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Abstract. This work addresses the nonlinear dynamic behavior of different electro-
static micro-tweezers, a micro electric actuator. This actuator, a cantilever beam electro-
static micro-tweezers, has been extensively used in micro-electro-mechanical systems
(MEMS). The importance of micro electric actuators manufactured is higher than the
other part of MEMS since it is the power source of the entire micro-electro-mechanical
systems. In actual operation, the instability and bad dynamic characteristics of the elec-
tric actuators will cause larger displacement mobility error, such as transport behavior
and response procedures failure, etc., and even damage the micro-electro-mechanical
systems. To improve the actuator dynamic displacement accuracy, the dynamic behav-
ior in the electric actuator system must be studied, especially for nonlinear dynamic
behavior of system. In this work, the differential quadrature method (DQM) was em-
ployed to solve the problem of nonlinearity in the equation of motion. The results
reveal that the proposed DQM model can be used to simulate the nonlinear behavior
of the micro-tweezers efficiently Micro-tweezers of various shapes were studied to ex-
amine the feasibility of applying the DQM in analyzing their nonlinear responses. The
simulated results agree very closely with the calculated and experimental data in the
literature.

AMS subject classifications: 35G50, 37M05, 65E05
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1 Introduction

Cantilever beam electrostatic micro-tweezers have been extensively used in microelec-
tromechanical systems (MEMS). Some investigations [1, 2] developed and simulated
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the chemical vapor deposition (CVD) of tungsten with isolated silicon dioxide to form
the microelectromechanical structures of micro-tweezers. In [3], a combination exterior
boundary-element method (BEM) for determining the electrostatic force and a finite-
element method (FEM) for determining the elasticity of beam were proposed to quantify
the coupling between the electrostatic force and the elastic deformation of the micro-
tweezers.

Some three-dimensional methods have been developed for evaluating the nonlinear
behavior of electrostatic devices. A 3-D structural simulator, OYSTER, was proposed
in [5] to address 3-D geometric effects in the fabricated process. The importance of the
electrostatic effect in the design and modeling of micro-actuators was discussed in [6].
Senturia et al. [7,8] developed MEMS systems using the ABAQUS package and the BEM
program, FASTCAP, for electrostatic analysis to solve the nonlinear-coupled equations.

The pull-in behavior of different beam structures and pressure sensors [9] was elu-
cidated using three models, i.e. the lumped parallel-plate spring model, the one-
dimensional analytical model and the three-dimensional finite-element model. In [10],
the pull-in instability phenomena of different beam actuators was used to determine the
corresponding MEMS material parameters.

In 1997, Legtenberg et al. [11] employed the Rayleigh-Ritz method to examine the
large displacement characteristics of cantilever beam type actuators. In [12], the effect of
squeeze-film damping on the dynamics responses of a nonlinear actuator was studied us-
ing three-dimensional MEMCAD and FEM programs in [12]. In [13], leveraged bending
and strain-stiffening methods were presented to enlarge the distance traveled before the
electrostatic actuator is pulled in. The SOI (silicon-on-insulator) was used to fabricate the
micro-actuators and micro-grippers, which provide the advantages of being stable and
requiring a few fabrication steps [14]. In [15], SU8 photoepoxy with its excellent aspect
ratio and attainable film thickness was used to fabricate shape memory alloy and actu-
ated micro-grippers. Researchers [16, 17] focus the new applications of micro grippers
on biological and micro robot. These studies developed to show the feasibility of micro
robots and biological science. Recently, the electro thermal micro gripper was attracted
to some investigations [18, 19].

In 1972, Bellman et al. [20] first proposed the differential quadrature method (DQM)
to solve nonlinear partial equations. Before then, DQM had been widely employed to
calculate the flexural vibration of a geometrically nonlinear beam [21], and to perform
static and free vibration analyses of beams and plates [22]. Bert and Malik [23] used
the differential quadrature method to evaluate the dynamic characteristics of various
tapered rectangular plates. Bert [24] further applied particular boundary conditions to
the differential quadrature weighting coefficient matrix, without applying the so-called
δ technique. Chen and Zhong [25] introduced Hadamard product to derive the weight-
ing matrices for differential quadrature and differential cubature solutions to nonlinear
differential and integro-differential equations. The Hadamard and SJT product approach
was proposed in reference [26] to simplify the nonlinear equations and minimize the ef-
fort of evaluating the Jacobian derivative matrix by the Newton-Raphson method. The
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generalized differential quadrature method (GDQM) was used to reduce the nonlinear
boundary-initial-value problem to nonlinear ordinary differential equations [27]. In [28],
the generalized differential quadrature rule (GDQR) was presented to solve initial-value
differential equations of the second to fourth order. An iterative method based on the
differential quadrature rules was recently further proposed for simulating nonlinearly
coupled oscillators [29]. The generalized differential quadrature rule (GDQR) was also
applied to both spatial and temporal dimensions simultaneously, without the applica-
tion of any classical method to the temporal dimension to solve the force vibration prob-
lem [30].

In this study, the differential quadrature method is applied to formulate the nonlin-
ear deflection equation for an electrostatic micro-tweezers in discrete form. The pro-
posed model incorporates the effects of position-dependent electrostatic force and the
mechanical restoring force. Additionally, the pull-in effects associated with various
micro-tweezers were examined.

2 Models of electrostatic micro-tweezers

2.1 Analysis model

Fig. 1 schematically depicts cantilever beam micro-tweezers that consist of two indi-
vidual shaped micro-arms. The application of an external voltage, V, between these
two deformable micro-arm beams generates a position-dependent electrostatic pressure,
Pe(x,V), which brings the two deformable micro-arms toward each other. This dis-
tributed electrostatic pressure is approximately proportional to the inverse of the square
of the gap between them, so a parallel micro-arm beams approximation [9] can be ap-
plied. When the applied driving voltage exceeds a critical pull-in voltage, the two can-
tilever micro-arm beams are suddenly pulled together.

Fig. 1 reveals that the nonlinear differential equations for shaped cantilever beam
micro-tweezers are as given in [9, 11]

d2

dx2

[

EI(x)
d2y(x)

dx2

]

=Pe(x,V)=
1

2

[

ε0bV2

4[g0+xsinθ−y]2

]

. (2.1)

The corresponding non-dimensionalized form is shown to be given by

h̄3(x̄)
d4ȳ(x̄)

dx̄4
+2

dh̄3(x̄)

dx̄

d3ȳ(x̄)

dx̄3
+

d2h̄3(x̄)

dx̄2

d2ȳ(x̄)

dx̄2
= F̄

[

1

4[ḡ0+ x̄sinθ− ȳ]2

]

, (2.2)

with x̄= x/Lb, b̄= b/Lb, g0 =d0/2, ḡ0 = g0/Lb, F̄=3ε0V2/(2EL2
b), and Lb is the length of

the micro-arm. Moreover, h̄(x̄) = h̄0[1+( h̄1

h̄0
−1)( x̄

cosθ )
m
] is the shape of the micro-beam;

h̄0 = h0/Lb and h̄1 = h1/Lb are the non-dimensional beam thicknesses at x̄= 0 and x̄= 1,
and m is the order of the shape profile.
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(b)

Figure 1: The cantilever beam-type micro-tweezers.

In Eq. (2.1), E is the Young’s modulus of micro-arm material; I is the moment of inertia
associated with the cross-section of the beam; ε0 is the dielectric constant of air; b is the
width of the beam, and d0 is the initial gap between the two cantilever micro-arm beams
at the fixed end (x̄=0). The corresponding non-dimensional boundary conditions are

ȳ(x̄)=0, ȳ′(x̄)=0, at x̄=0, (2.3a)

ȳ′′(x̄)=0, ȳ′′′(x̄)=0, at x̄=1. (2.3b)

2.2 Differential Quadrature Method (DQM)

In this work, the differential quadrature method (DQM) [20–30] is used to formulate
the nonlinear differential equation, Eq. (2.2), in discrete form. The fundamental theory
of the DQM is that the different order partial derivatives of a function at a given point
can be approximated using a weighted sum of function values at all discrete points in
that domain. With reference to the DQM, the rth order derivative of a function y(x) at a
given point xi can be expressed using N weighted function values at various sampling
points [26]:

dry(x)

dxr

∣

∣

∣

∣

x=xi

=
N

∑
j=1

w
(r)
ij yj, for i=1,2,··· ,N, (2.4)
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where yj = y(xj) and w
(r)
ij represents the corresponding weighting coefficients. The

weighting coefficients of the first derivatives can be obtained from:

w
(1)
ij =

1

xj−xi

N

∏
k 6=i, k 6=j, k=1

xi−xk

xj−xk
, i=1,2,··· ,N and j=1,2,··· ,N, (2.5a)

w
(1)
ii =

N

∑
k 6=i

1

xi−xk
, i=1,2,··· ,N. (2.5b)

The weighting coefficients of the higher-order derivatives are obtained by matrix multi-
plication [26]:

w
(2)
ij =

N

∑
k=1

w
(1)
ik w

(1)
kj , w

(3)
ij =

N

∑
k=1

w
(1)
ik w

(2)
kj , w

(4)
ij =

N

∑
k=1

w
(1)
ik w

(3)
kj , for i, j=1,2,··· ,N. (2.6)

This study employs the Newton-Raphson method to solve the set of nonlinear equations
resulting from the DQM equations. For convenience, the Hadamard product [25] and the
SJT matrix product [26] are used. These two products enable the Frechet derivative ma-
trix of the Newton-Raphson method to be calculated using a more efficient and explicit
procedure. The Hadamard product and the SJT product are defined as follows:

Definition 2.1. Let matrices [A]= [aij] and [B]= [bij]∈CN×M; the Hadamard product of

matrices is defined as [A]◦[B]= [aijbij]∈CN×M. Accordingly, [A]◦q=[a
q
ij ]∈CN×M.

Definition 2.2. Let matrix [A]=[aij]∈CN×M and vector {B}={bij}∈CN×1, such that the

SJT product of the matrix and the vector is defined as [A]⋄{B}=[aijbj]∈CN×M.

From Definition 2.1, the Hadamard product is consistent the theorem [A]◦[B]= [B]◦
[A] and ([A]+[B])◦[C]= [A]◦[C]+[B]◦[C].

The Newton-Raphson method is a fundamental numerical method for solving the set
of nonlinear equations, obtained from the DQM formulations of the nonlinear differential
equations. One of the most time-consuming tasks associated with this method is calculat-
ing the Frechet derivative matrix. Chen et al. [26] proposed that the post-multiplication
SJT product of the matrix and vector should be used to simply the computation of the
Frechet matrix.

Using the SJT product enables the analytical solution of Frechet derivative matrix to
be obtained. The effort required for computing one SJT product involves only an O(n2)
scalar multiplication and so the computational cost is minimal [25].

The nonlinear quadratic operator f,x f,y in the DQM can be expressed in Hadamard

product form as f,x f,y =(wx
~f )◦(wy

~f ) [26], where ~f is a vector. Furthermore, f,x and f,y

represent the partial derivative vectors of the function in the x and y directions, respec-
tively. Meanwhile, wx and wy are the weighting matrices of DQM for the first derivatives
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in the x and y directions, respectively. The corresponding non-dimensionalized form of
Eq. (2.2) can be shown to be

h̄3(x̄)
d4ȳ(x̄)

dx̄4
+2

dh̄3(x̄)

dx̄

d3ȳ(x̄)

dx̄3
+

d2h̄3(x̄)

dx̄2

d2ȳ(x̄)

dx̄2

=F̄

[

1

[ḡ0+ x̄sinθ]2
+

2ȳ(x̄)

[ḡ0+ x̄sinθ]3
+

3ȳ2(x̄)

[ḡ0+ x̄sinθ]4
+

4ȳ3(x̄)

[ḡ0+ x̄sinθ]5
+···

]

. (2.7)

The corresponding non-dimensional boundary conditions are

ȳ(x̄)= ȳ′(x̄)=0, at x̄=0 and ȳ′′(x̄)= ȳ′′′(x̄)=0, at x̄=1. (2.8)

The weighting coefficient matrices incorporate the set of boundary conditions. Therefore,
the weighting coefficient matrices in this case can be shown to be
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, (2.9a)
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The DQM can be used to write the basic iterative equation in the Hadamard and SJT
products as

ϕ{~y}= h̄3(x̄)◦
(

w
(4)
ij ~y

)

+2
dh̄3(x̄)

dx̄
◦
(

w
(3)
ij ~y

)

+
d2h̄3(x̄)

dx̄2
◦
(

w
(2)
ij ~y

)

− F̄

[

1

[ḡ0+ x̄sinθ]◦2
+

2~y

[ḡ0+ x̄sinθ]◦3
+

3[~y]◦2

[ḡ0+ x̄sinθ]◦4
+

4[~y]◦3

[ḡ0+ x̄sinθ]◦5
+···

]

, (2.10a)

∂ϕ{~y}

∂~y
=w

(4)
ij ⋄ h̄3(x̄)+2w

(3)
ij ⋄

dh̄3(x̄)

dx̄
+w

(2)
ij ⋄

d2h̄3(x̄)

dx̄2
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[

2Iu
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+
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+

12Iu⋄[~y]
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[ḡ0+ x̄sinθ]◦5
+

20Iu⋄[~y]
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[ḡ0+ x̄sinθ]◦6
+···

]

. (2.10b)

Eqs. (2.10a) and (2.10b) reveal that the iteration formulation of the Newton-Raphson
method in this case is

~y(k+1)=~y(k)−
ϕ{~y(k)}
∂ϕ{~y(k)}

∂~y

. (2.11)

Notably, the linear solution for a cantilever beam with a uniformly distributed load is
used as the initial estimate in the iterative procedure.

3 Numerical analyses of various micro-tweezers

3.1 Example 1: Cantilever rectangular beam micro-tweezers

This work first simulates the uniform rectangular cantilever beam micro-tweezers ad-
dressed in the references [1–3] to confirm the accuracy and feasibility of the proposed
DQM approach. The current simulation results are then compared with those presented
in the relevant literature.
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Example 3.1 (Simplified micro-tweezers [3]). In [3], simplified rectangular beam micro-
tweezers with θ=0◦, as depicted in Fig. 1, are investigated by applying a hybrid BEM and
FEM method. In the current example, the beam length Lb is 200µm; Young’s modulus for
the tungsten beam material is E=410GPa and the beam width is b=2.7µm. Additionally,
the thickness of the rectangular beam is h0 =2.9µm and the initial gap is d0 =2g0 =4µm.
Table 1 summarizes the beam geometry. Fig. 2 reveals that the gap distance change (2ye)
between two micro-arm tips declines gradually as the applied voltage is increased toward
a critical value. The parameter ye denotes the tip deflection for each arm of the micro-
tweezers. Beyond this critical voltage, the two cantilever micro-arms are pulled suddenly
toward each other. Good agreement exists between the pull-in voltage of 79.6V calculated
by the proposed DQM and the pull-in voltage of 78V reported in 1995 by F. Shi et al.,
which they obtained using the hybrid FEM-BEM method [3]. The difference between the
two sets of results is found to be under 2%.

Figure 2: Variation in the tip gap of electrostatic micro-tweezers.

Table 1: The dimension of the cantilever beam-type micro-tweezers.

Example θ Lb(µm) d0(µm) h0(µm) Material/Young’s modulus (E)

1.1 0◦ 200 4 2.9 Tungsten / 410 (GPA)

1.2 0.5◦ 200 3 2.7 Tungsten / 410 (GPA)

1.3 0.5◦ 200 3 3.1* An effective combination of Tungsten

and silicon dioxide coating/410 (GPA) /73 (GPA)

*: The beam thickness of Tungsten is 2.7µm with the thickness 0.2µm of SiO2 on both sides.

Calculating contact forces

When the applied voltage reaches the critical pull-in voltage, the tips of micro-
tweezers contact the object. The contact forces increase as the applied voltage is increased
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Figure 3: Variation in contact force for different object sizes.

further. The assumption micro-tweezers’ arms are assumed to be symmetrical, so a con-
tact force applies along the centerline of the gap between the two arms.

This study considers a simple compressive spring between the free ends of the micro-
tweezers arms to model the effect of the two arm tips’ contacting the gripped object.
Therefore, when the tips are in contact with the object, the beam is no longer cantilevered,
but is considered to be spring-supported at the tip. This modification can be made by in-
serting the spring force at the tip of the micro-arm as a boundary condition. This spring
force fs changes the boundary conditions in the original set of conditions (2.3). Accord-
ingly, the shear force at the end of the micro-arm beam equals the spring force:

EIy′′′(x)= fs. (3.1)

The contact force can then be determined by multiplying the stiffness matrix of the beam
by the deflection calculated from the tip support. Fig. 3 compares the contact forces cal-
culated by the DQM with the values predicted by the hybrid BEM and FEM approach [3].
The two sets of results are similar and mutually consistent.

Example 3.2 (Micro-tweezers without silicon dioxide coating [1–3]). In [1, 2], CVD tung-
sten micro-tweezers were fabricated and investigated. Their, two micro-arm beams were
rigidly attached at the fixed end with θ = 0.5

◦
. The other dimensions were as shown in

Table 1. The experimental results reveals that the pull-in voltage was 125V [1, 2]. In con-
trast, the proposed DQM approach predicts a pull-in voltage of 121.5V, while the result
obtained using the hybrid FEM-BEM method was 112V. Fig. 4 compares the tip deflection
behaviors of the micro-arm as calculated by the presented method, with those obtained
by the other two reported methods. Fig. 5 shows the variation in micro-arm deflection
against arm length, at various applied voltages.
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Figure 4: Variation in tip deflection for micro-tweezers with different driving voltages.

Figure 5: Beam deflection shapes at different applied voltages.

Example 3.3 (Micro-tweezers with silicon dioxide coating [1–3]). MacDonald et al. [1]
and Chen et al. [2] produced micro-tweezers coated with a silicon dioxide film to pre-
vent electric shorting when the two beams were pulled together. The thickness of the
silicon dioxide was 0.2µm and the beam length Lb was 200µm. Moreover, Young’s mod-
ulus of the tungsten beam material was E=410GPa, while that of the silicon dioxide was
Es = 73GPa. Fig. 6(a) presents the cross-sectional view of the composite micro-beam. In
this work, a 2-D model is used to model the composite beam, and the assumption is made
that ”planar sections remain planar” [3], as shown in Fig. 6(b). Hence, the effective EI of
the composite micro-beam equals the summation of its tungsten and silicon dioxide com-
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Figure 6: The cross section of a silicon dioxide coated micro-beam.

Figure 7: Convergence of the calculated tip deflection with different number of sampling points.

ponents, so EI =EI1,SiO2
+EI2,tungsten+EI3,SiO2

. The result of the pull-in voltage obtained
by the DQM approach was 141.5V, which can be compared to an experimental value of
150V [1, 2], and the value 157∼160V obtained using the FEM-BEM hybrid method [3].
Importantly, the proposed DQM algorithm depends on the use of just 19 sampling points
along the beam and can converge with a tolerance of 10−8 in four iterations. Fig. 7 plots
the convergence tendency of the tip deflections calculated using the DQM for various
numbers of selected sampling points. The locations of the sampling points along the
beam follow according to the Chebyshev-Gauss-Lobatto distribution [23]

x̄i =
1

2

[

1−cos
(i−1)

(N−1)
π

]

, for i=1,2,··· ,N. (3.2)
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These comparisons between the rectangular cantilever beam micro-tweezers herein with
those in the literatures reveal excellent agreement between DQM and other reference re-
sults. The comparisons presented above for rectangular cantilever beam micro-tweezers
verify that the simulation results obtained using the proposed DQM approach agree
closely with the results in the literature. The critical applied voltage, which results in
the pull-in effect, is known to depend on the particular shape of the micro-arm. The
following section investigates and exploits this fact.

3.2 Shaped cantilever beam micro-tweezers

In this section, the beam length, width and material properties, are as presented previ-
ously in Example 3.3. However, the beam thickness profile is different. As presented in
Fig. 1(b), the beam thickness, h̄(x̄), has a shape order of m, and its thickness at its two
ends is h0 and h1. Table 2 summarizes the dimensions in this particular example. Fig. 8
compares the tip deflections of the original rectangular beam at various applied voltages
with the corresponding tip deflections of a tapered beam (m=1) and second order poly-

Table 2: The dimension of micro-tweezers with different shape profiles.

Example 2 m θ Lb(µm) d0(µm) h0(µm) h1(µm)

Ex215 1 0.5◦ 200 3 3.1 1.5

Ex225 2 0.5◦ 200 3 3.1 1.5

Ex223 2 0.5◦ 200 3 3.1 0.3

*: The effective Young’s modulus E is a combination of the Tungsten 410(GPA) and the silicon dioxide

coating 73(GPA).

Figure 8: Variation in tip deflection for the micro-arm with different beam shape profiles.
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nomial (m=2) shaped beams. The critical pull-in voltage of the original rectangular beam
is 141.2V. The value is lower, 128.5V, for shaped beam with m=2 and h1 =1.5µm, and is
even lower, 118.2V, for the beam of taper-shaped (m=1) and h1=1.5µm. The lowest pull-
in voltage of 87.2V is achieved for a beam with shape factors of m=2 and h1=0.3µm. The
results verify that a designer can control the range of pull-in voltages of micro-tweezers
by specifying the shape profiles of the beams.

4 Conclusions

This work applied the DQM approach to study the tip deflection and pull-in voltages for
variously shaped cantilever beam micro-tweezers. The numerical results demonstrated
that the proposed DQM technique constitutes an accurate and efficient means of simu-
lating the deflection and the clamp force responses of nonlinear micro-tweezers. A com-
parison of the results obtained from the proposed DQM approach with those reported in
the literature reveals the following:

1. The DQM approach provides efficient and accurate simulations of the pull-in volt-
age for variously shaped beam-type electrostatic micro-tweezers. The method de-
pends on the just 19 sampling points to yield a convergent result.

2. The proposed DQM approach can be used to calculate efficiently and accurately
not only the nonlinear deflection of a simple rectangular beam, but also those of
shaped cantilever beam micro-tweezers. Therefore, the DQM is an appropriate and
convenient means of designing and analyzing electrostatic micro-tweezers.

3. The results reveal that a properly shaped micro-arm can reduce the pull-in voltage
from 141V (for a rectangular micro-beam) to 87V (for a shaped micro-beam with
m=2 and h1 =0.3µm).
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