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Abstract. In this paper, a conformal energy-conserved scheme is proposed for solving
the Maxwell’s equations with the perfectly matched layer. The equations are split as a
Hamiltonian system and a dissipative system, respectively. The Hamiltonian system
is solved by an energy-conserved method and the dissipative system is integrated ex-
actly. With the aid of the Strang splitting, a fully-discretized scheme is obtained. The
resulting scheme can preserve the five discrete conformal energy conservation laws
and the discrete conformal symplectic conservation law. Based on the energy method,
an optimal error estimate of the scheme is established in discrete L2-norm. Some nu-
merical experiments are addressed to verify our theoretical analysis.
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1 Introduction

Since the initial work of Yee [38], numerical methods have been widely used in solving
electromagnetic problems. However, one of the inconveniences of the numerical methods
lies in the fact that the Maxwell’s equations have to be solved in a bounded domain. Thus,
in order to absorb the outgoing waves, one needs to apply some special conditions on
the boundaries of the computational domain. In Refs. [2,3], Bérenger firstly proposed the
perfectly matched layer (PML) technique, which was based on the use of an absorbing
layer especially designed to absorb the electromagnetic waves without reflection from
the vacuum-layer interfaces. The basic idea of the PML technique of Bérenger was based
on modifying the Maxwell’s equations in the absorbing layer. The resulting equations

∗Corresponding author. Email addresses: wangyushun@njnu.edu.cn (Y. Wang), chaolong jiang@126.com

(C. Jiang), 1667276479@qq.com (J. Cui)

http://www.global-sci.com/ 84 c©2019 Global-Science Press



C. Jiang, J. Cui and Y. Wang / Commun. Comput. Phys., 25 (2019), pp. 84-106 85

are commonly referred to as the Maxwell’s equations with the PML [19, 20]. Due to the
simplicity, the versatility, and the robust treatment of corners in the practical applications,
devising efficient numerical methods for the Maxwell’s equations with the PML attracts
a lot of interest.

It is well-known that structure-preserving methods or geometric numerical methods
have exhibited significant superiority over traditional methods in solving Hamiltonian
ordinary differential equations (ODEs) and Hamiltonian partial differential equations
(PDEs) (e.g., see Refs. [5, 13, 17, 37] and references therein). In the past few decades,
various structure-preserving schemes have been developed for the Maxwell’s equations.
In Refs. [8, 18, 23, 33, 36, 39], symplectic and multi-symplectic schemes of the Maxwell’s
equations in an isotropic, lossless and sourceless medium were proposed. In Ref. [11],
Chen et al. proposed an energy-conserved splitting method for two dimensional (2D)
Maxwell’s equations in the isotropic, lossless and sourceless medium. Further analysis
in three dimensional (3D) case was investigated in Ref. [12]. Other works on the energy-
conserved methods for the Maxwell’s equations in the isotropic, lossless and sourceless
medium can be found in Refs. [6, 7, 22].

However, since the system of the Maxwell’s equations with the PML is neither a
conservative system nor a Hamiltonian system, the energy-conserved methods, which
were developed for the Maxwell’s equations, will lose their advantages when applied di-
rectly to the Maxwell’s equations with the PML. Thus, designing the numerical schemes
for the Maxwell’s equations with the PML is challenging. In Ref. [20], by virtue of the
splitting technique, Hong, Ji and Kong proposed an energy-dissipation splitting finite-
difference time-domain (FDTD) method for the 2D Maxwell’s equations with the PML.
Subsequently, Hong and Ji [19] studied the energy evolution of multi-symplectic meth-
ods for the 3D case. In Ref. [32], Birkhoffian multi-symplectic methods for the Maxwell’s
equations with the PML were investigated by Su and Li. However, most of existing meth-
ods have low order accuracy in space and the rigorous error estimate is not established
well.

Recently, there has been growing interest in conformal methods for Hamiltonian sys-
tems with a linear damping term (e.g., see Refs. [14, 27, 29]). The conformal method pro-
vided clear advantages in preserving the conformal conservation laws and long time
simulations over standard methods [4, 29]. Other works most related to the conformal
method can be found in Refs. [24, 34, 35]. However, there has been no reference consid-
ering a conformal Fourier pseudo-spectral scheme for the Maxwell’s equations with the
PML to the best of our knowledge. It is shown that Fourier pseudo-spectral methods with
a high order accuracy have exhibited obvious superiority over the conventional finite dif-
ference method in simulating electromagnetic waves [25] and played an important role
in keeping the physical properties of primitive problems (e.g., see Refs. [10,15,30,37] and
references therein). Thus, our main attention is focusing on the following two aspects:

1. We propose a novel conformal Fourier pseudo-spectral scheme (CFPS) for the
Maxwell’s equations with the PML. We show that the proposed scheme can pre-
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serve the five conformal energy conservation laws and the conformal symplectic
conservation law of the Maxwell’s equations with the PML.

2. An optimal error estimate of the proposed scheme is established, which shows that
the scheme is of second order accuracy in time and spectral accuracy in space in
discrete L2-norm.

The outline of this paper is organized as follows. In Section 2, a conformal Hamil-
tonian system of the Maxwell’s equations with the PML is introduced and a conformal
energy-conserved scheme is proposed. In Section 3, we first show that the proposed
scheme can preserve the five discrete conformal conservation laws and the discrete sym-
plectic conservation law. Then, based on the energy method, an optimal error estimate
of the scheme is established. Some numerical experiments are presented in Section 4. We
draw some conclusions in Section 5.

2 A conformal Fourier pseudo-spectral scheme

This section has two goals. Firstly, the conformal Hamiltonian system of the Maxwell’s
equations with the PML is introduced. Secondly, the derivation of the novel conformal
energy-conserved scheme is expounded.

2.1 Conformal Hamiltonian system

The Maxwell’s equations in the isotropic, lossless and sourceless medium can be de-
scribed, as follows:





− ∂E

∂t
+

1

ǫ
∇×H=0,

∂H

∂t
+

1

µ
∇×E=0,

(2.1)

with initial conditions

E(x,y,z,0)=E0(x,y,z), H(x,y,z,0)=H0(x,y,z), (x,y,z)∈Ω⊂R
3,

where E=(Ex,Ey,Ez)T is the electric field intensity, H=(Hx,Hy,Hz)T is the magnetic field
intensity, constant scalars µ and ǫ are the magnetic permeability and the electric per-
mittivity, respectively. In this paper, we consider cuboid domain Ω= [xL,xR]×[yL ,yR]×
[zL,zR] and impose periodic boundary conditions on the boundary ∂Ω×[0,T].

In general, the perfect electric conducting boundary condition is imposed on ∂Ω×
[0,T] of (2.1). However, with the aid of the Bérenger’s PML technique [2, 3], the periodic
boundary condition is valid in practical computations. For more details, please refer to
Ref. [25].
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According to Bérenger [3], in the PML medium, each component of the electromag-
netic field is split into two parts. Then, the six components of (2.1) yield 12 subcom-
ponents denoted as Exy, Exz, Eyz, Eyx, Ezx, Ezy, Hxy, Hxz, Hyz, Hyx, Hzx, Hzy, and the
Maxwell’s equations are replaced by 12 equations,

ǫ
∂Exy

∂t
+σyExy=

∂(Hzx+Hzy)

∂y
, ǫ

∂Exz

∂t
+σzExz=−∂(Hyz+Hyx)

∂z
,

ǫ
∂Eyz

∂t
+σzEyz=

∂(Hxy+Hxz)

∂z
, ǫ

∂Eyx

∂t
+σxEyx =−∂(Hzx+Hzy)

∂x
,

ǫ
∂Ezx

∂t
+σxEzx =

∂(Hyz+Hyx)

∂x
, ǫ

∂Ezy

∂t
+σyEzy=−∂(Hxy+Hxz)

∂y
,

µ
∂Hxy

∂t
+σ∗

y Hxy=−∂(Ezx+Ezy)

∂y
, µ

∂Hxz

∂t
+σ∗

z Hxz=
∂(Eyz+Eyx)

∂z
,

µ
∂Hyz

∂t
+σ∗

z Hyz=−∂(Exy+Exz)

∂z
, µ

∂Hyx

∂t
+σ∗

x Hyx =
∂(Ezx+Ezy)

∂x
,

µ
∂Hzx

∂t
+σ∗

x Hzx =−∂(Eyz+Eyx)

∂x
, µ

∂Hzy

∂t
+σ∗

y Hzy =
∂(Exy+Exz)

∂y
, (2.2)

where the parameters (σx,σy,σz,σ∗
x ,σ∗

y ,σ∗
z ) are homogeneous to electric and magnetic con-

ductivities.
If both σx = σy = σz and σ∗

x = σ∗
y = σ∗

z = 0, we can note that (2.2) yield the classical
Maxwell’s equations (2.1). Thus, the absorbing medium defined by (2.2) holds as par-
ticular cases of all usual media (vacuum, conductive media). If both σx

ǫ =
σy

ǫ = σz
ǫ and

σ∗
x

µ =
σ∗

y

µ = σ∗
z

µ = σ̄, (2.2) reduces to





− ∂E

∂t
+

1

ǫ
∇×H−σ̄E=0,

∂H

∂t
+

1

µ
∇×E+σ̄H =0.

(2.3)

Eqs. (2.3) can be rewritten as a conformal Hamiltonian system [4, 27]

J∂tz=
δH(z)

δz
−σ̄Jz, (2.4)

where z=[HT ,ET]T,

J=

[
0 I3×3

−I3×3 0

]
,

and

H(z)=
∫

Ω

[ 1

2ǫ
HT∇×H+

1

2µ
ET∇×E

]
dxdydz
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is the helicity Hamiltonian function [1].
The merit of the conformal Hamiltonian system (2.4) is that it possesses the following

conformal Hamiltonian energy conservation law

d

dt
H=−2σ̄H, H=

∫

Ω

[ 1

2ǫ
HT∇×H+

1

2µ
ET∇×E

]
dxdydz, (2.5)

and the conformal symplectic conservation law

d

dt
ω=−2σ̄ω, ω=

∫

Ω

[
δEx∧δHx+δEy∧δHy+δEz∧δHz

]
, (2.6)

where ∧ is the wedge product.

Remark 2.1. It should be remarked that (2.4) is not valid for the 2D transverse-electric
(TE) waves in the PML medium, which will be investigated in Section 4.

In addition, (2.3) also admits the following conformal energy conservation laws.

Lemma 2.1. [32] Let Hn and En be the solutions of (2.3) and satisfy the periodic boundary
condition, then the following conformal energy conservation laws hold

d

dt
H1=−2σ̄H1, H1=

∫

Ω

[µ

2
HT H+

ǫ

2
ETE

]
dxdydz, (2.7)

d

dt
H2=−2σ̄H2, H2=

∫

Ω

[ ǫ

2
∂tE

T∂tE+
µ

2
∂tH

T∂t H
]
dxdydz, (2.8)

d

dt
H3=−2σ̄H3, H3=

∫

Ω

[
ǫ∂wET∂wE+µ∂w HT∂w H

]
dxdydz, (2.9)

d

dt
H4=−2σ̄H4, H4=

∫

Ω

[
ǫ∂twET∂twE+µ∂tw HT∂twH

]
dxdydz, (2.10)

where w= x,y, or z, and hereafter.

Remark 2.2. It is remarked that (2.7) shows that the electromagnetic energy in the Poynt-
ing’s theorem [21] dissipates exponentially along time for the Maxwell’s equations with
the PML.

Remark 2.3. As pointed out in Ref. [32], (2.3) is perhaps not always met in practical com-
putations, but it is the key condition of the PML for solving unbounded electromagnetic
problems. Therefore, the investigation of numerical methods for the Maxwell’s equations
in such special case is also very important.

2.2 Fourier pseudo-spectral approximation of the spatial derivatives

In this subsection, the Maxwell’s equations with the PML are approximated by the Fourier
pseudo-spectral method in space. Let Ωh = {(xj,yk,zm)|xj = xL+(j−1)hx , yk = yL+(k−
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1)hy, zm = zL+(m−1)hz; j=1,··· ,Nx, k=1,··· ,Ny, m=1,··· ,Nz} be a partition of Ω with

the mesh size hw = Lw
Nw

, where Lw =wR−wL and Nw is an even integers. Let Ωτ ={tn|tn =

nτ;06n6M} be a uniform partition of [0,T] with the time step τ= T
M and Ωhτ=Ωh×Ωτ.

We define

S
′′′
N =span{gj(x)gk(y)gm(z), j=1,··· ,Nx, k=1,··· ,Ny, m=1,··· ,Nz},

as the interpolation space, where gNx(x), gNy(y) and gNz(z) are trigonometric polynomi-
als of degree Nx/2, Ny/2 and Nz/2, given respectively by

gj(x)=
1

Nx

Nx/2

∑
l=−Nx/2

1

al
eilµx(x−xj), gk(y)=

1

Ny

Ny/2

∑
p=−Ny/2

1

bp
eipµy(y−yk),

gm(z)=
1

Nz

Nz/2

∑
q=−Nz/2

1

cq
eiqµz(z−zm),

with

al =





1, |l|< Nx

2
,

2, |l|= Nx

2
,

, bp=





1, |p|< Ny

2
,

2, |p|= Ny

2
,

, cq =





1, |q|< Nz

2
,

2, |q|= Nz

2
,

and µw = 2π
Lw

.

We define the interpolation operator IN : C(Ω)→S
′′′
N as follows:

INU(x,y,z,t)=
Nx

∑
j=1

Ny

∑
k=1

Nz

∑
m=1

Uj,k,mgj(x)gk(y)gm(z), (2.11)

where Uj,k,m=U(xj,yk,zm,t) and its vector form is denoted by

U=(U1,1,1,··· ,UNx,1,1,··· ,U1,Ny,1,··· ,UNx,Ny,1,··· ,U1,Ny,Nz ,··· ,UNx,Ny,Nz)
T.

Taking the first derivative with respect to x, y and z, respectively, and evaluating the
resulting expression at collocation points (xj,yk,zm), we can obtain

∂INU(xj,yk,zm,t)

∂x
=[(INz⊗ INy⊗Dx

1)U]NxNy(m−1)+Nx(k−1)+j

:=[D1U]NxNy(m−1)+Nx(k−1)+j,

∂INU(xj,yk,zm,t)

∂y
=[(INz⊗D

y
1⊗ INx)U]NxNy(m−1)+Nx(k−1)+j

:=[D2U]NxNy(m−1)+Nx(k−1)+j,

∂INU(xj,yk,zm,t)

∂z
=[(Dz

1⊗ INy⊗ INx)U]NxNy(m−1)+Nx(k−1)+j

:=[D3U]NxNy(m−1)+Nx(k−1)+j,
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where ⊗ is Kronecker product, INw is the identity matrix of dimension Nw×Nw and

(Dw
1 )j1 ,j2 =





1

2
µw(−1)j1+j2 cot(rw), j1 6= j2,

0, j1= j2,

with rw =µw
wj1

−wj2
2 , j1, j2 =1,··· ,Nw. It is easy to show that the matrices Dw

1 , D1, D2, and
D3 have the following properties:

• Dw
1 is skew-symmetric. Further, let

Λ= iµwdiag
(

0,1,··· , Nw

2
−1,0,−Nw

2
+1,··· ,−2,−1

)
, (2.12)

we have

Dw
1 =F−1

Nw
ΛFNw , (2.13)

where FNw is the matrix of DFT coefficients with entries given by (FNw)j,k =ω
−j,k
Nw

,

ωNw = ei 2π
Nw ,(F−1

Nw
)j,k =

1
Nw

ω
j,k
Nw

.

• Commutative law of multiplication

Ds1
⊗Ds2 =Ds2⊗Ds1

, s1,s2=1,2,3, and s1 6= s2. (2.14)

• Skew symmetry

DT
s3
=−Ds3 , s3=1,2,3. (2.15)

We apply the Fourier pseudo-spectral method to (2.4) in space and obtain the semi-
discrete system

d

dt

[
H

E

]
=

[
0 −I

I 0

][
∇HH̄
∇EH̄

]
−σ̄

[
H

E

]
, (2.16)

where

H̄=
1

2ǫ
HT(DH)+

1

2µ
ET(DE), (2.17)

I∈R
3d×3d, d=Nx×Ny×Nz and

D=

[ 0 −D3 D2

D3 0 −D1

−D2 D1 0

]
(2.18)

is symmetric structure matrix corresponding to the discretization of the operator ∇×.

Remark 2.4. It should note that H = (HT
x ,HT

y ,HT
z )

T, E = (ET
x ,ET

y ,ET
z )

T and the compo-
nents of the vectors Hw and Ew are the values of grid functions, which are different from
those in (2.1). Without being confused, the notations H and E are still be adopted in the
subsequent sections.
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2.3 Conformal Fourier pseudo-spectral scheme

The system (2.16) is first split as

d

dt

[
H

E

]
=

[
0 −I
I 0

][
ǫ−1DH

µ−1DE

]
, (2.19)

and

d

dt

[
H

E

]
=−σ̄

[
H

E

]
. (2.20)

Then, we solve (2.19) by a second order energy-conserved method in time

Hn+1−Hn

τ
=−µ−1D

En+1+En

2
, (2.21)

En+1−En

τ
=ǫ−1D

Hn+1+Hn

2
. (2.22)

Eqs. (2.20) are integrated exactly

H(t)= e−σ̄tH(0), E(t)= e−σ̄tE(0). (2.23)

Finally, by virtue of the Strang splitting, which was firstly proposed in Ref. [31], and
further developed and analyzed in Refs. [17, 26, 28], we can obtain

e
σ̄τ
2 Hn+1−e−

σ̄τ
2 Hn

τ
=−µ−1D

e
σ̄τ
2 En+1+e−

σ̄τ
2 En

2
, (2.24)

e
σ̄τ
2 En+1−e−

σ̄τ
2 En

τ
= ε−1D

e
σ̄τ
2 Hn+1+e−

σ̄τ
2 Hn

2
, (2.25)

which is referred to as our conformal Fourier pseudo-spectral (CFP) scheme.

Remark 2.5. The conformal Hamiltonian system (2.4) is incorrect for the 2D transverse-
electric (TE) waves in the PML medium, but the proposed scheme (2.24)-(2.25) are valid.

3 Numerical analysis

In this section, we first show that the scheme (2.24)-(2.25) can preserve the discrete con-
formal symplectic conservation law and the five discrete conformal energy conservation
laws. Then, an optimal error estimate of the scheme (2.24)-(2.25) is established in discrete
L2-norm.
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3.1 Conservation of the scheme

Let {Un
j,k,m, Vn

j,k,m|j=1,··· ,Nx, k=1,··· ,Ny,m=1,··· ,Nz, 06n6M} be two mesh functions

defined on Ωhτ. We define the discrete inner products and norms by

〈Un,V n〉h=
Nx

∑
j=1

Ny

∑
k=1

Nz

∑
m=1

Uj,k,mVj,k,mhxhyhz, ||Un||2h = 〈Un,Un〉h.

For vectors Un=[(Un
x )

T,(Un
y )

T,(Un
z )

T]T and V n=[(V n
x )

T,(V n
y )

T,(V n
z )

T]T, the correspond-
ing inner product and discrete norms are

〈Un,V n〉h = 〈Un
x ,V n

x 〉h+〈Un
y ,V n

y 〉h+〈Un
z ,V n

z 〉h,

||Un||2h = 〈Un
x ,Un

x 〉h+〈Un
y ,Un

y 〉h+〈Un
z ,Un

z 〉h.

Further, we define the following semi-norms

||Un||Dx
1 ,h = 〈D1Un,D1Un〉1/2

h , ||Un||Dy
1 ,h= 〈D2Un,D2Un〉1/2

h ,

||Un||Dz
1 ,h= 〈D3Un,D3Un〉1/2

h ,

for grid function and

||Un||2Dw
1 ,h= ||Un

x ||2Dw
1 ,h+||Un

y ||2Dw
1 ,h+||Un

z ||2Dw
1 ,h,

for grid vector function Un =[(Un
x )

T,(Un
y )

T,(Un
z )

T]T.

Theorem 3.1. The solutions Hn and En of (2.24)-(2.25) can preserve the discrete conformal
symplectic structure

ωn+1= e−2σ̄τωn, ωn =dEn∧dHn, n=0,··· ,M−1, (3.1)

where

dEn∧dHn =dEn
x∧dHn

x +dEn
y∧dHn

y +dEn
z ∧dHn

z ,

dEn
w∧dHn

w =
Nx

∑
j=1

Ny

∑
k=1

Nz

∑
m=1

dEn
wj,k,m

∧dHn
wj,k,m

.

Proof. We rewrite (2.24)-(2.25) as

[
0 I

−I 0

][
e

σ̄τ
2 Hn+1−e−

σ̄τ
2 Hn

τ

e
σ̄τ
2 En+1−e−

σ̄τ
2 En

τ

]
=

[
ǫ−1D 0

0 µ−1D

][
e

σ̄τ
2 Hn+1+e−

σ̄τ
2 Hn

2

e
σ̄τ
2 En+1+e−

σ̄τ
2 En

2

]
. (3.2)
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The variational equations associated with (3.2) read

[
0 I

−I 0

][
e

σ̄τ
2 dHn+1−e−

σ̄τ
2 dHn

τ

e
σ̄τ
2 dEn+1−e−

σ̄τ
2 dEn

τ

]
=

[
ǫ−1D 0

0 µ−1D

][
e

σ̄τ
2 dHn+1+e−

σ̄τ
2 dHn

2

e
σ̄τ
2 dEn+1+e−

σ̄τ
2 dEn

2

]
. (3.3)

Taking the discrete wedge product of (3.3) with

[
e

σ̄τ
2 dHn+1+e−

σ̄τ
2 dHn

2

e
σ̄τ
2 dEn+1+e−

σ̄τ
2 dEn

2

]
and noting the fact

[
e

σ̄τ
2 dHn+1+e−

σ̄τ
2 dHn

2

e
σ̄τ
2 dEn+1+e−

σ̄τ
2 dEn

2

]
∧
[

ǫ−1D 0
0 µ−1D

][
e

σ̄τ
2 dHn+1+e−

σ̄τ
2 dHn

2

e
σ̄τ
2 dEn+1+e−

σ̄τ
2 dEn

2

]
=0, (3.4)

we finish the proof.

Theorem 3.2. The solutions Hn and En of (2.24)-(2.25) satisfy the discrete conformal energy
conservation law

En+1
1 = e−2σ̄τEn

1 , En
1 =

1

2ǫ
〈Hn,DHn〉h+

1

2µ
〈En,DEn〉h, n=0,··· ,M−1, (3.5)

Proof. We rewrite (2.24)-(2.25) as

[
e

σ̄τ
2 Hn+1−e−

σ̄τ
2 Hn

τ

e
σ̄τ
2 En+1−e−

σ̄τ
2 En

τ

]
=

[
0 −D

D 0

][
e

σ̄τ
2 Hn+1+e−

σ̄τ
2 Hn

2ǫ

e
σ̄τ
2 En+1+e−

σ̄τ
2 En

2µ

]

=

[
0 −I

I 0

][
D e

σ̄τ
2 Hn+1+e−

σ̄τ
2 Hn

2ǫ

D e
σ̄τ
2 En+1+e−

σ̄τ
2 En

2µ

]
. (3.6)

Taking the inner product of (3.6) with

[
D e

σ̄τ
2 Hn+1+e−

σ̄τ
2 Hn

2ǫ

D e
σ̄τ
2 En+1+e−

σ̄τ
2 En

2µ

]
, we can obtain (3.5).

Theorem 3.3. The solutions Hn and En of (2.24)-(2.25) satisfy the discrete conformal energy
conservation law

En+1
2 = e−2σ̄τEn

2 , En
2 =

µ

2
||Hn||2h+

ǫ

2
||En||2h, n=0,··· ,M−1. (3.7)

Proof. Making the inner product of (3.6) with

[
µ e

σ̄τ
2 Hn+1+e−

σ̄τ
2 Hn

2

ǫ e
σ̄τ
2 En+1+e−

σ̄τ
2 En

2

]
, we can finish the

proof.

From Theorem 3.3, we can obtain the following stability theorem.
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Corollary 3.1. The proposed scheme (2.24)-(2.25) is unconditionally stable.

Theorem 3.4. The solutions Hn and En of (2.24)-(2.25) satisfy the discrete conformal energy
conservation law

En+1
3 = e−2σ̄τEn

3 , En
3 =

µ

2
||δ̂t H

n−1/2||2h+
ǫ

2
||δ̂tE

n−1/2||2h, n=1,··· ,M−1, (3.8)

where δ̂tE
n−1/2= En−En−1

τ and δ̂tH
n−1/2= Hn−Hn−1

τ .

Proof. By simple calculations, we can deduce from (2.24)-(2.25) that

[
µ e

σ̄τ
2 δ̂t H

n+1
2 −e−

σ̄τ
2 δ̂t H

n− 1
2

τ

ǫ e
σ̄τ
2 δ̂tE

n+ 1
2 −e−

σ̄τ
2 δ̂tE

n− 1
2

τ

]
=

[
0 −D

D 0

][
e

σ̄τ
2 δ̂t H

n+ 1
2 +e−

σ̄τ
2 δ̂t H

n− 1
2

2

e
σ̄τ
2 δ̂tE

n+ 1
2 +e−

σ̄τ
2 δ̂tE

n− 1
2

2

]
. (3.9)

Computing the inner product of (3.9) with

[
e

σ̄τ
2 δ̂t H

n+ 1
2 +e−

σ̄τ
2 δ̂t H

n− 1
2

2

e
σ̄τ
2 δ̂tE

n+ 1
2 +e−

σ̄τ
2 δ̂tE

n− 1
2

2

]
, we finish the proof.

Let block diagonal matrices

Mx =

[
D1

D1

D1

]
, My=

[
D2

D2

D2

]
, Mz =

[
D3

D3

D3

]
.

It follows from (2.14) that MwD=DMw. Thus, we can see from (2.24)-(2.25) that

[
µ e

σ̄τ
2 Mw Hn+1−e−

σ̄τ
2 Mw Hn

τ

ǫ e
σ̄τ
2 MwEn+1−e−

σ̄τ
2 MwEn

τ

]
=

[
0 −D

D 0

][
e

σ̄τ
2 Mw Hn+1+e−

σ̄τ
2 MwHn

2

e
σ̄τ
2 MwEn+1+e−

σ̄τ
2 MwEn

2

]
. (3.10)

By the similar argument to Theorems 3.3 and 3.4, we can deduce the following con-
formal energy-conserved laws from (3.10).

Theorem 3.5. The solutions Hn and En of (2.24)-(2.25) possess the discrete conformal energy
conservation laws

En+1
4w

= e−2σ̄τEn
4w

, En
4w
=µ||Hn ||2Dw

1 ,h+ǫ||En||2Dw
1 ,h, n=0,··· ,M−1, (3.11)

and

En+1
5w

= e−2σ̄τEn
5w

, En
5w
=µ||δ̂t H

n−1/2||2Dw
1 ,h+ǫ||δ̂tE

n−1/2||2Dw
1 ,h, n=1,··· ,M−1. (3.12)
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3.2 Error estimate

In this subsection, we will establish an optimal error estimate for the CFP scheme. For
simplicity, we only consider the cuboid domain Ω=[0,2π]3, more general cuboid domain
can be translated into Ω. For any positive integer r, the semi-norm and the norm of Hr(Ω)
are denoted by |·|r and ‖·‖r respectively. ‖·‖0 is denoted by ‖·‖ for sake of brevity. Let
C∞

p be the set of infinitely differentiable functions with period 2π defined on Ω for all
variables, and Hr

p(Ω) is the closure of C∞
p in Hr(Ω). Let Nx =Ny =Nz =N (i.e., hx =hy =

hz =h), the interpolation space S
′′′
N can be written as

S
′′′
N =

{
u|u= ∑

|j|,|k|,|m|≤ N
2

ûj,k,m

cjckcm
ei(jx+ky+mz) : û N

2 ,k,m = û− N
2 ,k,m,

ûj, N
2 ,m= ûj,− N

2 ,m, ûj,k, N
2
= ûj,k,− N

2

}
,

where cl =1, |l|< N
2 , c− N

2
= c N

2
=2.

We introduce the projection space

SN =
{

u|u= ∑
|j|,|k|,|m|≤ N

2

ûj,k,mei(jx+ky+mz)
}

.

It is obvious that SN−2 ⊆ S
′′′
N ⊆ SN . We denote PN : L2(Ω)→ SN as the orthogonal

projection operator and recall the interpolation operator IN : C(Ω)→S
′′′
N . It is easy to see

that PN and IN satisfy [16]:

1. PN∂wu=∂wPNu, IN∂wu 6=∂w INu; (3.13)

2. PNu=u, ∀u∈SN , INu=u, ∀u∈S
′′′
N . (3.14)

Lemma 3.1. [7] For u∈ [S
′′′
N ]

3, ‖u‖6‖u‖h 62
√

2‖u‖.

Lemma 3.2. [9] If 06α6r and u∈ [Hr
p(Ω)]3, then

‖PNu−u‖α6CNα−r|u|r, (3.15)

and in addition if r>3/2 then

‖INu−u‖α6CNα−r|u|r. (3.16)

Theorem 3.6. We assume that the exact solutions (H,E) of (2.3) are smooth enough: eσ̄tH, eσ̄tE∈
C3

(
0,T;[Hr

p(Ω)]3
)
,r> 3

2 . Then, there exists a positive constant C independent of τ and h, such
that the numerical solutions (Hn,En) of (2.24)-(2.25) satisfy

(
µ‖H(tn)−Hn‖2

h+ǫ‖E(tn)−En‖2
h

) 1
2 6CTe−σ̄tn(τ2+N−r), 06n6M. (3.17)
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Proof. We rewrite (2.3) as

µ∂t(e
σ̄tH)+∇×(eσ̄tE)=0, ǫ∂t(e

σ̄tE)−∇×(eσ̄tH)=0. (3.18)

Let

E∗=PN−2E, H∗=PN−2H,

where PN−2 denotes the orthogonal projection operator from L2(Ω) to SN−2. The projec-
tion equations of (3.18) are written as

µ∂t(e
σ̄tH∗)+∇×(eσ̄tE∗)=0, ǫ∂t(e

σ̄tE∗)−∇×(eσ̄tH∗)=0. (3.19)

Let

ξn+ 1
2 =µ

e
σ̄τ
2 (H∗)n+1−e−

σ̄τ
2 (H∗)n

τ
+∇× e

σ̄τ
2 (E∗)n+1+e−

σ̄τ
2 (E∗)n

2
, (3.20)

ηn+ 1
2 =ǫ

e
σ̄τ
2 (E∗)n+1−e−

σ̄τ
2 (E∗)n

τ
−∇× e

σ̄τ
2 (H∗)n+1+e−

σ̄τ
2 (H∗)n

2
. (3.21)

Making use of Lemma 3.2, (3.18), and the Taylor’s expansion, we have

‖ξn+ 1
2 ‖6Ce

−σ̄t
n+ 1

2 (τ2+N−r), n=0,··· ,M−1. (3.22)

By noting ξn+ 1
2 ∈ [S

′′′
N ]

3 and Lemma 3.1, we can prove that

‖ξn+ 1
2 ‖h6Ce

−σ̄t
n+ 1

2 (τ2+N−r). (3.23)

Similarly, we have

‖ηn+ 1
2 ‖h6Ce

−σ̄t
n+ 1

2 (τ2+N−r), n=0,··· ,M−1. (3.24)

Thus, it follows from (3.23) and (3.24) that

(‖e
σ̄t

n+ 1
2 ξn+ 1

2 ‖2
h+‖e

σ̄t
n+ 1

2 ηn+ 1
2 ‖2

h)
1
2 6C(τ2+N−r), (3.25)

where the inequation
√

a2+b26 a+b, ∀a,b>0 is used.

Note that if Ũ∗∈S
′′′
N , we have

∂xŨ∗(xj,yk,zm)=∂x[INŨ∗(xj,yk,zm)]= [D1Ũ∗]NxNy(m−1)+Nx(k−1)+j,

∂yŨ∗(xj,yk,zm)=∂y[INŨ∗(xj,yk,zm)]= [D2Ũ∗]Nx Ny(m−1)+Nx(k−1)+j,

∂zŨ∗(xj,yk,zm)=∂z[INŨ∗(xj,yk,zm)]= [D3Ũ∗]NxNy(m−1)+Nx(k−1)+j,
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where

Ũ∗=(Ũ∗
1,1,1,··· ,Ũ∗

Nx,1,1,··· ,Ũ∗
1,Ny,1,··· ,Ũ∗

Nx,Ny,1,··· ,Ũ∗
1,Ny,Nz

,··· ,Ũ∗
Nx,Ny,Nz

)T.

Recall that E∗, H∗∈S
′′′
N , we can get

ξn+ 1
2 =µ

e
σ̄τ
2 (H∗)n+1−e−

σ̄τ
2 (H∗)n

τ
+D

e
σ̄τ
2 (E∗)n+1+e−

σ̄τ
2 (E∗)n

2
, (3.26)

ηn+ 1
2 =ǫ

e
σ̄τ
2 (E∗)n+1−e−

σ̄τ
2 (E∗)n

τ
−D

e
σ̄τ
2 (H∗)n+1+e−

σ̄τ
2 (H∗)n

2
, (3.27)

where the components of the above vectors are the values of grid functions.
We define the error functions

E1
n =(H∗)n−Hn, E2

n=(E∗)n−En, n=0,··· ,M. (3.28)

Subtracting (2.24)-(2.25) from (3.26)-(3.27) respectively, and we can obtain the error equa-
tions as follows

ξn+ 1
2 =µ

e
σ̄τ
2 E1

n+1−e−
σ̄τ
2 E1

n

τ
+D

e
σ̄τ
2 E2

n+1+e−
σ̄τ
2 E2

n

2
, (3.29)

ηn+ 1
2 =ǫ

e
σ̄τ
2 E2

n+1−e−
σ̄τ
2 E2

n

τ
−D

e
σ̄τ
2 E1

n+1+e−
σ̄τ
2 E1

n

2
. (3.30)

Computing the inner product of (3.29) and (3.30) with e
σ̄τ
2 E1

n+1+e−
σ̄τ
2 E1

n and e
σ̄τ
2 E2

n+1+

e−
σ̄τ
2 E2

n, respectively, and then adding them up, we can gain the following energy iden-
tity

‖√µeσ̄tn+1E1
n+1− τ

2
√

µ
e

σ̄t
n+ 1

2 ξn+ 1
2 ‖2

h+‖
√

ǫeσ̄tn+1 E2
n+1− τ

2
√

ǫ
e

σ̄t
n+ 1

2 ηn+ 1
2 ‖2

h

=‖√µeσ̄tn E1
n+

τ

2
√

µ
e

σ̄t
n+ 1

2 ξn+ 1
2 ‖2

h+‖
√

ǫeσ̄tn E2
n+

τ

2
√

ǫ
e

σ̄t
n+ 1

2 ηn+ 1
2 ‖2

h. (3.31)

With the triangle inequality of the norm and (3.31), we can get

(
‖√µeσ̄tn+1E1

n+1‖2
h+‖

√
ǫeσ̄tn+1E2

n+1‖2
h

) 1
2
6

(
‖√µeσ̄tn+1 E1

n+1− τ

2
√

µ
e

σ̄t
n+ 1

2 ξn+ 1
2 ‖2

h

+‖
√

ǫeσ̄tn+1 E2
n+1− τ

2
√

ǫ
e

σ̄t
n+ 1

2 ηn+ 1
2 ‖2

h

) 1
2
+

τ

2

(
‖ 1√

µ
e

σ̄t
n+ 1

2 ξn+ 1
2 ‖2

h+‖ 1√
ǫ

e
σ̄t

n+ 1
2 ηn+ 1

2 ‖2
h

) 1
2

=
(
‖√µeσ̄tn E1

n+
τ

2
√

µ
e

σ̄t
n+ 1

2 ξn+ 1
2 ‖2

h+‖
√

ǫeσ̄tn E2
n+

τ

2
√

ǫ
e

σ̄t
n+ 1

2 ηn+ 1
2 ‖2

h

) 1
2

+
τ

2

(
‖ 1√

µ
e

σ̄t
n+ 1

2 ξn+ 1
2 ‖2

h+‖ 1√
ǫ

e
σ̄t

n+ 1
2 ηn+ 1

2 ‖2
h

) 1
2

6

(
‖√µeσ̄tn E1

n‖2
h+‖

√
ǫeσ̄tn E2

n‖2
h

) 1
2
+τ

(
‖ 1√

µ
e

σ̄t
n+ 1

2 ξn+ 1
2 ‖2

h+‖ 1√
ǫ

e
σ̄t

n+ 1
2 ηn+ 1

2 ‖2
h

) 1
2
.
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Recursively, applying the above inequality from time level n to 0, we obtain

(
‖√µeσ̄tn E1

n‖2
h+‖

√
ǫeσ̄tn E2

n‖2
h

) 1
2

6

(
‖√µE1

0‖2
h+‖

√
ǫE2

0‖2
h

) 1
2
+

n−1

∑
l=0

τ
(
‖ 1√

µ
e

σ̄t
l+ 1

2 ξ l+ 1
2 ‖2

h+‖ 1√
ǫ

e
σ̄t

l+ 1
2 ηl+ 1

2 ‖2
h

) 1
2
. (3.32)

With the use of H0=H(0), E0=E(0), we can prove

‖E1
0‖h =‖H(0)−H∗(0)‖h

=‖IN(H(0)−H(0)∗)‖h

62
√

2‖IN(H(0)−H(0)∗)‖
62

√
2(‖IN H(0)−H(0)‖+‖H(0)−H(0)∗‖)6CN−r,

and

‖E2
0‖h =‖E(0)−E∗(0)‖h

=‖IN(E(0)−E(0)∗)‖h

62
√

2‖IN(E(0)−E(0)∗)‖
62

√
2(‖IN E(0)−E(0)‖+‖E(0)−E(0)∗‖)6CN−r,

which further imply that

(‖√µE1
0‖2

h+‖
√

ǫE2
0‖2

h)
1
2 6CN−r, (3.33)

where Lemmas 3.1 and 3.2 are used.
By noting nτ<T and we can deduce from (3.25), (3.32) and (3.33) that

(
‖√µE1

n‖2
h+‖

√
ǫE2

n‖2
h

) 1
2
6CTe−σ̄tn(τ2+N−r). (3.34)

Making use of (3.34) and the inequation, a+b6
√

2a2+2b2, ∀a,b>0, we can obtain

‖√µE1
n‖h+‖

√
ǫE2

n‖h6CTe−σ̄tn(τ2+N−r). (3.35)

With Lemmas 3.1, 3.2 and (3.35), the following error estimate can be established

(
µ‖H(tn)−Hn‖2

h+ǫ‖E(tn)−En‖2
h

) 1
2

6
√

µ‖H(tn)−Hn‖h+
√

ǫ‖E(tn)−En‖h

6
√

µ‖H(tn)−PN−2H(tn)‖h+‖√µE1
n‖h

+
√

ǫ‖E(tn)−PN−2E(tn)‖h+‖
√

ǫE2
n‖h

6CTe−σ̄tn(τ2+N−r). (3.36)

The proof is completed.
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Remark 3.1. It is remarked that when σ̄=0, the optimal error estimate in discrete L2-norm
is established for the energy-conserved method of the Maxwell’s equation (2.1).

4 Numerical experiments

In this section, we will investigate the numerical behavior of the proposed scheme (2.24)-
(2.25) presented in Section 2. The rate of convergence and the five discrete conformal
energy conservation laws are investigated in detail. All diagrams presented below refer
to the numerical integration of (2.3) with µ= ǫ=1. In addition, the fast solver presented
in Ref. [22] is employed to solve the linear equations of (2.24)-(2.25) efficiently.

In order to evaluate the numerical errors, for a fixed n, the following formulas are
used

L∞=max
{

µmax
j,k,m

|H(tn)−Hn|, ǫmax
j,k,m

|E(tn)−En|
}

, (4.1)

and

L2=
(
µ‖H(tn)−Hn‖2

h+ǫ‖E(tn)−En‖2
h

) 1
2 . (4.2)

The convergence rate, for a fixed n, is defined as

Rate=
ln(error1/error2)

ln(τ1/τ2)
, (4.3)

where τl,errorl1 ,(l1=1,2) are step sizes and errors with the step size τl1 , respectively.

Further, for a fixed n, errors on the total conformal energies are calculated by using
formulas

Ern
l2
= |En

l2
−e−2σ̄nτE0

l2
|, l2=1,2,3, (4.4)

and

Ern
l̃w
= |En

l̃w
−e−2σ̄nτE0

l̃w
|, l̃=4,5. (4.5)

4.1 2D Maxwell’s equations with the PML

Firstly, we will focus on the rate of convergence and the conformal energy conservation
laws of the 2D Maxwell’s equations with the PML. Furthermore, some comparisons be-
tween the conformal Fourier pseudo-spectral scheme (CFPS) and the Birkhoffian multi-
symplectic scheme (BMSS) [32] are displayed. The 2D Maxwell’s equations with the
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PML for transverse-electric (TE) waves are

∂Ex

∂t
=

1

ǫ

∂Hz

∂y
−σ̄Ex, (4.6)

∂Ey

∂t
=−1

ǫ

∂Hz

∂x
−σ̄Ey, (4.7)

∂Hz

∂t
=

1

µ

(∂Ex

∂y
− ∂Ey

∂x

)
−σ̄Hz. (4.8)

Eqs. (4.6)-(4.8) admit the following analytic solutions (µ=ǫ=1)

Ex=

√
2

2
e−σ̄t cos(2

√
2πt)cos(2πx)sin(2πy), (4.9)

Ey=−
√

2

2
e−σ̄tcos(2

√
2πt)sin(2πx)cos(2πy), (4.10)

Hz= e−σ̄t sin(2
√

2πt)cos(2πx)cos(2πy). (4.11)

We set the analytic solutions (4.9)-(4.11) at t=0 on the domain Ω=[0,1]×[0,1] as initial
conditions. Table 1 shows the temporal errors and the convergence rates of the different
schemes with σ̄ = 0.1 and Nx = Ny = 1024 at T = 1. The spatial errors and the conver-
gence rates are investigated in Table 2. As illustrated in Table 1, all of the methods are
second order of convergence rate in time, which confirms the theoretical analysis. From
Table 2, it is easy to see that the spatial error of the CFPS is very small and almost neg-
ligible, and the error is dominated by the time discretization error. It confirms that, for
sufficiently smooth problems, the Fourier pseudo-spectral method is of arbitrary order
of accuracy. However, the BMS scheme admits relatively large error. The CPU times of
different schemes at different spatial steps with τ = 10−6, σ̄= 0.1 and T = 1 are showed
in Table 3. It is clear to see that the CFPS is more efficient than the BMSS. In Fig. 1,
we investigate the errors on the conformal energy conservation laws of the CFP and BMS

Table 1: The temporal errors and convergence rates of different schemes with σ̄= 0.1 and Nx = Ny = 1024 at
T=1.

Scheme τ L2 Rate L∞ Rate

CFPS 0.02 1.0530e-02 - 1.7947e-02 -

0.01 2.6420e-03 1.9949 4.5268e-03 1.9872

0.005 6.6108e-04 1.9987 1.1342e-03 1.9968

0.0025 1.6531e-04 1.9997 2.8371e-04 1.9992

BMSS [32] 0.02 1.0518e-02 - 1.7926e-02 -

0.01 2.6294e-03 2.0000 4.5053e-03 1.9923

0.005 6.4848e-04 2.0196 1.1126e-03 2.0177

0.0025 1.5270e-04 2.0864 2.6207e-04 2.0859
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Table 2: The spatial errors and convergence rates of different schemes at different spatial steps with σ̄= 0.1
and τ=10−6 and T=1.

Scheme Nx×Ny L2 Rate L∞ Rate

CFPS 16× 16 1.2478e-010 - 1.6971e-010 -

32× 32 1.1263e-010 - 1.5875e-010 -

64× 64 1.3661e-010 - 1.8197e-010 -

BMSS [32] 16× 16 5.2442e-02 - 9.2982e-02 -

32× 32 1.2965e-02 2.0161 2.2442e-02 2.0507

64× 64 3.2320e-03 2.0041 5.5593e-03 2.0132

Table 3: The CPU times of different schemes with σ̄=0.1 and τ=10−6 at T=1.

Nx×Ny CFPS BMSS [32]

8× 8 143.9 s 154.7 s

16× 16 377.9 s 414.4 s

32× 32 1343.9 s 1447.2 s
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Figure 1: The errors on the conformal energy conservation laws over the time interval t∈ [0,20] with σ̄= 0.1,
Nx =Ny =128 and τ=0.01: (a) Er2, (b) Er3, (c) Er4x

, (d) Er5x
.
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schemes with Nx=Ny=128, τ=0.01 and σ̄=0.1. Numerical results show that the CFP and
BMS schemes can preserve the conformal energies exactly. Since Er4y and Er5y are close
to Er4x

and Er5x , respectively, the values of Er4y
and Er5y are not displayed. Moreover,

it has shown that both the popular exponential FDTD Yee’s scheme [2] and the tradi-
tional multi-symplectic scheme can only approximately preserve the conformal energy
conservation laws [32], which implies that the CFP scheme provides distinct advantages
in preserving the conformal conservation laws than the exponential FDTD Yee’s scheme
and the multi-symplectic scheme.

4.2 3D Maxwell’s equations with the PML

Then, the proposed scheme (2.24)-(2.25) is employed to solve the 3D Maxwell’s equations
with the PML. The 3D Maxwell’s equations with the PML admit the analytic solutions,
as follows:

Ex =
ky−kz

ǫ
√

µw
e−σ̄t cos(wπt)cos(kxπx)sin(kyπy)sin(kzπz), (4.12)

Hx = e−σ̄t sin(wπt)sin(kxπx)cos(kyπy)cos(kzπz), (4.13)

Ey =
kz−kx

ǫ
√

µw
e−σ̄t cos(wπt)sin(kxπx)cos(kyπy)sin(kzπz), (4.14)

Hy = e−σ̄t sin(wπt)cos(kxπx)sin(kyπy)cos(kzπz), (4.15)

Ez =
kx−ky

ǫ
√

µw
e−σ̄t cos(wπt)sin(kxπx)sin(kyπy)cos(kzπz), (4.16)

Hz = e−σ̄t sin(wπt)cos(kxπx)cos(kyπy)sin(kzπz), (4.17)

where kx =1,ky =2,kz =−3, µ=ǫ=1, and w=(k2
x+k2

y+k2
z)/(ǫµ).

We set the analytic solutions (4.12)-(4.17) at t=0 on the domain Ω=[0,2]×[0,2]×[0,2]
as initial conditions. Table 4 shows the temporal error and convergence rate of the CFP
scheme with σ̄=0.1 and Nx=Ny=Nz=64 at T=1. It is clear that the CFP scheme is second
order of convergence rate in time. The spatial error of the CFP scheme with τ = 10−5 at
T=1 are displayed in Table 5. We find that, similarly to the Section 4.1, the spatial error is
very small and dominated by the time discretization error. It verifies again the fact that,

Table 4: The temporal error and convergence order of the CFP scheme with σ̄=0.1 and Nx =Ny =Nz=64 at
T=1.

τ L2 Rate L∞ Rate

0.01 2.1168e-02 - 1.1923e-02 -

0.005 5.3004e-03 1.9978 2.9711e-03 2.0046

0.0025 1.3256e-03 1.9994 7.4218e-04 2.0012

0.00125 3.3143e-04 1.9999 1.8551e-04 2.0002
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Table 5: The spatial error of the CFP scheme with σ̄=0.1 and τ=10−5 at T=1.

Nx×Ny×Nz L2 L∞

8× 8 × 8 2.1212e-08 1.1838e-08

16× 16 × 16 2.1212e-08 1.1841e-08

32× 32 × 32 2.1212e-08 1.1844e-08

for the sufficiently smooth problem, the CFP scheme is of arbitrary order of accuracy in
space. The errors on the five discrete conformal energies over the time interval t∈ [0,20]
with σ̄=0.1, Nx =Ny =Nz =32 and τ=0.01 are presented in Fig. 2. It is obvious that the
conformal energy conservation laws can be preserved exactly by our scheme.

5 Concluding remarks

In this paper, we have developed a novel conformal Fourier pseudo-spectral (CFP)
method for the Maxwell’s equations with the PML. We show that the CFP scheme is
unconditionally stable and preserves the discrete conformal symplectic conservation law
as well as the five discrete conformal energy conservative laws. Furthermore, with the
aid of the energy method, we establish the optimal error estimate of the CFP scheme at
the order of O(τ2+N−r) in discrete L2-norm, where τ is the time step and N is the collo-
cation points used in the spectral method. Numerical results verify the theoretical anal-
ysis. In addition, compared with the Birkhoffian multi-symplectic scheme, our scheme
is more efficient and provides smaller error in space. Due to the fact that the system
of the Maxwell’s equations with the PML is not a Hamiltonian system with a constant
structure matrix, the sixth order energy-conserved method presented in Ref. [22] cannot
be generalized directly to the Maxwell’s equations with the PML. Therefore, develop-
ing a conformal energy-conserved scheme with a sixth order accuracy for the Maxwell’s
equations with the PML will be the subject of our future research.
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Figure 2: The errors on the conformal energy conservation laws over the time interval t∈ [0,20] with σ̄= 0.1,
Nx =Ny =Nz=32 and τ=0.01.

References

[1] N. Anderson and A.M. Arthurs. Helicity and variational principles for Maxwell’s equations.
Int. J. Electron., 54:861–864, 1983.
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