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Abstract. A nonconforming rectangular finite element method is proposed to solve
a fluid structure interaction problem characterized by the Darcy-Stokes-Brinkman
Equation with discontinuous coefficients across the interface of different structures.
A uniformly stable mixed finite element together with Nitsche-type matching condi-
tions that automatically adapt to the coupling of different sub-problem combinations
are utilized in the discrete algorithm. Compared with other finite element methods
in the literature, the new method has some distinguished advantages and features.
The Boland-Nicolaides trick is used in proving the inf-sup condition for the multi-
domain discrete problem. Optimal error estimates are derived for the coupled prob-
lem by analyzing the approximation errors and the consistency errors. Numerical
examples are also provided to confirm the theoretical results.
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1. Introduction

There are many applications of the fluid structure interaction between a fluid flow
and a porous media, a fluid flow and another fluid flow, or a porous media and another
porous media with different physical parameters. In this paper, we consider such a fluid
structure interaction problem that is modeled by the Darcy-Stokes-Brinkman equations,

nm+V-(pI—vVu) =f, V- -u=0, zeQcR? ae., (1.1)
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Nonconforming FEM for Darcy-Stokes-Brinkman Flows 23

where u(x) is the velocity, p(z) is the pressure, and f (x) is an external force. We
assume that v(x) and n(z) are nonnegative coefficients satisfying v(z) + n(z) = p(z)
with 0 < m < p(z) < M a.e. on 2. Note that if = 0, the equations become a Stokes
flow while it is a Darcy flow if v = 0, see Figure 1 for an illustration of different set-up
of our interest in this paper. We use the non-slip boundary condition if the part of the
boundary 02 bordered with the flow with v > 0, otherwise we use u - n = 0, where n
is the normal direction.

Without loss of generality, we refer to normalized coefficients such that m <1 < M.
In this case, the ratio M /m > 1 quantifies the spatial heterogeneity of the problem. We
also denote f (x) as a vector-valued forcing term and I as the identity matrix. When
both v(z) and n(z) are positive for any = € €, equation (1.1), complemented with
boundary conditions, represents a standard problem called a generalized Stokes equa-
tion. In this paper, we are interested in the local singular limit case, i.e., when v(z) — 0
or n(z) — 0 in a sub-region of the domain. In the case of v(z) = 0, a rigorous formu-
lation of problem (1.1) requires us to differentiate between Stokes and Darcy subprob-
lems and to introduce interface conditions. The aim of this work is to provide a finite
element discretization scheme for the local singular limit cases. This will be achieved
starting from the multi-domain formulation (2.1)-(2.7).

Darcy Stokes Stokes
vi=0 n=0 n=0
ni¢r|j vi:tvj

ij rij j

Darcy Stokes Darcy

vzo n=0 V=0

Figure 1: Diagrams of the fluid-structure interaction problem with three typical couplings.

There is rich literature on the coupling of viscous and inviscid sub-problems and
applications [1,2,5,9-13,15-17,19-21, 23-26, 30, 31]. It is desirable to develop a
unified discretization framework for the problem. One difficulty is the treatment of
interface conditions. Various approaches have been developed in the literature includ-
ing Lagrange multipliers and mortar elements to satisfy the discrete interface condi-
tions [5, 16,20, 21, 25]. Generalizing the analysis in [9], D’angelo and Zunino [12]
do with the coupling based on matching conditions due to the Nitsche method. This
scheme is also particularly effective for the treatment of realistic applications, because
interface conditions of practical interest, such as the ones proposed by Beavers and
Joseph [3] and Saffman [27] for the coupling of free flows with porous media can
naturally be embedded into the scheme. A finite difference approach that utilizes fast
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Poisson solvers is proposed in [22].

It is challenging to design finite elements that are robust and optimally conver-
gent for both viscous and inviscid problems. To guarantee the convergence, the dis-
cretization of viscous problems requires the inf-sup condition for the velocity and pres-
sure spaces, while for inviscid problems some control of the divergence of velocities
is also necessary. This difficulty was addressed in [23], where a new nonconforming
element with nine degrees of freedom was proposed. The stabilized method is used
in [9,12,15,26] to construct the unified stable mixed element. Recently, an article [32]
by Zhang et al. propose a uniformly stable nonconforming rectangular element for vis-
cous and inviscid problems that is simpler than that of [23]. In [29] and [28], Wang et
al. and Shi et al. use this element for the planar elasticity problem and the conduction-
convection problem respectively.

In this paper, we use a uniformly stable nonconforming rectangular mixed element
with a weighted interior penalty formulation that automatically adapts to the coupling
of different combinations of the heterogeneous problem. This non-conforming mixed
element is the lowest order stable finite element for the coupled problems. Thus it is rel-
atively easier to construct and implement compared with other approaches. Compared
with the work in [12], our method has no stabilized term for the pressure. The analysis
is following the similar procedure as that in [12]. But we use a different nonconform-
ing finite element that alternate the proof to some extent. Another difference is that
we construct a new auxiliary function in Section 4. In the numerical experiments, we
considered three cases: Darcy-Darcy, Stokes-Stokes, Stokes-Darcy couplings, and their
discrete meshes are non-matching on the common interface.

This paper is organized as follows. In §2, we introduce the multi-domain formula-
tion and its weak formulation. In §3, we present a nonconforming rectangular finite
element discretization. In §4, we derive the discrete inf-sup condition and the error
estimates of the finite element approximation. Numerical examples are provided in §5
to verify the error analysis. Conclusions are given in §6.

2. A Multi-domain formulation

We use a multi-domain approach by considering a partition of 2 in N non-overlapping
subregions such that Q = UY ;);, and we denote by n; the outer unit normal of ;. We
assume that each subregion is characterized by a different value of the viscosity v; > 0
and the hydraulic resistance 7; > 0, satisfying the assumption v; + 7; > 0. For sim-
plicity, we assume that v; and 7; are constants on each subregion. We can decompose
the domain into sub-domains of three types, the Darcy flow with v = 0 and n > 0; the
Stokes flow with » > 0 and n = 0; and Brinkman’s flow with » > 0 and n > 0. Let
Ni={j=1,--- ,N; j #1, 09, N0, # 0} be the set of indices relative to the neigh-
boring subregions of ;. We define I';; = 02; N 9Q; foranyi =1,--- ,N and j € N;.
The normal directions n;; along I';; = I'j; is assigned according to a predefined rule,
for example, the normal direction is defined as pointing to the ; side if v; > v;. Note
that the arbitrariness of n;; will not affect the setup of the method. On the boundary
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Nonconforming FEM for Darcy-Stokes-Brinkman Flows 25

of 2, we consider the outward unit normal vector n = n; on 92 N 992;.
Let T(u,p) = pI — vVu. Then, our multidomain problem requires us to find N
couples (u;, p;) such that

niw; +V-T(u,p) =1, V-u;=0 inQ, (2.1)
u, =0 ify; >0 on 02 N 0L, (2.2)
u,-n; =0 ifr;=0 on 002 N 0L, (2.3)
u, =u; ifyy; >0 onI';;, (2.4)
u;-n;; =u;-ng ifyy; =0 on I, (2.5)
T(w;,p;) -n;; = T(uy,p;) -n;; ifvp; >0 ory; =v; =0 on I, (2.6)
T(w;,p;) -0y = pjng; +n45 X (ki X ng;) if; >0,v;, =0 onTyj, 2.7)

where, for any subregion €;, we have listed the governing equations (see (2.1)), exter-
nal boundary conditions (see (2.2)-(2.3)), and interface conditions for velocities, mass
fluxes and stresses (see (2.4), (2.5) and (2.6)-(2.7), respectively). In particular, (2.7)
is the so-called Beavers-Joseph-Saffman law, where x;; > 0 denotes a given friction
coefficient associated to the interface I';;. We note that when «;; = 0, such an equa-
tion implies a free slip interface condition. This multi-domain problem includes three
typical coupled models (see Figure 2).

\ \ \ \
\ \ \ \
\ \ Fsp \ \
[ | Stokes [ |Darcy
****7****r12 | ****7****r34 |
\ \ \ \
T, : Stokes : T : Darcy :
1 3
I A T \ i S T \
\ ° \ o
! | G>P | !
! G, ! ! G !
| 12 | | 34 |

Figure 2: A diagram of the multi-domain approach.

To proceed, we address the variational formulation of problem (2.1)-(2.7), which
will be the starting point to set up a discretization scheme based on finite elements. We
address the interfaces of the domain with v;; > 0 first. Since the interface conditions
(2.4)-(2.5) and (2.6)-(2.7) prescribe the continuity of velocities and stresses for any
I';; with vv; > 0, as well as the continuity of the normal velocities and pressures
when v; = v; = 0, it is possible to cluster all subregions characterized by v; > 0
into a single subregion, associated with a generalized Stokes problem with piecewise
constant coefficients. We proceed similarly for the subdomains with v; = 0, resorting
to a Darcy problem with variable hydraulic resistance. More precisely, we set 2, =
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U{i:w>0} Qi, Qd = U{i:ViZO} QZ and Fsd = U{’i,lei>0,Vj:0} FZ] Wlth Ngg ‘= nZ] and Rsd ‘=
kij on I'sg N T;;. We define

Vs = {V S Hl(QS)| V|8QHBQS = O}) QS = LQ(QS)’
V= {v € H(dz’v,Qd)‘ Vv - n|ponan, = 0}, Qq = Hl(Qd)’

where H(div,Qy) := {v € L}(Qy)| V- v € L?(Qq)}, and we aim to find (us,ps) €
Vs x Qs and (ug, pg) € Va x Qq with [, ps + de pq = 0 such that

/ (vVug : Vvg +nugvs — V- vgps — V- uggs)
Qs
+/ Ksd(Us X Ngq) - (Vs X Ngg) + / (mugvg —V - vgpg — V - ugqq)
Tsaq Qq
+ / (Vs *Ngg — Vg - Ngq)pg + / (U - Mgq — U - Ngg)qq
I—‘scl I—‘scl
- / fove + / fve,  We€Ve Vi€V @ €Qu a€Qs (28
s Qd

where the additional regularity of the pressure on €y, namely p; € H'(Qy), is required
to make sure that the interface terms std (Vs ngg—Vgngg)pg and std (Us Ngg—UgNgy)qq
are well defined. Finally, we denote (u,p) € V x Q (with V := V, @ V, and Q :=
(Qs ® Qq) N LE(Q2) being L3(Q) := {q € L*(Q)| J,q = 0}) as the global weak solution
of (2.8) such that u|o, := u,, plo, := ps, and ulg, = ug, plo, := p4. Existence and
uniqueness of the solution (u, p) is established in [13,21].

3. A nonconforming finite element method

Now we discuss how to discretize (2.8). For simplification of the presentation, we
borrow most of the notations from [12]. Keep in mind that we use a different finite
element and the discrete form, which are simpler than that in [12]. We assume that 2
and 2; are convex polygonal domains and we consider partitioning each sub-domain
(); into a family of conforming partition 7y, of affine rectangles K. Let the family 7;, be
shape-regular and quasi-uniform, and let /; be the local mesh characteristic parameter,
while h = max;— ... x h; with the assumption h < 1, and 7}, = Uf\i 1Th,. Nevertheless,
we do not require that the neighboring partitions 7;, be conformal to their interface.
More precisely, for any K € Ty, we difine hx = diam(K) and hg = diam(E) with
E € 0K. We denote by By, the trace meshes at the external boundaries, by 7}, the set
of all interior edges of 7j,, and by Gj, . the intersection of the trace meshes. In short,
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Nonconforming FEM for Darcy-Stokes-Brinkman Flows 27
we use the following notations:

By, :={E|E=0KNdQ VK cT,}, By=UY By,

Fn, = {E| E=0K,N0K, VK,#K,€T},  Fn=UY\Fn,

Gn,; ={E| E=0K;N0K; VYK;€ T, VK;¢&Ty}.

We assume that Gy, is non-degenerate; namely, there exists 0 < o < oo such that for
any E € Gp,; we have diam(K;) + diam(K;) < odiam(E) for K; € Ty, and K; € Ty,
such that 0K; N 0K; = E. For any E € Fj, with £ = 0K, N 0K, , K, # K, € Ty, we
define ng as the outer unit normal vector of K, if r > s and of K otherwise.

We define the velocity finite element space on the element K as follows

Vi = {V = (v1,v2)T| v1 € span{l,z,y,y?}, vo € span{l,x,y,xQ}},
and the local discrete velocity spaces are defined as
Vi, = {vh € L2(Q)] Vilk € Vi, VK € Tp,; for Ky, Ky € T,
if 9K, N 0K, = E,then [, vilox, = [5 vh\aKs}.
The approximation space for the pressure on §2; is

Qn, = {on € L()] aulie € Ro(K), VK € T3, )

with Py(K) being the space of constant functions on K. We also introduce Vj, :=
@ij\il Vy, and Qp = (@f;l Qn;) N L3(Q). At the discrete level, we will address the
boundary conditions by means of penalty techniques. For this reason, we do not require
the discrete functions to vanish at the external boundary.

Since the functions v;, € V;, may be discontinuous across I';;, we define the neigh-
boring values of v, as

vi(x) = 6llr61+ V(X F dny;) a.e. on I';;.

Set [vy] :==v;, — v, {vi} = 3(v; +v;) and
{Vitw = wivp, +wjivy,, v} == wjvp, +wivp,,

with w; +w; = 1 a.e. on I';;. For v}, is discontinuous across Fj,, we also define the jump
[vy] with appropriate sign through any F € Fj,. We say that the averages {-},, and {-}*
are conjugate because they satisfy the following identity: [ab] = {a}[b] + [a]{b}*. We
also apply similar definitions for any other quantity depending on (vj,qs). Let I' be
the collection of the local interfaces, i.e., I' := U{i:1,~~~ N JEN i<} I';; with unit normal
vector nr := n;; on I' N I';;. Similarly, we denote by G;, the collection of all the local
trace meshes Gj,.. We also introduce G;* = | {i,jvi>0,0,=0} Yhij» 1-€., the collection of
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all the trace meshes lying on I'y4. Then, for simplicity, we apply the following abridged

notation:
/wer/wm [ o= [
Bp, Th,

E€B),, KEeTh,
Summing them up over all the sub-regions, these notations are easily extended to
By, Tp,. Furthermore, we set

/ vh-ni] = Z /Vh nU, / Vp - nr —Z Z / Vh-nz‘j.
Gy Gh

Eegn, i=1 jeN;,i<j ghi]’
For any uy,, vy, € V), and py,,qn, € Qn, and, given a constant parameter g to be
discussed later on, we define the local bilinear forms

ahi(uhi,vhi) = / (I/Z‘thhi : thhi + niuay, - Vhi)
h

i

Ouy, vy, VE
— , i L.uy, i——Up. - V., 3.1
/ ( o, “Vp, U on. uhz) + /Bh. v he up, - Vi, (3.1)

bh, (Vhy» Ph;) = — Vi - Vi, Ph, +/ Vi, - iDp,, (3.2)

where V,, and V- are the gradient operator and the divergence operator respectively
taken piecewise over 7j,,7 = 1,--- , N. Denote

n(up, vp) E ap, (Wp,, Vp,) by (Vi Dh) E by, (Vi Ph;)

In this paper, we define the weights w; =
responsible for the coupling conditions:

':jy . Then, we introduce the bilinear forms
J

eutwn) = | (b vl + /g () 5 ) ()" )

6Vh
/gh ({v }~[Vh1+{ua—m}w-[uh]>, (3.3)
dn(Vipn) = /g [val -0 P e 3.4)
M) = [l one)( om0+ [ E@enen, 69

where g are constant parameters that should be suitably chosen to ensure the sta-
bility of the method. Owing to the definitions of {-}* and the weights, we notice
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Nonconforming FEM for Darcy-Stokes-Brinkman Flows 29

that {u,}* = wy, if v; > 0,v; = 0, while {u,}" = u, in the opposite case. The
term fgid ksa({up}? X ngg) - ({vn}" x ngg) in (3.3) is equivalent to the Beavers-Joseph-
Saffman condition (2.7), also applied in (2.8).

Then, we define

Ap(up, vi) = ap(ap, vp) + cp(an, vi),
Bn(Vhspn) = bu(Vh, pn) + dn(Vh, pr),
and we denote the right-hand side by Fj,(vy) = ZZ]\L 1 sz f; - vj,. The mixed formu-
lation of the discrete problem reads as follows: given a sufficiently regular Fj(-), find
(up,pr) € Vi, X Qp, such that
Ap(ap, vi) + Jp(an, vi) + Bp(Va, pr) = Fr(vh) Vv, € Vy,

(3.6)
By (up,qn) =0 Van € Q.

Introducing the product space W, = V; x @y, the right-hand side G (vp,qn) =
(F1,(vh),0), and the bilinear form

Cr((ap,pn), (Vh.qn)) = An(up, vi) + Jp(ap, vi) + Bip(va, pr) — Br(up, ),

problem (3.6) is equivalent to the following: given a sufficiently regular Gy(-), find
(un, pn) € Wy, such that

Cu((n,pn)s (Viyqn)) = Gu(Viyqn)  V(Vh,qn) € W, (3.7)

4. Convergence analysis of the proposed FE method

In this section we aim to analyze the stability and the convergence of the problem
(3.7). We show that our proposed FE method is stable and has optimal convergence
order.

First, for any v;, € V}, we introduce the following norm:

+
ValZs = 3 W Ival
Eegy,

where || - [o.» denotes the standard norm in L?*(X). The definition can be straight-
forwardly extended to Bj,. Then, we introduce the following norms in V; and W,
respectively

1 1 1 1
IValll® = 2 vallg.o + vz Vavalsue, + 12 Vall , oo + I{3avalllL ¢

1
+ k2 {va}” x ngall§r .

11w @)l = VAl + 190 - vall o, + Iva] -0l + Va0l o + laali o,
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where [|vy |3, denotes Y"1, [lvp,|[3 ¢, and

IVevilo, = [ wvnl IV valio, = [ 1Va- vl

i Thi

We shall also make use of the broken Sobolev space H'(Q) = @f\il H(Q;) equipped
with the broken seminorm ‘U‘%,Uﬂi =N \v\%’gi and |vp.0, = ||Vav|lo,0,. We also set

HL(Q) = {v e HY Q)| v]on = 0, VK € 771(9)}.

Owing to the assumption v; + 7, = p; > m > 0 and exploiting Poincaré-Friedrichs
inequalities (see [7]), we obtain

1 1 1
mvalge, < V2 Vavilloe, + 2 valge, + 1v2vall 5,

which easily implies that [[[v,[[[* > m||v4|§ . We will also make use of the following
inverse inequalities (see [8]) that hold true for any £ € 0K,K € Tp,,i = 1,---,N,
provided that the mesh family is shape-regular:

1
hillvnllo.e < llvallo,x (4.1)
hil[Vupllox < llvkllo,x- (4.2)

Here and in what follows, the symbol “ < ” denotes an inequality involving a positive
constant C' independent of the size of the mesh, A, the viscosity, v, and the hydraulic
resistance 7).

In order to ensure that the bilinear forms (3.1)-(3.5) make sense for the exact weak
solution of the problem, we require the following additional regularity:

(u57ps) € H%Jre(Qs) X H%Jre(Qs) Ve > 0. (4.3)

To study the convergence of the discrete solution, we need the approximating prop-
erties of the finite element spaces. As in [28] and [32], we define the interpolation
operator 7, : H'(€;) — V., for any v € H'(€);)

/ Th,V = / v, VE € 0K, VK € Tp,. 4.4
E E

Set 7, = 1Y 7y, : [HY(Q)]?> — V. Since the operator ,, preserves the linear poly-
nomials locally, it follows from a standard scaling argument, using the Bramble-Hilbert
lemma, that the following estimates hold

Lemma 4.1. (Interpolation errors [32]) For s = 1, 2, we have

HV — 7rhVHL2(K) < Ch;(‘V’Hs(K) VK € Th, (4.5)
|V - 7ThV|H1(K) S ChK|V|H2(K) VK S 771, (46)
IV (v =)oy < ChilV vy VK €T 4.7)
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4.1. Well-posedness of the discrete formulation

The first step in analyzing the method proposed here consists of observing that it
is by construction consistent with problem (2.8), and that the bilinear form C}(-,-) is
bounded and positive. These properties can be proved similarly to those in [12].

Lemma 4.2. (Consistency) Let (u, p) be the solution of the problem (2.8) with the regu-
larity assumption (4.3), and let (uy, py,) € Wy, be the solution of the problem (3.7). Then
we have

Ch((u — Up, P — ph)7 (Vh, qh))

= [ (v5a- ol = v mlp) - Vivi ) € Wi 48)
Proof. First, we observe that (4.8) is equivalent to
ou
Co(w.p). (vn,00)) =Glvman) + [ (v5e - [val = fva-nlp)
Fr n
Y(Vh,qn) € W, (4.9)

Since (u, p) is the solution in the weak sense of (2.1)-(2.7), we have J,(u, v;) = 0 and
By (u, qn) = 0. As a result we obtain

Cr((u,p), (Vh,aqn)) = an(u, vy) + cp(a, vi) + by (v, p) + dp(vi, p) (4.10)

=an(,s) b)) () <o) + [ (T el

h
Furthermore, by Green’s formula we obtain

ap(u,vp) + by (vi,p) = /

(vVu: Vv +nu- vy, — Vi, - vip) +/ [(T(u,p)n)vy]
Th

B,

— /Thf.vh - /}_}L [(T(u,p)n)vh] —/ [(T(u,p)nr)vh]. (4.11)

Gn

By virtue of the regularity of (u,p) and [ab] = {a}[b] + [a]{b}, we have
[t = [ g = [T pal)

Ju
- —/ﬂ (vom - vl = [va - mlp). (4.12)
Thanks to the algebraic identity [ab] = {a}[b] +[a]{b}" and to the interface conditions

(2.6)-(2.7) (i.e., [T(u,p)n] =00onI'\ I'yy and T(us, ps)ns = pgns + Ng X (Kggus X Nyg)
on I'yy), the last term of (4.11) is equivalent to

/ [(T(u, p)nr)vy]
Gn

:/ {T(u,p)np}w[vh] —|—/ ksa({u}? X ngg) - ({vp}" X ngg). (4.13)
Gn Gpd
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Finally, we substitute (4.11)-(4.13) into (4.10) and we obtain (4.9). O

Lemma 4.3. (Boundedness [12]) The bilinear form Cj,(-, -) satisfies

Cr((an, pr), (Vas gn)) S W Cans )l (v gl V(an, pa), (Va, gn) € W

Lemma 4.4. (Positivity [12]) For vg 2 1, there exists a constant Cp,s > 0 such that

Crh((Vhsan)s (Vi an)) 2 Coosl[Vall? 4+ Jn (v, vi) V(Vh, qn) € W,

To analyze the stability of our numerical method we follow the approach of Boland
and Nicolaides (see [6] and also Chapter II, Section 1.4 in [18]) in order to split the
inf-sup condition into a local condition on each subdomain and a global condition
on a suitable subspace of Wj,. To this aim, we introduce Q;, = Qp, N L3(%) =
{qn, € Q] sz qn, = 0} and by consequence Qj,, = Qp, ® R, where pj,, = pn, + pn,
is the corresponding splitting of the pressure. Finally, let Q;, be the space of constant
functions on each subdomain ©; that satisfy >V | g,.[€%| = 0. We aim to prove a local
inf-sup condition on Vj, x th, and a global one, relative to the subspace Vj, x Q. To
this aim, we introduce the following lemmas.

Lemma 4.5. (Local inf-sup condition) For any p,, € th, there exists Vi, € Vp, N
[H3(24)]2, such that

bn, ({}hi’ﬁhi) = Hﬁth(Q),Qza (4.14)
||‘7hi||h,Qi 5 ||ﬁhi||0,§2w (4.15)
where [[vil7 o, = IVall§ o, + [Val7 o,

Proof. We observe that, by means of the surjectivity of the divergence operator from
H{(Q;) to L3(Q;), for any py, € Qp, there exists a stable function v; € H}(€2;) such that

V. Vv = ﬁhw HVZHHI(QZ) S HﬁthO,Qz

We define an interpolation operator 7p,,: H}(€2;) — Vi, N[HS(€2)]?, for any v; € H{(Q;)
/ Th, Vi = / v; VE € OK, VK € Ty,.
B E
By Lemma 3.1 in [28] and the Poincaré inequality, we have

by, (Vi — 7, Vi, Pn,) = 0,

7, villnos S Ivilla @) (4.16)
So we have the desired result from the Fortin rule. O

In order to prove the inf-sup condition on V; x @), we define the conforming
linear element space Vhi with a refined partition of the partition 7;, by connecting the
diagonal line of each rectangular element in 7, note that Vhi X Vhi is a subspace of
Vp,,i=1,---,N, and construct the following functions.
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Lemma 4.6. (Auxiliary functions [12]) Foranyi =1,--- , N, j € N, there exist functions

wﬁ)j € Vhi,w(rjz € Vh]. with w(F?j =0o0n 0Q; \ Iy, w(FJZz =0on 09Q; \ I'y;, and

ij

wr,. = wl(jzj + w{{i S (th D th) N 7‘[(1)(91 U Qj)

such that
w(pk.). =1, k=17, (4.17)
Gy “
Hw(p’ZHl,szk SL k=i, (4.18)
Ilwri )l pr, S 1 (4.19)

Lemma 4.7. (Global inf-sup condition on subspace) For any p;, € Q, there exists v, €
Vi, N [H§(Q)]?, such that

Bi(Vh, ) Z 158115 0 (4.20)

IVallnuo: S Pnllo.s (4.21)

/ V] -mr =0, (4.22)
Gn

Iva] -orfls ), < [Prllog, (4.23)

_ N _
where ||Vh||i21,uﬂi =2 i \|Vh||%,szi-

Proof. The proof is similar to that for Lemma 4.6 in [12], with the new nonconform-
ing element used. Set
— 5, | (1) () 4.
Vh,i]' . phz | Z| (Trh,l (wl"i]. nZ) + 7Thj (w i nl)) 9

1,

where 7y, is the interpolated operator defined in (4.4), and v;, := SV, > jeN; Vhi-
From the definition of 7, in (4.4) and (4.17), we have v, € [H{( U Q;)]%, v, €
HHQ), and

/ [V, -] = —ﬁm\Qz‘!(/ Wm(w(r?jnz‘) ‘1 —/ Whj(w(r@nz‘) 'nz‘>
gh‘ij Qh.. Qh..

So
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34 P. Q. Huang and Z. Li
which leads to (4.22), and that fgh [Vi,;] - nr{pn}w = 0. Now, we prove (4.20) below:

Bp(Vhyspn) == | Vi VD +/ Vi, ] - nr{pn}w
Th Gn

ghz‘j ghij

= Py, %] — D, 2| = Dn, 1] (D, — Pn,)-
Thus
N
h(Vhs Ph) Z > Bu(ny o) =Y D Pu |l (Pn, — ;)
i=1 jeN; i=1 jEN;

which can be reinterpreted algebraically as By, (v, pn) = f)zBph, where the vector
h = [Ph;]1<i<n and the matrix B = (b;;)1<; j<n is defined as follows:

Qleard(N;) it j=i,

bij = _|Qz| if j¢€ M,
0 otherwise.
We also introduce the matrix D = diag(|], -+ ,|Qx|) and observe that p! Dp;, =

194§ - Then, the quantity v := min,, 5, (P} BPx)(Pj, DPn)~" is positive from the
argument proposed in [4] (see Theorem 4.3) and it is independent of h. This deduces
(4.20). Using (4.16), inequality (4.21) can be derived as follows:

915 000 Z Z ¥, 17, 00

i=1 je
N ) ,
WA O W LACEENIY
i=1 JEN;
N .
<SS AP w? g,
i=1
N
<D Pl < 17nl5 0
i=1
We finally prove (4.23). For i = ,N and j € NV;, we can get
98] -l - < Z > Mwn,] ol < Z > b5 |7 S l5nllf .
i=1 jeN; i=1 jeN;
where we have used the definition of v,,; and (4.19) for the second inequality. O

Next, we introduce the global inf-sup condition for the bilinear form By, (v, pp)-
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Lemma 4.8. (Global inf-sup condition) For any pj, € Qy, there exists v, € V,N[HS(Q)]%

such that
Bi(Vh,pn) 2 Ipall 0 (4.24)
IVillnuo: S llenllo,os (4.25)
1
valll S M2 ||prllo.o- (4.26)

Proof. Let v, = Zﬁvzl vy, and py, = Zi]\ilﬁhi be as in Lemma 4.5 and let v,, be as in
Lemma 4.7. We set v;, := v}, + 0v},, where ¢ is a constant parameter to be chosen small
enough. We note that v, € [H}(Q)]? since vj,, € [HL()]? and v, € [H}(Q)]%. Then,
we follow the argument by Boland and Nicolaides. We observe that

By(Vh,pn) = Bn(Vh,Dn) + 0BR(Vh, br) + Bu(Vh, Pr) + 0Br(Vh, Pr)- (4.27)

Exploiting v, € [H}(€2;)]? and Lemma 4.7, we obtain that By, (v, py,) vanishes:

/ Vi ViPh, = phi/ Vi, n; =0,
Th,; B,

ghij

while By, (vy, pr) can be estimated as follows:

Bu@ ] =]~ [ Vvt [l ncidl
h h
~ _ _ Lo
S Winlize + 1981 oo, + (el mrl g+ 2 b2 )
c\, . _
< (14 ) 1ma+ 0+ ColmIRa (4.28)

By substituting (4.28), (4.14), and (4.20) into (4.27), and suitably choosing § and e,
we obtain (4.24), while (4.25) follows from the combination of (4.15) and (4.21).
Inequality (4.26) arises by observing that

1 1
Vil = Iz vallga + V2 Vaval§ oo,

1 1
+I{3E VAl -+ 52a{va} X nallGr,, (4.29)

where the first two terms on the right-hand side can be estimated as follows:

N

1
> /T (mlval? + viIVaval?) S lidvall o, S MIVAIE o, S MlpnlR o
i=1""hg
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36 P. Q. Huang and Z. Li

In regard to the last two terms of (4.29), we observe that v;, x n;; = 0 on I from the
1

definition of v;,. By consequence, nfd{vh}w X ngg = 0onT and

1 1
v} valll ,r = {3 aval - aalll ), o S Mllpalc o

The combination of the previous inequalities into (4.29) proves (4.26). O

A classical result by Necas on the solution of saddle-point boundary value problems,
which we restrict here to the discrete case (see, for instance, Proposition 2.21 and
Theorem 2.22 in [14]), ensures that the existence of a unique solution of problem
(3.7) is a consequence of Theorem 4.1.

Theorem 4.1. (Stability) Provided that vg 2 1, for any (upn,pn) € Wy, there exists
(Wn,qn) € Wy, such that

1
Ch((un, pn), (Whyqn)) 2 M|||(uh,l?h)||| (W, qn)]l]- (4.30)

Proof. Using the property V}, - Vi, C Qp,, we choose (W, qr) = (up + 61vp, py +
02V}, - up) with 01,02 > 0 being vy, as in Lemma 4.8. We split the proof of (4.30) into
two parts. First, we prove Cp((up,pr), (Wh,qn)) = 771|[(wn, pr)|||%; then we show that

11w, gl < 1l (an, pa)ll-
For the first part, we use the bilinearity of C(-, -) to obtain

Cr((an, pr), (Wh,qn)) = Cr((an, pp), (p, pr)) + 61Ch((Wn, pr), (Vi 0))
+ 02CnL((un, pr), (0, Vi - up)). (4.31)
The first term on the right-hand side of (4.31) can be estimated as
Cr((an,pn)s (W pn)) = Crosl[unl|® + Jn(up, uyp). (4.32)

Applying Lemma 4.3 and Lemma 4.8 and the arithmetic/geometric inequality, the sec-
ond term of (4.31) can be estimated as

Cr((ap,pn), (vh,0)) = Ap(up, vi) + Jp(un, vi) + Bp(vh,pp)
9 Cy 2
> (1= Cren)llpnllon —Mg!HuhH\ : (4.33)
The third term on the right-hand side of (4.31) is equivalent to

Ch((un;pr), (0, Vp - up))

:/Thm-uh)? —/gh[uhynp{vh-uh}w —/Bh w, - n(Vy - uy)

Cs

>(1 = Coe) ||V - wn[§ o, — o

(Ian -0l sl ). @39)
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Then, combining (4.31)-(4.34), we obtain (4.30) as follows:

Ch((un, pn), (Wh,qn))

0
2(Cpos = MCL 2 ) l[unll 2 + 621 = C2e2) [V - a3 e,

€1

92
+ (’YE - 025) (IITwp] - ner%,h,r + [lup - nHQ%,h,aQ) +61(1 = Cre)Ipnllt g

1
RM!H(umph)!HZ’ (4.35)
for any vg > 1, choosing ¢; < C% for i = 1,2, and 6; such that §; < (’;\’}"5?,62 < %
From the previous estimates for 41, do, we conclude that % <d < % and 1 < 69 <1,
which imply (4.35).
For the second part of the proof, we observe that
[(wr, @)l < (| Cans el + 611l (va, O)I[ + 62111(0, Vi, - up)|]]- (4.36)

The second term on the right-hand side can be estimated owing to §; < -7, (4.23) and
(4.26), namely,

Ol I = Sx [[[valll* + IVh - vallgoe, + V] - nrlli , ¢

S s M |pnlis.o < M Car, pa)ll?

while for the third term we exploit J, < 1 to obtain

8|10, Vi - up)l* = 621V - wnll§ e, < 111(un, pa)llI*.
The desired result can be obtained by substituting the two previous inequalities into
(4.36). O

Inequality (4.30) shows that the stability of the scheme (3.7) depends on the coef-
ficients of the problem only through the upper bound M ; in particular, the scheme is
robust with respect to the critical Stokes-Darcy transition, i.e., for vanishing viscosity
v — 0.

4.2. The Error estimates

Now we aim to study the convergence of (uy,pn) to (u,p) when h — 0. From
Lemma 4.2, we have the standard second Strang’s lemma.

Lemma 4.9. Let (u,p) be the solution of the problem (2.8) and (uy,, py,) be the solution
of the problem (3.6). Then, under the assumptions of Theorem 4.1, the following error
estimate holds

(= an, p = pa)]|

Ju
: | [z (V52 - [wh] — [wp - np)|
< inf  |[J(u=vap—a)l|| + sup b R
(Visan) EW), WhEV) Wl
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To estimate the approximation errors, we first note that the distance of the pressure
p from the space @}, can be bounded in a standard way: Define L? projection operator
th, : Hl(QZ) — th, ifpz‘ S Hl(QZ‘), then

inf |[pi — qn;llo.0; < llpi — Onpillo.os S hilpil 1 ay)-

Set 0, = ON,0,, : HY(Q) — Qp. Recalling that 7,,,i = 1,---,N are a family of
shape-regular and quasi-uniform triangulations and assuming v € [H?(€2;)]?, we have

IV = vl o < BlVE oo,
where we have used the trace inequality (4.1) and Lemma 4.1. So it holds

Lemma 4.10. (Approximability). For any (v,q) € [H?(Q)]? x H'(Q2), we have

v = 7av.q = 00l I| S Mh(Viaun, + lalie)-

The consistency error caused by the nonconforming rectangular element can be
estimated by using the results in Lemma 4.2 of [28].

Lemma 4.11. (Consistency error) For any wy, € V},, we have

[ (o5 twid = v nlp)
(b, + lphon)lwalll. V(wp) € 2@ x H'(9)

Combining the previous lemmas, we conclude that the following optimal priori
error estimate holds.

Theorem 4.2. (Convergence) Let (u,p) and (uy,pn) be the solutions of the problems
(2.8) and (3.6) respectively. Assume that (u,p) € [H?(Q)]? x H'(2), then we have

Il = wip = p)lll S M (Juls o, + lphoe, )

5. Numerical experiments

In this section, we show some numerical experiments to validate our method and
the analysis. We consider three coupling cases as in [12]: a Darcy-Darcy problem (Py,),
a Stokes-Stokes problem (Ps,), and a Stokes-Darcy problem (Py;). The computational
domain is 27 = (0,1) x (0,1), Q9 = (0,1) x (1,2) and the interface is the line segment
y =1, 0 < x < 1. The penalty parameter is chosen as vz = 10. The results are almost
the same with modest choice of vg.
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Figure 3: The H(div) norm of u and L? norm of p errors for the example of Pyq versus mesh levels:
hg/hl = %(Ieft), hg/hl = %(right).

5.1. Darcy-Darcy coupling (P,;)

In this example, we consider the case of v1 = vy = 0,71 = 12 = 1, i.e. Darcy-Darcy
coupled problem. The boundary data and the forcing terms are chosen such that the
exact solution is given by

uy = (msin(rz), 7sin(my))T,
pa= " — 3.

In Figure 3, we plot the errors of the velocity in H(div) norm and the errors of
the pressure in L? norm for the coupled Darcy-Darcy problem. The discrete meshes
are non-matching on the common interface. In the left figure and the right figure, we
consider the diameter of the discrete grid in ©2; and that in Q, satisfying h,/hy = 2 and
hi/hy = 1/2, respectively. Both results show that the errors decrease by half when the
discrete grids refined once.

5.2. The Stokes-Stokes coupling (P.,)

In this example, we consider the case of vy, = vy = 1,7, = 12 = 0, i.e. Stokes-Stokes
coupled problem. The boundary data and the forcing terms are chosen such that the
exact solution is given by

u, = (27 sin?(7z) sin(my) cos(my), —2 sin®(my) sin(rz) cos(mv))T ,

ps = sin(mz) — %
In Figure 4, we plot the errors of the velocity in H' semi-norm and the errors of
the pressure in L? norm for the coupled Stokes-Stokes problem, the discrete meshes
are nonmatching on the common interface. In the left figure and the right figure, we

consider the diameter of the discrete grid in ©2; and that in Q, satisfying h,/hy = 2 and
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Figure 4: The H' semi-norm of u and L? norm of p errors for the example of Pss versus mesh levels:
hg/h1 = %(Ieft), hg/hl = %(right).

hi/hy = 1/2, respectively. Both results show that the errors decrease by half when the
discrete grids are refined once.

5.3. Stokes-Darcy coupling (P,,)

At last, we choose Q; = Q1,92 = Qy and set v; = 1y = 0, i.e. Stokes-Darcy
coupled problem, and set the physical parameters 17, = vy = k12 = 1 for simplicity. The
boundary data and the forcing terms are chosen such that the exact solution is given

by
) T
uy = (—% sin(§x)y, %cos(%x)) ,
pa = —F cos(52)y,

u, = (— cosQ(%y) sin(§x), i cos(5x)(sin(mry) + wy))T ,
ps = —Fcos(§z) (y — 2cos*(5y)) .

In Figure 5, we plot the errors between the exact solution and the finite element
solution by using non-matching meshes with the mesh ratio being equal to hy /by = 1
and % separately. From the figures, we observe that the contraction factors are all
around 3 as the mesh is refined once. This clearly illustrates that the approximation
order is linear. Therefore, we conclude that our numerical experiments confirm the
error estimates in Section 4.

6. Conclusions

By using weighted interior penalties, we have proposed a unified nonconforming
rectangular element method for incompressible flow problems modeled by the Darcy-
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Figure 5: The error plots of finite element solutions in different norms for the example of P, versus mesh
levels: hs/hq = $(left), hs/ha = 2(right).

Stokes-Brinkman equations with discontinuous coefficients. The choice of the coeffi-
cients between different phases leads to different fluid-structure interactions such as
Darcy-Stokes, Darcy-Darcy, Stokes-Stokes couplings. One of the advantage of the pro-
posed new method is its flexibility; multi-domain heterogeneous problems are handled
by the same method. We have shown the stability and optimal order error estimates
for piecewise smooth solutions.
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