithm to consider the tractability of the non-weighted integral problem and the non-
weighted L,-approximation problems for 1 < p < oo of an infinitely differentiable mul-
tivariate function class, respectively. In this paper we used the corresponding Smolyak
algorithm to approximate the integral IN T;. Now we introduce specific algorithms.

Ford =1, We define the sequence of quadrature rules {U!'}%° 1=, Where for [ =1 there is
only one node x1 0 with weight a1 =1, and for [ > 1 we define

2171

U'(F) = Ty (F) = D af (x)) (3.5)

Jj=0

with the nodes and weights given by

. 1 - -1
I T . -1 l ol J=0,2""7%
X; = Ccos——, =0,1,---,2 and a;,=1{2 (3.6)
J o1 J {21—11 j=1,2,---,27 =1,
Observe that the nodes of the U! are nested, since
+1 _ .1 s -1
Xyi = X; for j=0,1,---,2""".
For d > 1 we first define tensor product formulas as follow: for i = (iy,---,iz) € N,
m;,
1 4 —
(00 = 3 3 s o
where m; =0 and m; = 27! fori > 1.
With U° = 0, we define ' ' '
Al=U'-U"! 3.7)

for i € N. Moreover, we put |i| = i + -+ + iy for i = (iy,---,i;) € N%. Then the Smolyak
algorithm is given by

Alg.d)=>) (Al @& Al) (3.8)

lil=q

for integers ¢ > d. To compute A(q,d)(f), from [7] we know that one only needs to know
function values at the points set

H(q,d) = U (Xil ><~-~><Xid),

lil=q
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where X! = {x(i),--- ,xfn.} C [—1,1] denotes the set of points used by U'. The points
x € H(q,d) are called hyperbolic cross and H(g,d) is also called a sparse grid. Let

Ny(k) :=|H(d +k,d)|

be the number of points used by A(d + k,d). We use ~ to denote the strong equivalence
of sequences, i.e., u, ~ v, iff lim,_, u,/v, = 1. Then, for k — co and fixed d, from Th.
Miiller-Gronbach [14, Lemma 1] we know

zkkd—l
Ny(k)m ——. 3.9
a(k) d—1) 21 (3.9)
Lemma 3.1. Let A! for i € N be given by (3.7). Then the following relations hold.
A, g = for i €N. (3.10)

2271 gi-1)

Proof For i = 1, by the definition of A we know that if f € F; with ||f]| r, <1, then
one has
A I=1f O < Iflloe < 1. (3.11)

On the other hand, let g(x) = 1. Then g € Fy,||gllr, =1 and
Alg=g(0)=1. (3.12)

From (3.11) and (3.12) we obtain (3.10) fori =1.
Fori=2and f € F; with ||f[[z, <1, from (3.5)-(3.7) we know that

prpy S OHAB@HFCED o FO=2f O+ (1)

4 4 (3.13)

From the properties of difference we know that there exists a £ € [—1, 1] such that

IfF (1) =2f0)+ fF(=D) = If"(E)I. (3.14)
From (3.13), (3.14) and ||f”||, <1 one obtains

|A%f| <2 (3.15)
<7 .

On the other hand, let g = x—; Then g € F; with ||g[[;, =1 and from (3.13) we obtain
A%g =1/4. (3.16)

From (3.15) and (3.16) we obtain (3.10) for i = 2.
Now we consider i > 3. Assume that f € F; with [|f||;, <1. Let

{omeon ()
=COS| ———— Tt
k 2(n+1) o1



110 G. Q. Xu, Y. P Liu and J. Zhang

be the zeros of the nth Chebyshev polynomials T, ;(x). Then from (3.5)-(3.7) it follows

that
i—-2 .
l. 1 2 2k —1 ut-l(f)
A(f)zzi—l kz:;f (cos i1 n)— 5
INT(f)-U"Y(f) 1 1 &
= —— | INT - — t . 3.1
5 5 1 (f) 21_2;“ ©) (3.17)
Let n =272 —11n (3.1). Then one has
. 2
INT,(f) - UM ()| € o (3.18)
227 271
From [9, p. 106] we obtain that there exists a £ € [—1, 1] such that
1 &5 £
INT,(f) — 72 Zf (tx) = . (3.19)
k=1 :
From (3.17)-(3.19) and |f(2i_1)(§)| <1 it follows that
A= oy (3.20)
i—1
On the other hand, let g(x) = —’;1.2_1'. Then g € F; with ||g||r, = 1 and from (3.4), (3.17)
and (3.19) it follows that '
iroy —
A= oy (3.21)
From (3.20) and (3.21) we obtain (3.10) for i > 3. This completes the proof of Lemma
3.1. O

From the well known inequality

(n-l—l)”
n! > S
e

we obtain that for i > 2, one has (where we used In10 > 2)

' 2 i+1 2
ool > o2 (2l+1) _ (21 +2)
N e e

=ezl’(1r1(21'+1+2)—1) > ezi—l In(2*1+42) < ezf—llnzi+1 _ 2(i+1)2i—1

From above relation and a direct inspection for i = 0,1 we obtain that for i € N, one has

2291y > 9i+127" (3.22)
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From (3.10) and (3.22) it follows that

2 2

HAiHFl—ﬂR = 52 T oi1) = 22 = 2~2_% for i eN. (3.23)

From (3.23) we obtain that for an arbitrary i = (i1, iy, - ,ig) € N?, one has
d 15 g
. . . do 13 i
[t et <[ ]llab ., <2027, (3.24)
k=1
Using Lagrangian multiplier method to compute the minimum value of the function

d
f('xl,"' ,Xd) = inZXi
i=1

. . . d '
under the constraint conditions x; > 1,1 <i <d,|x| = Zi:l x; =A>d, we find that

d d
> x2%>A28  forall x,>1, 1<i<d, |x|=Y x,=A (3.25)
i=1 i=1

From (3.25) we obtain that for all i = (iy,---,iz) € N<, one has

d

. . 1 .
D ik > i 2l > Zil+ d)2lil/d+1, (3.26)
k=1

From (3.24) and (3.26) we obtain

|at e @al, . <2da i), (3.27)

The second result is for multivariate functions. We obtained the following result.

Theorem 3.2. Let F4 be defined by (1.1). Then the integral problem INT = {IN T4}’ , is of
exponential convergence, i.e., there exist positive C(d) and Cy(d) depending on d such that

e(n,INT;,F4,R) < C(d)2~ (/Y for gl n,d eN. (3.28)

Proof. From
INT;= )Y (Al @ ®Ak)
iend

and (3.8) it follows that

INT;—A(q,d)=Y_ (A1 ®--®Al). (3.29)

lil>q
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From (3.29) and (3.27) it follows that

IINTq —A(g, d)llp,—r
<Yllat e eabl, , <2? Yol (3.30)

lil>q lil>q

For an arbitrary i = (i1, i, - ,ig) € N%, let
D(i) = ®;?:1[ij,ij +1).

Then for x = (xq,:--,x4) € D(i), one has |i| + d > |x| and hence one has

912 =2y e D). (3.31)
(3.31) means that
o rellil+d)2 Vet _ f o re D2V g0 o f 2162 g (3.32)
D(i) D(i)

From (3.30) and (3.32) one obtains

IINTy — Alq, DlIr,—r

<2d Z J 2~ 16X12M g — od f 216 X2 g (3.33)
|i|>q D(i) U|i|>q D(i)

It is easily checked that x € D(i) for |i|] > g implies |x| > g. This implies U|i|> q D(i) c
{x||x| > q}. Hence (3.33) means

IIN T4 = A(q, d)lp, -z < 2° f 27162 g, (3.34)

[xI=q

Let t = |x|. Then by a variable transformation we obtain

— Lixjoi/d 1 oo de e Lot/
2716 dx = t97 27167 dt, (3.35)
[x|>q q

T (d-1)!

where we used the fact that the volume of d-dimensional simplex is (d!)~!. It is easy to

check that
+00
f td-127762" 4 ¢
q

+0oo d-1 t/d o
_16d t . 244(d + tln2)2_EZ /d
2t/4(d 4+ t1n2) 16d

16d [T 42 2t/d(d+¢In2) ...
< 6 J (d+tln )z_ﬁz/d
q

dt

. dt. 3.36
“In2 ot/d 16d ( )
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For d = 1,2, it is easy to see that &=+ < 1 on [d, +00). Hence by (3.36) we obtain

2t/d

(3.37)

+00 +o00 d
pd-1g- 52y, 16d 2t/ (d+tn2) _come, _ 16d22_12q/d
] In2 16d (In2)

. . . . . d_2
For d > 3, by a direct computation we obtain that the maximum value point of ter on

d—2
[d,4+00)is t = , and its value is d—2d . Hence (3.36) means
l 2 eln2
+00
J td-10-162" q¢
q
_16d (d*-2d =2 rHo0 oe/d(g 4 th2) oy
_— _—_— 16
- 1n2 eln2 16d
d_
C16d (d2-2d 4
" (In2)? | eln2 2 (3.38)
d+4 d+4 2_ d-2 .
Denote C(d) = max{(d_zl)lliz)z, (d—zl)j(liz)z : (delnzzd) } Then from (3.34)-(3.38) it
follows that 4 s
IINT; —A(q, DI, —r < C(d)27 16" (3.39)
Let ¢ =k +d. Then from (3.9) it follows that
k‘l‘d d—lzk-‘rd d—12q d2q
Ny(k) ~ ( ) S <1 : (3.40)
(d—1)1-22471  (d—1)1-22d-1 7 q41.22d-1
From (3.40) we know that there exists C;(d) such that
q92¢ > C;(d) - Ng(k). (3.41)
Denote Cy(d) = C (d) Then (3.41) implies that
g2/ > 16 (N, (k)/Co(d)) °. (3.42)
From (3.39) and (3.42) it follows that
/d
IINT, - Aq, d)ll5, oz < C(d)2~ Nat/C2()" (3.43)

It is obviously that (3.43) leads to (3.28). This completes the proof of Theorem 3.2. O

Remark 3.1. The result (3.28) is obviously better than (2.4). The quadrature nodes
and weights used by Smolyak algorithm have explicit expressions (see (3.6)), while the
so-called digital nets used by [5] involved in a very complicated computation. Further-
more, the Smolyak algorithm is constructive, however the algorithms used by [5] are non-
constructive.
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Remark 3.2. The error estimates in [12] are obtained by a proof of induction. The error
estimates in [7, 13] are based on the operator norms and the best polynomial approxima-
tion errors. In this paper we used a completely different method and obtained a completely
different result with that of [7, 12-13].
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