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1 Introduction

The Navier-Stokes equations have received much attention over past decades due to
their importance in the understanding of fluids motion and turbulence. In this paper,
we consider the 2D nonautonomous G-Navier-Stokes equations on some bounded
domain QCR? with Dirichlet boundary conditions, which has the following form,
(see Roh [1,2] and Jiang and Hou [3])

?; —vAu+ (u-V)u+Vp = f(x,t), in Q x (0,00), (1.1a)
V- (gu) =0, in Q x (0,00), (1.1b)
u(x,t) =0, on d(), (1.1c)
u(x,0) = up(x), in Q, (1.1d)
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where u(x,t)€R? and p(x,t)€ER denote the velocity and the pressure, v>0 and
f=f(x,t)€(L*(Q)))? is the time-dependent external force. 0<my<g=g(x1,x2)<Mp.
Here, g=g(x1, x2) is a suitable real-valued smooth function. When g=1, the Egs. (1.1)
become the usual 2D Navier-Stokes equations. In [12], Raugel and Sell proved global
existence of strong solutions for large initial data and forcing terms in thin three di-
mensional domains. In 2005, Roh applied Raugel and Sell methods on Q=0 x (0, g)
and derive the 2D G-Navier-Stokes equations form 3D Navier-Stokes equation in [1,2].
In this paper, our aim is to study the long-time behaviour of weak solutions of problem
(1.1) by using the theory of pullback attractors. This theory is a natural generalization
of the theory of global attractors developed to study autonomous dynamical systems
(see [3-12]), and the theory of pullback attractors has an advantage over the theory of
uniform attractors (see [13]) allowing the nonautonomous term to be an arbitrary in
suitable norms.

Recently, Caraballo in [14] introduces the notion of pullback D-attractor for nonau-
tonomous dynamical systems and prove the existence of pullback D-attractor on some
unbounded domains by using the energy equation method. Langa in [15] obtains frac-
tal dimension for 2D N-S equation. Motivated by some ideas in [14, 15], we present
a new equivalent condition (PC) for pullback D-asymptotically compact by using the
measure of noncompactness. In this paper, we prove the existence of pullback at-
tractor and estimate its fractal dimension for 2D G-N-S equation on some bounded
domains.

This paper is organized as follows: in Section 1, we recall some basic notations
and results for 2D G-Navier-Stokes equations and the concept about the measure of
noncompactness. In Section 2, we apply the theory of the measure of noncompactness
to obtain the existence of the pullback attractor for non-autonomous G-N-S equation
on some bounded domains; then, In Section 3, we estimate the fractal dimension of
pullback attractor for 2D G-N-S equation on some bounded domains.

2 Preliminaries

Now, we assume that the Poincaré inequality holds on (), there exists an A;>0 such
that

2 1 2 1
/Qcp gdx < /\1/0 V| gdx, V¢ € Hy(Q). (2.1)

The mathematical frameworks of (1.1) is the following:
o Let [2(g) = (L?(Q))? with the inner products,

(u,v) = / u-vgdx and norms |-|= (~,-)%, u,v € L2(g).
Q

o Let Hi(g) = (H}(Q))?, which is endowed with the inner products,

2
((u,v))—/QZ;VMj‘VUjng/
j=



J. Jiang, Y. Hou and X. Wang / Adv. Appl. Math. Mech., 4 (2012), pp. 223-237 225

and norms

=) w=(uu),  ©=(01,02) € H(g).

Note that thanks to (2.1), the norm || - || is equivalent to the usual one in H}(Q)). Let
D(Q) be the space of C* functions with compact support contained in Q) and let

R={vec (D(Q))?:V-gv=0 in Q},
Hg = closure of X in L*(g),
V, = closure of X in H{(g).

With Hy and V, endowed with the inner product and norm of L?(g) and H}(g) respec-
tively, it follows from (2.1) that

1
lul? < A—lﬂqu, Vu € V. (2.2)
Now, we define a G-Laplacian operator as follows:
1 1
—Agu = —g(v -eV)u = —Au— §Vg -Vu,

Using the G-Laplacian operator, we rewrite (1.1a) as follows:

?)Zl —vAqu +vvgg Vu+(u,V)u+Vp=f. (2.3)

We define a G-orthogonal projection

Py : L*(g) — Hy,

and G-Stokes operator

Agu = _Pg(;(v : (gVu))),

which satisfies the following proposition.

Proposition 2.1. ([1,2]) For the linear operator Ag, the following hold:

(1) Aq is a positive self-adjoint operator with compact inverse, where the domain of Ay,
(2) There exist countable eigenvalues of Ag satisfying 0<Ae<A1<Ay<A3<---, where
Ag:47r2m0/ My and Ay is the smallest eigenvalue of Aq. In addition, there exists the corre-

sponding collection of eigenfunctions {e1, ey, e3, - - - }, which forms an orthonormal basis for
H,.
8
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When we apply the projection P, into the Eq. (2.3), we can obtain the following
weak formulation of (1.1): let f€V, and up€ Hg, we find

u € L®(0,T;Hg) NL*(0,T; V), T >0, (2.4)
such that

jt(u,v) +v((n,v)) + bg(u,u,v) +v(Ru,v) = (f,v), YoeV, Vt>0, (25a)

u(0) = uy, (2.5b)

where be : Vo X Vo X Vo — Ris given by

2 ov:

be(u,v,w) = Z /uiﬁw]-gdx, (2.6a)
ij=1 dx

Ru = P, [;(Vg V)u|, Vue vy (2.6b)

Then, the weak formulation (2.5a) is equivalent to the functional equation

EZL{ +vAgu+ Bu+vRu = f, (2.7a)
u(0) = uy, (2.7b)

where Ag : V, — Vé is the G-Stokes operator defined by
(Agu,v) = ((u,v)), VYu,v eV, (2.8)
and B(u)=B(u,u)=Py(u - V)u is a bilinear operator B : Vy x V; — Vé defined by
(B(u,v),w) = bg(u,v,w), Vu,v,w e V.

Now, we recall some well known inequalities (see Temam [16]) that we will be
using in what follows

IB(u,0,w)| < Clulz||ul|z|[o|||w|?||w]z, Vu,v,w eV, (2.9)

here C denote positive constants, which may be different from line to line and even in
the same line.

The G-Stokes operator Ay is an isomorphism from V, into Vé, while B and R satisfy
the following inequalities (see Roh [2] and Sell and You [17]):

Vele
1By, < clullul, Rul, < 128

< m”u”, Vu € V. (2.10)
0741

We have the following concept and result (see Bae [18] and Temam [16]).
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Proposition 2.2. Given f€L?(g), uo(x)€Hy, there exists a unique

u(x,t) € L°(R; Hg) NL*(0,T; Vy) NC(R; Hy), VT >0,
such that (2.5a)-(2.5b) hold.

Now, we recall some basic notions and result about existence of pullback attractors.

Let X be a complete metric space with distance d(-,-). A two-parameter family of
mappings acting on X: U(t,7) : X — X, t > 7, T € R, is said to be an evolutionary
process if

M U(t,t)=U(t,r)U(r,t), forallT <r <t,

(2) U(t, T)=Id is the identity operator, T € R.

Let D be a nonempty class of parameterized sets D={D(t): tcR}CP(X), where
P(X) denotes the family of all nonempty subsets of X. The following two definitions
can be found in [20].

Definition 2.1. It is said that B € D is pullback ‘D-absorbing for the process U (t, T) if for
any teR and any DED, there exists a 1y(t, D) <t such that

U(t,7)D(t) C B(t), for T < 1o(t,D).
Definition 2.2. A family R
A={A(t):t e R} C P(X),
is said to be a pullback D-attractor for the process U(-,-) in X if
(1) A(t) is compact for every tER,
(2) A is pullback D-attracting, i.e.,

Lim dist(U(t, T)D(1), A(t)) =0, forall D € D andall t € R,
T—r—00

(3) A is invariant, i.e., U(t, T)A(T)=A(t), for —co<T<t<~+o00, where dist(A, B) is the
Hausdorff semi-distance between A and B, defined as

dist(A,B) =supinfd(x,y), for A,BC X.
xcAYEB

We call A minimal if for every family C={C(t): tcRCP(X)} of closed sets satis-

fying
lim dist(U(t,T)B(7),C(1)) =0,
T——00

where A(t)CC(t).
Let B(X) is the set of all bounded subsets of X and BeB(X). Its Kuratowski mea-
sure of noncompactness «(B) is defined by

«(B) = inf {6|B admits a finite cover by set of diameter < J}.

It has the following properties (see Sell and You [17], Hale [19]).



228 J. Jiang, Y. Hou and X. Wang / Adv. Appl. Math. Mech., 4 (2012), pp. 223-237

Lemma 2.1. Let B, By, B€B(X) . Then
(1) a(B) =0 < a(N(B,¢)) < 2¢ < B is compact;
(2) a(B1 + B2) < «(B1) + a(Ba);
(3) a(B1) < a(By) whenever By C By;
(4) «(By U By) < max{a(B),a(B2)};
(5) a(B) = a(B);
(6) if B is a ball of radius €, then a(B) < 2e.

Lemma 2.2, Let - -- DF,DF,1D- - - beasequence of nonempty closed subsets of X such that
a(F,;)—0, as n—oo. Then F=N¢’_, F, is nonempty and compact.

o~~~ —~

Definition 2.3. A process U(t, T) on X is said to be pullback D-limit-set compact if for any
DeD,
lim 04( U U(t,T)D(T)) = 0.

S——00
T<S$8

Definition 2.4. Let X be a Banach space. A process U (t, T) is said to be norm-to-weak con-
tinuous on X if for all t, TER with t>T and for every sequence x,€X,

Xy — x strongly in X = U(t, T)x, — U(t, T)x weakly in X.

The following result is very useful to check that the process is norm-to-weak con-
tinuous.

Theorem 2.1. ([11]) Let X, Y be two Banach space, X*, Y* be respectively their dual spaces.
Assume that X is dense in Y, the injection i : X — Y is continuous, its adjoint i* : Y* —
X* is dense, and U is a norm-to-weak continuous process on Y. Then U is a norm-to-weak
continuous process on X if and only if for any T€R, t>7, U(t, T) maps compact sets of X to
bounded sets of X.

Theorem 2.2. ([20]) Let X be a Banach space, U(t, T) be a norm-to-weak continuous process
in X satisfying the following conditions:
(1) There exists a family B of pullback D-absorbing sets in X,
(2) U(t, ) is pullback D-limit-set compact,
then there exists a minimal pullback D-attractor A in X given by
A(t) = U u(,t)B(1).
s<tt<s

Definition 2.5. ( [20]) Let X be a Banach space. A process U(t, T) on X is said to satisfy
pullback D-Condition (C) if for any tER, DED and >0, there exist Ty(D, t,€) and a finite
dimensional subspace X; of X such that

P( U U(t,T)D(T)) is bounded; (2.11a)
e (U utop@)| < @11b)

<7
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where P : X — Xy is a bounded projector.

Theorem 2.3. ([20]) Let U(t, T) be a process in a uniformly convex Banach space X. Then
the following conditions are equivalent:

(1) U(t, T) satisfies pullback D-Condition (C),
(2) U(t, 7) is pullback D-limit-set compact.

3 The existence of pullback attractor on bounded domains

Denote by L? (R, X) the metrizable space of function f(s), s€R with value in X that
are locally 2-power integrable in the Bochner sense , It is equipped with the local 2-
power mean convergence topology. Now, we apply the measure of noncompactness
to prove the existence of pullback attractor for 2D G-Navier-Stokes equations. We

have the following lemma (see Jiang and Hou [21]).

Lemma 3.1. Suppose feL? (R, Hy) is such that

loc

t+1
fli =sup [ [f(s)Pds < eo, (3.1
teR

uo(x)€Hg, and let
u(x,t) € L°(R", Hg) N L7,.(0, T, Vo) NC(RT, Hy), Vt >0,

be a weak solution of (1.1). Then for all t>T, with c=vA4, the following estimate holds,

u(t)? < |ugl?e om0 4+ R?, (3.2)
where
R2— o 11— =) f2 and o —1- 2018l (3.3)
mov/At
for sufficiently small |V g|co.
Forany feL? (R, Hy), |f1?=|fo|?, using (3.1), we obtain
Bo = {u € Hy||u|* < 2R} = o5}, (3.4)

is the pullback D-absorbing set in H,.
Lemma 3.2. Suppose feL? (R, Hy) satisfying (3.1) and uo(x)E€Hy. Let

loc

u(x,t) € L°(RY, V) N L2 (0,T,D(Ag)) NC(RT, V), u'(x,t) € L2 (Re; Hg), Vit >0,

loc loc

be a strong solution of (1.1), then for all t>7, the following estimates hold:

(D)1 < [lu(r) |2 P + (1= P) T £15, (3.5a)
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where

B 2Cpp  2v|Vg|w
p=1(2v-1 e moAé/Z)’

for sufficiently small |V g|co.

(3.5b)

Let
Blz U U ¢(t0+1/f/B0)
feTl t>tg+1
. By using (3.2), By is bound, ||u||?<p?, Vu€By, and B; is the pullback D-absorbing set
in V.
Theorem 3.1. If f (x,t)€L? (R; Hy) satisfies (3.1), then the process {U (t, T)} corresponding
to problem (1.1) possesses a minimal pullback D-attractor

.A = {At}teR in Hg. (36)

Proof. From Lemma 3.1, we know that the process U(t, T) corresponding to prob-
lem (1.1) process a family of B of pullback D-absorbing sets in Hy. It is easy to see that
the process U(t, T) is weakly continuous in V; (see [13]), From Lemma 3.1, we know
that the process U(t, T) maps bounded sets of H, to bounded sets of H, for all TER,
t>7. In view of the Theorem 2.1, it is clear that the process U(t, T)is norm-to-weak
continuous in H,.

From Theorem 2.3, we need only to verify that the family of process {U(t, T)}
satisfies pullback D-Condition (C) in H.

For fixed n, let H; be the subspace spanned by wy, - - - ,w;,, Hp be the orthogonal
complement of Hy in H. For any ucD(Ag), we write

u=uy+uy u; €Hy, up€H,, forany u€ H,.
Taking the inner product of the equation of (2.7a) with u; in Hg, we have

1d
2dt

Using Young's inequality, together with (2.9), we have

—|ua* 4+ v|lua||® + (B(u), us) + v(Ru, uz) = (f,uz). (3.7)

1 3 1 1 1
|(B(u),u2)| < Clu| 2|2 [ua | |fuz | < Cle| 2|2 /\1/4H”2H

1 (3.8)
/\4 2 3C 3
< 5 (1l 4 ) — 2 + 235 ),
V¢l \V4
|(Ru,u2)| < [Rul - [ua] < 8= ]| - Jup| < g‘/zuun [
[Vgloo (|2 A“Z 4 38l
< P (15 et + ool H) 39)

\Y
= ylua )+ 3 (58 ) 2
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Moreover,we have

SR | vl _ 3R | vl
2 < 21| - < <
’(f/u2)| = |f| ‘Mz’ - UM + 3 - U\ + 3 7

and
%|uz|2 + 2v|jua||* = 2(f, u2) — 2(B(u), uz) — 2v(Ru, u)
< 2[(f, u2)| + 2|(B(u), uz)| + 2v[(Ru, uy)|

P vl 2el? | SC | 201wl v (9 v
- U\ 3 3 21//\%/2 3 2 mo)\%/z '

Consequently,

3| f[? 3C 3, 3 (|Vglw\2 1o
< -
Son g I () e

Bl 3C g 3v<\Vgloo>2§.

d v
il + %

— v 2v)\%/2p0‘p1 2 mo/\%/2
Letting
3C 3, 3 1Vglo\2 5
m=———=0p-" — .
ZVA}/ZPO T (mo/\%n) !
we have
d 2V 2 3|f|2
— — < 2L . 1
Gl + Sl < =54 m (3.10)
Therefore
d 2, VA 2 3‘f‘2
— —_— < . .
dt|u2\ + 3 up|* < e +m (3.11)

By the Gronwall inequality, we obtain

v t y 2
o ()2 <z (o + 1) [2e 5o 1) e—zlu—s)(?’lfl +m)ds

to+1 vAq
/, v v 2
<|uz(to + 1)|2€_%(t_(t0+1)) + S 5 (1) + /t e_%(t_sﬁm ds.
- vAq to+1 vAq

By (3.2) and Lemma 3.1, for any € >0, we can take  large enough such that

2
t

€
7’ 312
0+1 vAq 3 vAy (312

€
3
Let

3 302
tzzto—i—l—f—ilnﬁ.
VA1 €
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Then for t>t,, we have

vAy vAy

|ua (g + 1)[2e™ 3 (=0t D) < p2p= 5 ({0 1)) <

€
J—— 3 .
Hence we have

lua () <€, Vt>t,

which indicates that the process {U(t, T)} in H, satisfies pullback condition (PC) in
H,. Applying Theorems 2.10, the proof is completed. O]

4 The dimension of pullback attractors in H,

Let F: Vo xR — Vé be a given family of nonlinear operators such that, for all T€R,
and any o€ Hy, there exists a unique function u(t)=u(t; T, ug) satisfying

u € L1, T; Vo) NC([r, T]; Hy), F(u(t),t) € L'(T,T;Vy), forall T>7, (41a)
du

i F(u(t),t), t>r, (4.1b)
u(t) = up. (4.1¢)
We define

U(t, T)ug = u(t;t,up), 7T<t, up€ Hg.

Let T*€R be fixed, we assume that there exists a family {K(¢);t < T*} of non-empty
compact subsets of H, satisfying the invariance property

U(t,T)K(t) = K(t), forall T <t<T" (4.2)
We have

Lemma 4.1. ([15]) Let us suppose that

U K() is relatively compact in Hg,

T<T*

and there exist qj,j =1,2,---,such that

gi < qj, forany j>1, (4.3a)

Gng = 0, quy+1 < 0 for some ng > 1, (4.3b)

i < Gng + (Gng — qno+1) (n0 — j), forall j=1,2,---. (4.3¢)
Then

dr(K(7)) < do:=mno+ ﬂ, forall T <TF, (4.4a)

ng — Gno+1
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where
- . 1 /7 /
g; = limsup sup  sup (— / Tri(F (U(s, T — T)uo,s))ds), (4.4b)
T—+co T<T* ugeK(t—T) T Je-t
F:(u,t) € Vg x (=00, T*] — F (u,t) € L(Vy, Vy). (4.4¢)

Below we will give the following main result.

Theorem 4.1. Suppose that feL? (R; Vé) is such that

loc

t
/ | f(s)]|2ds < +oo, forall t € R.
Then, the dimension of pullback attractor satisfies

dp(A(T)) < max ( forall T € R,

¢ 2
1, WWH “(fm,T*;Vé))’
where 1t = 1 — 2|V g|e/moAL’? for sufficiently small |V g|co.

Proof. Since problems (2.5a) and (2.5b) can be written in the form (4.1b) and (4.1c),
we let
F(u,t) = —vAu — B(u) — vRu + f(t).

For each t<T*, the mapping F(-,t) is Fréchet differentiable in V,, and u,v € V; is
continuous,

F (u,t)o = —vAv — B(u,v) — B(v,u) — v(Ru,v), (4.5)

Let ug, U(l),- . ,v{)EHg, and T<T* be fixed. Let ¢1(s), ¢2(s), - - ,qoj(s),szr, be an or-

thonomal basis in H, of the subspace spanned by v(s; T, 1o, UE)), <+, 0(s; T, U, v{)), the
corresponding solution of (4.1b). We can assume that ¢;(s)€V, almost everywhere
s>T with

i

Tr]-(F/(U(s, T)ug,s)) = sup ( Z(F/(U(s, T)uo,S)Pi, q)z-). (4.6)
06 € Hg i=1
[ohl < Li<j
Note that

i j
71(F (U(s, T)uo,s) @i, ¢i) = ; (—vAg; — B(gi, U(s, T)uo, i) — vR(@i, ¢;))-

~
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We also have

2

_‘ /Q i Y @iDik(U(s, T)uo); (x)ﬁoil(x)g(x)dx)

i=1k]I=1
< [ Igrad(U(s, T)uo) (x)o(x)|dx
<||U(s,T)|l|p] (with the Schwarz inequality),

5 Bl s v )

where
j
=2 |1V8ei(x) 2

We have the Lieb-Thirring inequality

2= [ P x<czu(pluz (@.72)
] / v| gloo
| LvRene)| = | X (5 (V8 Vo) <y UV @
i=1 i=1 i=1
Consequently,

Y L (F'(U(s, T)uo,s) @i, i)

\Vg\

< SurL gl + IU(s, Dyuollp + Sy v gl gl
. Vol
< =52 il + SlUes, uol® + XL, vjnofg/Z g2 48)
A 2|Vg|oo i
< -9 (1-2%R) oL e + £ UG Dol

—5 (1= 2 )j + £ |u(s, Tuol?

mo /\1/2

where in the second step above, we have used the Schwarz inequality and (3.4).
Therefore, we have

/ o 2| Cg’oo . C 2
Tr](F (U(S, z)uo,s) <1 OA%/Z)]—F VHU(S, Z)LtoH . (4.9)

On the other hand,

S+ 20]ul? = 206,0) - 20 (2 9 )uw),
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which gives

P 2vlul? < 20,0~ 20( (V2 9,

and
t
|U(t,T)u0|2+2v/ U (s, T)uo||2ds
t t
< |u0\2+2/ (f(s),U(s,T)uo)ds—Zv/ ((EV> U(s,r)uo,ll(s,r)uo)ds.
T T 8
Since
2/ U(s, T)ug)ds < 1// |U(s, T)uol|>ds + = / £ (s)]12ds,
we have
t 1 t t, v
v [t opuolPds <luol + [TIL£(s)Ids — v [ ((SE -V )uls vy, Uls, Tyuo) ds
2 V 00
<holt+ 5 [+ 28 [ uts ol
which yields
(1- | 31|/2 / U (s, T)uo|Pds < |uol* + / 1£(s)|2ds. (4.10)
moA T
By letting
. 2|Vg|oo
m=1-— VY
04
we have
[ 1t myuolas < OE L) sy as @)
T o — mv o a? e o '

—I1 ]2
Let M=||f]| (oo T V)" We have

cM
273’

(Tm

q; = J+

. 1 (7 )
— <_
3 hmsupT NF(s)lds J+

T—+o0 =

Hence if M<cmi?v3/c, we take

5]]:_?(]_1), j:1/21"'/ and 7’1():1,

we can obtain

dp(As(t)) <1, forall T < T . (4.12)
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If M>oii?v3 /¢, then taking

onm . cM

o om M cM }
U= =217 g ’

.:1/2/"'/ :1 |:~7_
J o + om?v3

where [-] denotes the integer part of a real number, we can obtain by using Lemma 4.1
that

cM
o123

2|Vg]eo
1/2
1

de (A (1)) < =M [A1V4(1 - )2} U oforall < T (413)

mo/\

Since
J A(7) is relatively compact in Hy,
t<T

whose proof we omit as it is similar to Theorem 3.6 in [15]. we obtain from (4.12) and
(4.13) that,

dr(A(7)) < max ( forall T € R.

¢ 2
L, WWH w(—oo,T*;vSﬁ))’

Then theorem is proved. O
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