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Abstract. In this paper, a conformal energy-conserved scheme is proposed for solving
the Maxwell’s equations with the perfectly matched layer. The equations are split as a
Hamiltonian system and a dissipative system, respectively. The Hamiltonian system
is solved by an energy-conserved method and the dissipative system is integrated ex-
actly. With the aid of the Strang splitting, a fully-discretized scheme is obtained. The
resulting scheme can preserve the five discrete conformal energy conservation laws
and the discrete conformal symplectic conservation law. Based on the energy method,
an optimal error estimate of the scheme is established in discrete L2-norm. Some nu-
merical experiments are addressed to verify our theoretical analysis.
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1 Introduction

Since the initial work of Yee [38], numerical methods have been widely used in solving
electromagnetic problems. However, one of the inconveniences of the numerical methods
lies in the fact that the Maxwell’s equations have to be solved in a bounded domain. Thus,
in order to absorb the outgoing waves, one needs to apply some special conditions on
the boundaries of the computational domain. In Refs. [2,3], Bérenger firstly proposed the
perfectly matched layer (PML) technique, which was based on the use of an absorbing
layer especially designed to absorb the electromagnetic waves without reflection from
the vacuum-layer interfaces. The basic idea of the PML technique of Bérenger was based
on modifying the Maxwell’s equations in the absorbing layer. The resulting equations
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are commonly referred to as the Maxwell’s equations with the PML [19,20]. Due to the
simplicity, the versatility, and the robust treatment of corners in the practical applications,
devising efficient numerical methods for the Maxwell’s equations with the PML attracts
a lot of interest.

It is well-known that structure-preserving methods or geometric numerical methods
have exhibited significant superiority over traditional methods in solving Hamiltonian
ordinary differential equations (ODEs) and Hamiltonian partial differential equations
(PDEs) (e.g., see Refs. [5,13,17,37] and references therein). In the past few decades,
various structure-preserving schemes have been developed for the Maxwell’s equations.
In Refs. [8,18,23,33,36,39], symplectic and multi-symplectic schemes of the Maxwell’s
equations in an isotropic, lossless and sourceless medium were proposed. In Ref. [11],
Chen et al. proposed an energy-conserved splitting method for two dimensional (2D)
Maxwell’s equations in the isotropic, lossless and sourceless medium. Further analysis
in three dimensional (3D) case was investigated in Ref. [12]. Other works on the energy-
conserved methods for the Maxwell’s equations in the isotropic, lossless and sourceless
medium can be found in Refs. [6,7,22].

However, since the system of the Maxwell’s equations with the PML is neither a
conservative system nor a Hamiltonian system, the energy-conserved methods, which
were developed for the Maxwell’s equations, will lose their advantages when applied di-
rectly to the Maxwell’s equations with the PML. Thus, designing the numerical schemes
for the Maxwell’s equations with the PML is challenging. In Ref. [20], by virtue of the
splitting technique, Hong, Ji and Kong proposed an energy-dissipation splitting finite-
difference time-domain (FDTD) method for the 2D Maxwell’s equations with the PML.
Subsequently, Hong and Ji [19] studied the energy evolution of multi-symplectic meth-
ods for the 3D case. In Ref. [32], Birkhoffian multi-symplectic methods for the Maxwell’s
equations with the PML were investigated by Su and Li. However, most of existing meth-
ods have low order accuracy in space and the rigorous error estimate is not established
well.

Recently, there has been growing interest in conformal methods for Hamiltonian sys-
tems with a linear damping term (e.g., see Refs. [14,27,29]). The conformal method pro-
vided clear advantages in preserving the conformal conservation laws and long time
simulations over standard methods [4,29]. Other works most related to the conformal
method can be found in Refs. [24, 34, 35]. However, there has been no reference consid-
ering a conformal Fourier pseudo-spectral scheme for the Maxwell’s equations with the
PML to the best of our knowledge. It is shown that Fourier pseudo-spectral methods with
a high order accuracy have exhibited obvious superiority over the conventional finite dif-
ference method in simulating electromagnetic waves [25] and played an important role
in keeping the physical properties of primitive problems (e.g., see Refs. [10,15,30,37] and
references therein). Thus, our main attention is focusing on the following two aspects:

1. We propose a novel conformal Fourier pseudo-spectral scheme (CFPS) for the
Maxwell’s equations with the PML. We show that the proposed scheme can pre-
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serve the five conformal energy conservation laws and the conformal symplectic
conservation law of the Maxwell’s equations with the PML.

2. An optimal error estimate of the proposed scheme is established, which shows that
the scheme is of second order accuracy in time and spectral accuracy in space in
discrete L2-norm.

The outline of this paper is organized as follows. In Section 2, a conformal Hamil-
tonian system of the Maxwell’s equations with the PML is introduced and a conformal
energy-conserved scheme is proposed. In Section 3, we first show that the proposed
scheme can preserve the five discrete conformal conservation laws and the discrete sym-
plectic conservation law. Then, based on the energy method, an optimal error estimate
of the scheme is established. Some numerical experiments are presented in Section 4. We
draw some conclusions in Section 5.

2 A conformal Fourier pseudo-spectral scheme

This section has two goals. Firstly, the conformal Hamiltonian system of the Maxwell’s
equations with the PML is introduced. Secondly, the derivation of the novel conformal
energy-conserved scheme is expounded.

2.1 Conformal Hamiltonian system

The Maxwell’s equations in the isotropic, lossless and sourceless medium can be de-
scribed, as follows:

JE 1
_§+EVXH_O’
JH 1
¥+EVXE_O’

2.1)

with initial conditions
E(x,y,2,0)=Eo(x,y,z), H(xyz0)=Ho(xyz), (xyz)eQCR’

where E= (Ex,Ey,Ez)T is the electric field intensity, H= (Hx,Hy,Hz)T is the magnetic field
intensity, constant scalars y and € are the magnetic permeability and the electric per-
mittivity, respectively. In this paper, we consider cuboid domain Q) = [x,xg] X [yL,yr] X
[z1,zr] and impose periodic boundary conditions on the boundary 9Q) x [0, T].

In general, the perfect electric conducting boundary condition is imposed on 9Q2 x
0,T] of (2.1). However, with the aid of the Bérenger’s PML technique [2, 3], the periodic
boundary condition is valid in practical computations. For more details, please refer to
Ref. [25].
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According to Bérenger [3], in the PML medium, each component of the electromag-
netic field is split into two parts. Then, the six components of (2.1) yield 12 subcom-
ponents denoted as Eyy, Exz, Eyz, Eyx, Ezx, Ezy, Hyy, Hxz, Hyz, Hyx, Hzx, Hzy, and the
Maxwell’s equations are replaced by 12 equations,

aExy B a(Hzx—i—HZy) J0E., B G(Hyz—}—ny)
T A VR TR A SR
oE a(H +H ) JoE a(H +H. )
yz _ xy Xz yx _ zX zy
€5 To:Er oz Sar Thw x
0E., B a(HyZ —}—ny) aEzy B a(ny—}—HxZ)
€ ot +0'sz3:— ox , € 9 —f-O'yEZy—— ay ,
aHXy * a(sz+Ezy) 0H,, " a(Eyz—i—ny)
]’l at +Unyy - ay 7 ‘I/l at +Uszz— az y
JoH, a(E +E ) JoH, a(E +E )
yz * Xy Xz yx % zXx zy
H — H..—
TR 0z P T x
OH.e ... O(Ep+En)  0Hy . 0(Exy+Ex)
at + tzx—_ ax 7 ]/l at +Uszy—T, (22)

where the parameters (Ux,ay,(fz,(f;,(f;,aj) are homogeneous to electric and magnetic con-
ductivities.

If both 0y =0, =0, and 0} = (7; =0} =0, we can note that (2.2) yield the classical
Maxwell’s equations (2.1). Thus, the absorbing medium defined by (2.2) holds as par-
ticular cases of all usual media (vacuum, conductive media). If both % = % = % and

%

== =0, (2.2) reduces to
—a—E+1V><H—6E:0,

ot €
OH 1 (2.3)
—+—VXE+0H=0.
ot u
Egs. (2.3) can be rewritten as a conformal Hamiltonian system [4, 27]

]atz:%—ﬁjz, (2.4)

where z=[H",ET]T,

_ 0 13><3]
I [—sts 0o |’

and

_ [ [y Loy
/H(Z)_/Q[EH V><H+5E VxE}dxdydz
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is the helicity Hamiltonian function [1].
The merit of the conformal Hamiltonian system (2.4) is that it possesses the following
conformal Hamiltonian energy conservation law

d,, - - 1 7 1 1
E’H,— 20H, ’H,—/Q[EH V><H+5E VxE]dxdydz, (2.5)

and the conformal symplectic conservation law

d
Sw=-20w, w= /Q (6B NSH,+8E, \3H,+6E. NSH. |, (2.6)

where A is the wedge product.

Remark 2.1. It should be remarked that (2.4) is not valid for the 2D transverse-electric
(TE) waves in the PML medium, which will be investigated in Section 4.

In addition, (2.3) also admits the following conformal energy conservation laws.

Lemma 2.1. [32] Let H" and E" be the solutions of (2.3) and satisfy the periodic boundary
condition, then the following conformal energy conservation laws hold

d _ 9= Y €T

a’;Ltl_—za’h/,l, 7—[1_/0 SH'H+E E} dxdydz, (2.7)

d re

SH2=—20H, Ha= /Q _EatETatE%—%atHTatH}dxdydz, 2.8)

%7—[3:—257{3, Hy= / _eawETawE—i—yawHTawH]dxdydz, 2.9)
ol

%7—[4:—25?{4, = / —eathTath—l—yathTath}dxdydz, (2.10)
al

where w=x,y, or z, and hereafter.

Remark 2.2. It is remarked that (2.7) shows that the electromagnetic energy in the Poynt-
ing’s theorem [21] dissipates exponentially along time for the Maxwell’s equations with
the PML.

Remark 2.3. As pointed out in Ref. [32], (2.3) is perhaps not always met in practical com-
putations, but it is the key condition of the PML for solving unbounded electromagnetic
problems. Therefore, the investigation of numerical methods for the Maxwell’s equations
in such special case is also very important.

2.2 Fourier pseudo-spectral approximation of the spatial derivatives

In this subsection, the Maxwell’s equations with the PML are approximated by the Fourier
pseudo-spectral method in space. Let O, = {(x},yx,zm)|xj = x4+ (j—1)hy, yx =yr+(k—
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Dhy, zw=z1+(m—1)h;; j=1,---,Ny, k=1,--- )N, m=1,--- N, } be a partition of ) with
the mesh size h,, = ﬁf” where L, =wg —wy and N, is an even mtegers Let Q. ={t,|t,=

nT;0<n < M} be a uniform partition of [0, T] with the time step T= M and Oy =0, x Q.
We define

"

Sy =span{g;(x)8k(y)gm(z), j=1,--- Ny, k=1,--- N, m=1,---,N. },

as the interpolation space, where gy, (x), gn, (v) and gn, (z) are trigonometric polynomi-
als of degree N;/2, N, /2 and N /2, given respectively by

1 N2 g 1 N2
g](x) = — Z _ell}lx(x_xj), gk(y) —_ — Z _eIPP‘y(y_yk)/
Nx l:fo/Zal Ny pszy/Z P
N:/2
gm (Z) — i lei‘WZ(Z—Zm),
Nz, .26
with N
1/ |l|<7xl 1/ |p|<7y’ 1’ ’q’< 2 ’
ar= ’ = ; Cg=
Ny N 1 N,
2/ l =5/ - _y 2/ A 7
1= 2, lpl==- 1=
and py = %—75
We define the interpolation operator Iy : C(Q) — Sy, as follows:
Ny y N
INU(xyzt) =) ) ) U8 (X)8k(y)gm(2), (2.11)
j=lk=1m=1

where U, = U(x]-,yk,zm,t) and its vector form is denoted by

T
U=Upaa, - Un11 - Uing e UnNg e UN N UNG N, L)

Taking the first derivative with respect to x, y and z, respectively, and evaluating the
resulting expression at collocation points (x;,yx,zm), we can obtain

GINU(xé;yk,zm,t) =[(In, ® In, @ DY) U Ny (1) + Nu(k—-1) 4
= [D1U]N,N, (m—1)+ Ne(k—1)+j7

GINU(Xé‘;Vyk/Zm't) = [(In. ® D} @ IN U] NN, (1) 4 N(k—1) 4
= [D2U]N,N, (m—1)+ Ne(k—1)+j7

aINu(xé'/Zyk’Zm’t) = (DT @ In, @ I JUIN,N, (m—1) 4Ny (k1) +

= [D3U]NxNy(mfl)JrNx(k*l)”H"
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where ® is Kronecker product, Iy, is the identity matrix of dimension N x N, and

1 . o

(DY) . = Eﬂw(—l)hﬂzcot(rw), 172,
Juj2 —

O/ j1:]'2,

wj] —wj2

with 74 = po—"5-2, j1,j2=1,--+,Ny. It is easy to show that the matrices D', D1, D>, and
D3 have the following properties:

e DY is skew-symmetric. Further, let

A=ip,diag (0,1,- . % —1,0,—% +1,-e ,—2,—1), (2.12)
we have
V= FN AFN,, (2.13)
where Fy, is the matrix of DFT coefficients with entries given by (Fn,,)x = wg,zjv’k,
wN, = e'f, (Fﬁz})j/k = N%w]l\i
e Commutative law of multiplication
D, ® D, =D;,®Ds,, s1,5,=1,2,3, and s1 #sp. (2.14)
e Skew symmetry
D! =-D, s3=1,23. (2.15)

We apply the Fourier pseudo-spectral method to (2.4) in space and obtain the semi-
discrete system

dr H 10 —I VeH | H
E[E}_[I 0”%7%]_‘7[15]' (2.16)
where
S Lo 1
H—zeH (DH)+ ZVE (DE), (2.17)
IeR33 d=N,x N, x N, and
0 -D; D,
D:[ D; 0 —Dll (2.18)
-D, Dy 0

is symmetric structure matrix corresponding to the discretization of the operator V x.

Remark 2.4. It should note that H = (H| ,HyT JHN)T, E= (Ez,EyT,EZT )T and the compo-
nents of the vectors H,, and E,, are the values of grid functions, which are different from
those in (2.1). Without being confused, the notations H and E are still be adopted in the
subsequent sections.
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2.3 Conformal Fourier pseudo-spectral scheme

The system (2.16) is first split as

dr H 0 —I e 'DH
dt[ E ]:[I 0 ] u'DE |’ (2.19)
and
d
E[g}:—&[g]. (2.20)

Then, we solve (2.19) by a second order energy-conserved method in time

H'1 _H" . Entl +E"
— -y 'p=——— 2.21
= Z > (221)

n+1__ pn n—+1 n
E —-E :e—lpu_ (2.22)
T 2
Egs. (2.20) are integrated exactly

H(t)=e ""H(0), E(t)=e ""E(0). (2.23)

Finally, by virtue of the Strang splitting, which was firstly proposed in Ref. [31], and
further developed and analyzed in Refs. [17,26,28], we can obtain

eT H" ' —e~ 7T H" e T Bl e T

=—u D , 2.24
_ T Iz _ 2 (2.24)
CETCTE ot BT THY (225

which is referred to as our conformal Fourier pseudo-spectral (CFP) scheme.

Remark 2.5. The conformal Hamiltonian system (2.4) is incorrect for the 2D transverse-
electric (TE) waves in the PML medium, but the proposed scheme (2.24)-(2.25) are valid.

3 Numerical analysis

In this section, we first show that the scheme (2.24)-(2.25) can preserve the discrete con-
formal symplectic conservation law and the five discrete conformal energy conservation
laws. Then, an optimal error estimate of the scheme (2.24)-(2.25) is established in discrete
L?>-norm.
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3.1 Conservation of the scheme

Let {U” Mo jf‘k/m|j:1,- -,Ny, k=1,--- ,N,,m=1,--- ,N;, 0<n< M} be two mesh functions
defined on (). We define the discrete inner products and norms by

Ny yNz

", vy, Z;kzi , Uj o Vijomhshyhz,  |[[U"|[7=(U",U"),.
] m=

For vectors U™ = [(Uy)", (Uy)",(U)"]" and V"= [(V)T,(V)T,(VZ)T]", the correspond-
ing inner product and discrete norms are

U™, V)= (U, VY n+ Uy, Vy i+ (U2 VD,
U]l = (U, )+ (U, Uy )+ (U2, UL

Further, we define the following semi-norms

1U"||pg = (D1U™,DU™))?, || ||y, = (DU, DoU™), 2,
[U"||p: = (DsU",DsU™)}/?,

for grid function and

U = U g+ U

Do | U2 [y

for grid vector function U" =[(uy)", (u;)",(uz)"]".

Theorem 3.1. The solutions H" and E" of (2.24)-(2.25) can preserve the discrete conformal
symplectic structure

W't =27 " =dE"ANdH", n=0,---,M—1, (3.1)
where

dE" N\dH" =dEy NdH} +dE, AdHy +dEZ AdH,
Ny y

N:
dEy AdHp =) ) Z dE;,  NdH
j=lk=1m=

Proof. We rewrite (2.24)-(2.25) as

0 1 ][ <fae e'D 0
-1 0 TEH - Fp || 0 ulD

T

aT _otT
e 2 Hn+1+e 2 H"

ot ot
e 2 En+1+e*7En
2

] . (32
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The variational equations associated with (3.2) read

ot ot ot ot
0 I e2 dH"'—¢” 2 dH" ) 0 e2 dH"'+e” 2 dH"
: T . = : 2, . 3.3
-1 0 e 2 dE" e~ 7 dE 0 u''D e T dE 4o~ T dE" (33)
T 2
e T dH e 7 aH”
Taking the discrete wedge product of (3.3) with | 4 2 s and noting the fact
e2 dE"14e” 2 dE"
2
at s ot aT
e2 dH""'+e” 2 dH" e 1D 0 e2 dH"'ye” 2 dH"
, 2 , 2, =0 3.4
e dE" e~ 7 dE 0 u''D e dE" e~ 7 dE ’ S
2 2
we finish the proof. O

Theorem 3.2. The solutions H" and E" of (2.24)-(2.25) satisfy the discrete conformal energy
conservation law

_ 1 1
EMtl=e 20Tgn, &= 5o (H",DH"); + o (E",DE™);,, n=0,---,M—1, (3.5)
Proof. We rewrite (2.24)-(2.25) as

eﬁTTHn-%—l_e—ﬁTTHn r 0 D T E%H?H—l_i_e—%Hn
- i 2¢
Jous ot
eZE'flye 2 E"
J 2u
- - aT _otT
0 _I Dean+1+e 2 H"
aT 2e _otT
De Vi En+1+€ 2 E"
L 2u

T
0T . 0T
eTEn+ _e 2 Em"
T

(3.6)

fis ot
e 2 H1‘l+1+e 2 H"

oT _oT
e2 Ml 7 E"

Taking the inner product of (3.6) with [
2

] , we can obtain (3.5). O

Theorem 3.3. The solutions H" and E" of (2.24)-(2.25) satisfy the discrete conformal energy
conservation law

Ett=e27ey, & :§||H”Hi+§u£”||ﬁ, n=0,-,M-1. (3.7)

e H" e T H
Proof. Making the inner product of (3.6) with [ e, 2 ], we can finish the

eeTE"“Jre‘sz"
2

proof. O

From Theorem 3.3, we can obtain the following stability theorem.
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Corollary 3.1. The proposed scheme (2.24)-(2.25) is unconditionally stable.

Theorem 3.4. The solutions H" and E" of (2.24)-(2.25) satisfy the discrete conformal energy
conservation law

Eitl=e=20Tgl &= % ||6:H"1/2| |ﬁ+§||(§t15”—1/2y 2, n=1,--,M—1, (3.8)

A n__pn—1 a o n_gn—1
where E" 12 =E=E_ qnd §, g -1/2 = HH

Proof. By simple calculations, we can deduce from (2.24)-(2.25) that

e aH s e T 0 _p [ FamieFani
: = 2 3.9
0T A 1 0T A 1 0T A 1 0T A 1 .
P A B ) D 0 FSEY fo TS (3.9)
2

T

0T 4 n+1 _ 0T A 1171
e20H "24¢ 26H 2
2 , we finish the proof.

e%&EVH’% +€_%(§tEn_%
2

Computing the inner product of (3.9) with

O
Let block diagonal matrices
D, D, Ds
M, = D, ’ My = D, , M= Ds
D, D, Ds
It follows from (2.14) that M,,D = D M,,. Thus, we can see from (2.24)-(2.25) that

e MyH" ! —¢~ % M H" B 7 MyH" e T MyH"
K ot T o _| Y b ot 2 . (3.10)

2 MyE" ! —e” 2 MyE" D 0 e? MwE”“;re 2 My E"

T

By the similar argument to Theorems 3.3 and 3.4, we can deduce the following con-
formal energy-conserved laws from (3.10).

Theorem 3.5. The solutions H" and E" of (2.24)-(2.25) possess the discrete conformal energy
conservation laws

& =e L, &, =pl[H"]

ey Tel|E [pop n=0,,M~1, (3.11)

and

ey =e2mey &8 =pllbH" P G el [GE T By, n=1- M1 (3.12)
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3.2 Error estimate

In this subsection, we will establish an optimal error estimate for the CFP scheme. For
simplicity, we only consider the cuboid domain Q)=[0,27]?, more general cuboid domain
can be translated into Q). For any positive integer r, the semi-norm and the norm of H"(Q))
are denoted by |-|, and |||, respectively. ||-||o is denoted by ||-|| for sake of brevity. Let
C;’ be the set of infinitely differentiable functions with period 27t defined on Q) for all
variables, and H;(Q) is the closure of Cy in H'(Q). Let Ny=N,=N,=N (i.e, hy=h,=

h,=h), the interpolation space Sy, can be written as

" M]‘,k,m ei(jx+ky+mz)

S :{u|u: AN, =0_N
N Yo km — o k,m’
CC C 2 1 2 ’
TCNTES B bt
WiN =W Ny Wi N=Upp N }
— N — —
where =1, ’l’ < 5,C_N=CN =2.
2 2
We introduce the projection space

— _ A i(jx+ky+mz

SN=1 ulu= Z uj,k,me‘(] Y )}.

1,1kl | < ¥

"

It is obvious that Sy_» C Sy C Sy. We denote Py : L?(Q)) — Sy as the orthogonal
projection operator and recall the interpolation operator Iy : C(Q) — Sy,. It is easy to see
that Py and Iy satisfy [16]:

1. PNawM:awPNM, INawM #awINu; (313)

2. Pyu=u,VueSy, INu=u,VueSy. (3.14)
Lemma 3.1. [7] For uc [Sy?, [|u| < ||lull, <2v2|u].
Lemma3.2. [9]If0<a<randuec [H;,(Q)]g’, then
[Pyt —ul|a <CN*"|ul,, (3.15)
and in addition if r >3/2 then
[ Inu e <CN*"|ul,. (3.16)

Theorem 3.6. We assume that the exact solutions (H,E) of (2.3) are smooth enough: ¢”'H, "' E€
C3 (O, T; [H;,(Q)P),r > % Then, there exists a positive constant C independent of T and h, such
that the numerical solutions (H",E") of (2.24)-(2.25) satisfy

1 _
(u||H(ty)—H"||7+e€||E(ty) —E"[7)* <CTe ™" (*+N"), 0<n<M. (3.17)
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Proof. We rewrite (2.3) as
10 (e""H)+V x (e”'E) =0, €9;(e""E)—V x (¢”"H) =0. (3.18)
Let
E*=Py ,E, H*=Py -H,

where Py_, denotes the orthogonal projection operator from L?(Q)) to Sy_». The projec-
tion equations of (3.18) are written as

1 ("' H*)+V x (e”'E*) =0, €d;(e"'E*)—V x (e”"H*) =0. (3.19)
Let
ot :ye% (H*)”“T—E‘&f H)" o e? (E*)"“zre‘ﬁf (E)" (3.20)
p et (E*>”+1T—e—"’f ()" g e )™ 2+e“"f H) 3o
Making use of Lemma 3.2, (3.18), and the Taylor’s expansion, we have
ez <Ce "EH(PANTT), n=0,--,M—1. (3.22)
By noting &"*2 € [Sy]® and Lemma 3.1, we can prove that
lgtt|l, <Ce (PPN, (3.23)
Similarly, we have
I3 <Ce " (R24NT), n=0,--,M—1. (3.24)
Thus, it follows from (3.23) and (3.24) that
(I g 3™ty D) <O 4N ), (3.25)

where the inequation v a2+b2<a+b, Va,b>0 is used.
Note that if U* € S’I’\,,, we have

U (%),yi2m) = 0 [INTT* (3, ¥k 2 ) = (DY | N, (1) Ny (k1)
ayU* (xj/yklzm) - ay [IN u- (xj/ykzzm)]

[D2U™ | NNy (1) - Ny (k1) 47

U (%, Yk, Zm) = 0= [INU* (%7, Yk, 2] = [D3 U Ny 1) Ny (k—1) 47
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where
1Tk (7% 1T T 1T 1T 1T T
U= Uy, Ungaae Ui Ungng o U g ne s Ung N ) -
n
Recall that E*, H* € Sy;, we can get

e%(H*)’Hl—e*%(H*)” eﬁz_T(E*)”+l—i—e*ﬁ_2T(E*)”

Nl—=

ntr = D , 3.26
ghir=p _ T o 7 (3.26)
nd_ 0t (E*)"*1—e= 7 (E*)" _pe (H*)" e 2 (H*)”/ (3.27)
T 2
where the components of the above vectors are the values of grid functions.
We define the error functions
Ei"=(H*)"—H", Ey"=(E*)"—E", n=0,--,M. (3.28)

Subtracting (2.24)-(2.25) from (3.26)-(3.27) respectively, and we can obtain the error equa-
tions as follows

ot

TE n+1l__ 7‘?—TE n EE n+1 7‘?—TE n
s P Te o1 pti ;e =2 (3.29)
nel_ T ET S TR e BT e TE (3.30)
T 2

Computing the inner product of (3.29) and (3.30) with e E;" e TE;"and e7 Ey" T+
e~ 7 E,", respectively, and then adding them up, we can gain the following energy iden-
tity

T ot 1 1 ~ T ot 1 1
e n+2 1’l+2 2+ eel]'t,H,lE l’l+l_ e 11+2 l’l+2 2
N &2+ IlVe 2 NG Ui
= T ot 1 1 = T ot 1 1
=||\ /1" E "+ ——e " ET2|2 4 || Vee M Ey + ——e "yt TE |2 3.31
|/He” " Eq N g 2|+ [1Vee  Ey NG 72l (3.31)

With the triangle inequality of the norm and (3.31), we can get

| /ety

Nl—

_ ~ - T ot 1
N R e I B (N e v T A

iz

_ 1 _
Lea%%ﬂw% ||i) 2 +% (H Lye‘”w%ém% 2+ 1o+l H%)

Le&t”‘*z 17
2//e N NG

e A P B

2\/e

N|—

+ H \/gemm E2n+1 _

—_

_ Ftap 1 T
_<H\/ﬁe E T
1

T/, 1 ot 10010 1 ot 1 ,01.0\2
F 2 (=g g e Ay )
2\ 7 Ve

1
_ _ 2 1 &t 1 1 ot 1
(VA B+ Ve B [}) "+ ([l e e e | e A )

Nl—=
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Recursively, applying the above inequality from time level n to 0, we obtain

1
. > 2
(llx/ﬁem”El”H%H\/Ee‘””Ez”Hz)

Nl—=

<(Wﬁlor|i+waszouh) Z ( AR+ 7 ] N CE )
With the use of H=H(0), E°=E(0), we can prove
IE+° [l = 1H(0)—H* (0)]|
=[[In(H(0)=H(0)")|x
<2v2|Iy(H(0)~H(0)")]
<2v2(|| IvH(0) — H(0) || +[|H(0) —H(0)*|) SCN 7,
and
IE2° | = | E(0) —E*(0)
= [ In(E(0) —E(0)") I
<2v2|[In(E(0)~E(0)")]]
<2v2(||IvE(0) —E(0) ||+ ||E(0) —E(0)*[) SCN
which further imply that
(IVFEC I+ VeEII}): <CN, (3:33)
where Lemmas 3.1 and 3.2 are used.
By noting nt < T and we can deduce from (3.25), (3.32) and (3.33) that
(VB B+ IVEE"}) | <CTe ot (24N ). 634

Making use of (3.34) and the inequation, a+b<v/2a%+2b?, Va,b >0, we can obtain
I/EE" |ln+ [ VeE" [ <CTe ™" (> +N~"). (3.35)
With Lemmas 3.1, 3.2 and (3.35), the following error estimate can be established

1
(ll () —H"|F+el ECt) —E"})
<VAIH(t) = H Ve E(t) ~ E",
<VRIIH(t) = Py2H (t) [+ | VEE I
+ Vel Et) — Pu—2E(ta) [+ | VEE" [
<CTe (T4 N™"). (3.36)

The proof is completed. U
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Remark 3.1. It is remarked that when =0, the optimal error estimate in discrete L2-norm
is established for the energy-conserved method of the Maxwell’s equation (2.1).

4 Numerical experiments

In this section, we will investigate the numerical behavior of the proposed scheme (2.24)-
(2.25) presented in Section 2. The rate of convergence and the five discrete conformal
energy conservation laws are investigated in detail. All diagrams presented below refer
to the numerical integration of (2.3) with =€ =1. In addition, the fast solver presented
in Ref. [22] is employed to solve the linear equations of (2.24)-(2.25) efficiently.

In order to evaluate the numerical errors, for a fixed n, the following formulas are
used

L*® :max{ymax|H(tn) —H"|, emax|E(t,) —E”|}, 4.1)
j,k,m jrkrm
and
1
L?= (| H(t,) — H"|[§+e| E(ta) —E"[7) . (42)

The convergence rate, for a fixed 7, is defined as

In(errory /errory)

Rate=
ate In(t1/ 1)

(4.3)

where T1;,errory (I =1,2) are step sizes and errors with the step size 7;,, respectively.
Further, for a fixed n, errors on the total conformal energies are calculated by using
formulas

Erﬁ _ |5ZZ _672(_71’1”[58 , =123, (4.4)
and

Ert =€ —e 270 |, =45, (4.5)

4.1 2D Maxwell’s equations with the PML

Firstly, we will focus on the rate of convergence and the conformal energy conservation
laws of the 2D Maxwell’s equations with the PML. Furthermore, some comparisons be-
tween the conformal Fourier pseudo-spectral scheme (CFPS) and the Birkhoffian multi-
symplectic scheme (BMSS) [32] are displayed. The 2D Maxwell’s equations with the
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PML for transverse-electric (TE) waves are

9E, 10H. _

9E, 19H. _

ﬁ——g % —UE]/, (47)
9H, 1 9F, OE,

ot oy ax) O e

Egs. (4.6)-(4.8) admit the following analytic solutions (p=€=1)

Ex= ?e_mcos(Z\/Ent)cos(an)sin(27ry), 4.9)
E,= —?e_mcos(%/imf)sin(27tx)cos(27ry), (4.10)
H, =e¢ *sin(2v/27t) cos (27rx) cos (27ty). (4.11)

We set the analytic solutions (4.9)-(4.11) at t=0 on the domain Q2=10,1] x [0,1] as initial
conditions. Table 1 shows the temporal errors and the convergence rates of the different
schemes with 0 =0.1 and Ny =N, =1024 at T=1. The spatial errors and the conver-
gence rates are investigated in Table 2. As illustrated in Table 1, all of the methods are
second order of convergence rate in time, which confirms the theoretical analysis. From
Table 2, it is easy to see that the spatial error of the CFPS is very small and almost neg-
ligible, and the error is dominated by the time discretization error. It confirms that, for
sufficiently smooth problems, the Fourier pseudo-spectral method is of arbitrary order
of accuracy. However, the BMS scheme admits relatively large error. The CPU times of
different schemes at different spatial steps with T=10"%, =0.1 and T =1 are showed
in Table 3. It is clear to see that the CFPS is more efficient than the BMSS. In Fig. 1,
we investigate the errors on the conformal energy conservation laws of the CFP and BMS

Table 1: The temporal errors and convergence rates of different schemes with ¢=0.1 and Ny= N, =1024 at
T=1.

Scheme T L? Rate L*® Rate
CFPS 0.02 1.0530e-02 - 1.7947e-02 -
0.01 2.6420e-03  1.9949 4.5268e-03 1.9872
0.005  6.6108e-04 1.9987 1.1342e-03  1.9968
0.0025 1.6531e-04 1.9997 2.8371e-04 1.9992
BMSS [32] 0.02 1.0518e-02 - 1.7926e-02 -
0.01 2.6294e-03  2.0000 4.5053e-03  1.9923
0.005  6.4848e-04 2.0196 1.1126e-03 2.0177
0.0025 1.5270e-04 2.0864 2.6207e-04 2.0859
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Table 2: The spatial errors and convergence rates of different schemes at different spatial steps with & =0.1
and t=10"% and T=1.

Scheme  NyxN, L? Rate L® Rate

CFPS 16x 16  1.2478e-010 - 1.6971e-010 -
32x 32  1.1263e-010 - 1.5875e-010 -
64x 64  1.3661e-010 - 1.8197e-010 -

BMSS [32] 16x 16  5.2442e-02 9.2982e-02
32x 32  1.2965e-02  2.0161 2.2442e-02  2.0507
64x 64  3.2320e-03  2.0041 5.5593e-03  2.0132

Table 3: The CPU times of different schemes with 7=0.1 and T=10"° at T=1.

Nyx Ny CFPS BMSS [32]
8x 8 1439s  154.7s
l6x16 3779s 414.4s
32x 32 13439s 1447.2s

14

10 10"
— BMSS ——BMSS
~ -~ CFPS - - CFPS
10717 10715
0 10 20 0 10 20
time time
(a) (b)

-14 -12

10 10
——BMSS —BMSS
- - CFPS - - CFPS
10" ‘ 10" ‘
0 10 20 0 10 20
time time
(c) (d)

Figure 1. The errors on the conformal energy conservation laws over the time interval ¢ € [0,20] with 7=0.1,
Ny=N, =128 and t=0.01: (a) Ery, (b) Er3, (c) Ery,, (d) Ers,.
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schemes with N,y=N, =128, 7=0.01 and ¢=0.1. Numerical results show that the CFP and
BMS schemes can preserve the conformal energies exactly. Since Ery, and Ers, are close
to Ery, and Ers,, respectively, the values of Ery, and Ers, are not displayed. Moreover,
it has shown that both the popular exponential FDTD Yee’s scheme [2] and the tradi-
tional multi-symplectic scheme can only approximately preserve the conformal energy
conservation laws [32], which implies that the CFP scheme provides distinct advantages
in preserving the conformal conservation laws than the exponential FDTD Yee’s scheme
and the multi-symplectic scheme.

4.2 3D Maxwell’s equations with the PML

Then, the proposed scheme (2.24)-(2.25) is employed to solve the 3D Maxwell’s equations
with the PML. The 3D Maxwell’s equations with the PML admit the analytic solutions,
as follows:

ky—k; __
= ey\/,me’”cos(wnt) cos(kytx)sin(k,ry)sin (k. 7tz), (4.12)
Hy=e %' sin(wtt)sin(ky7rx) cos(k, wy) cos (k. 7z), (4.13)
kz - kx —0 . .
E,= e\/_we fcos(wrtt)sin(ky 7tx ) cos(ky my) sin (k. 7tz), (4.14)
Hy=e'sin(wrtt)cos(ky 7tx) sin(k, ty) cos (k. mz), (4.15)
ky—ky, _.
2= %e_w cos(wrtt)sin(ky7rx)sin(k,y)cos(k,7tz), (4.16)
H, =e %'sin(wrt)cos(kymx)cos(k,y)sin (k. 7z), (4.17)

where ky=1,k, =2,k =3, p=e=1,and w= (ki +kj+k2) / (ep).

We set the analytic solutions (4.12)-(4.17) at t=0 on the domain Q) =10,2] x [0,2] x [0,2]
as initial conditions. Table 4 shows the temporal error and convergence rate of the CFP
scheme with 0=0.1 and N,=N,=N,=64 at T=1. Itis clear that the CFP scheme is second
order of convergence rate in time. The spatial error of the CFP scheme with T=107" at
T=1 are displayed in Table 5. We find that, similarly to the Section 4.1, the spatial error is
very small and dominated by the time discretization error. It verifies again the fact that,

Table 4: The temporal error and convergence order of the CFP scheme with 7=0.1 and Ny=N, =N;=64 at
T=1.

T L? Rate L% Rate
0.01 2.1168e-02 - 1.1923e-02 -
0.005 5.3004e-03 1.9978 2.9711e-03  2.0046
0.0025  1.3256e-03 1.9994 7.4218e-04 2.0012
0.00125 3.3143e-04 1.9999 1.8551e-04 2.0002
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Table 5: The spatial error of the CFP scheme with 7=0.1 and T=10"2 at T=1.

Ny X Ny, x N; L? L

8x 8 x 8 2.1212¢-08  1.1838e-08
16x 16 x 16 2.1212e-08  1.1841e-08
32x 32 x 32 2.1212e-08  1.1844e-08

for the sufficiently smooth problem, the CFP scheme is of arbitrary order of accuracy in
space. The errors on the five discrete conformal energies over the time interval ¢ € [0,20]
with 7=0.1, Ny = N, = N, =32 and 7=0.01 are presented in Fig. 2. It is obvious that the
conformal energy conservation laws can be preserved exactly by our scheme.

5 Concluding remarks

In this paper, we have developed a novel conformal Fourier pseudo-spectral (CFP)
method for the Maxwell’s equations with the PML. We show that the CFP scheme is
unconditionally stable and preserves the discrete conformal symplectic conservation law
as well as the five discrete conformal energy conservative laws. Furthermore, with the
aid of the energy method, we establish the optimal error estimate of the CFP scheme at
the order of O(t>+N") in discrete L2-norm, where T is the time step and N is the collo-
cation points used in the spectral method. Numerical results verify the theoretical anal-
ysis. In addition, compared with the Birkhoffian multi-symplectic scheme, our scheme
is more efficient and provides smaller error in space. Due to the fact that the system
of the Maxwell’s equations with the PML is not a Hamiltonian system with a constant
structure matrix, the sixth order energy-conserved method presented in Ref. [22] cannot
be generalized directly to the Maxwell’s equations with the PML. Therefore, develop-
ing a conformal energy-conserved scheme with a sixth order accuracy for the Maxwell’s
equations with the PML will be the subject of our future research.
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Figure 2: The errors on the conformal energy conservation laws over the time interval t € [0,20] with =0.1,
Ny=Ny,=N;=32 and 7=0.01.
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