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Abstract. We propose and analyze spectral direction splitting schemes for the incom-
pressible Navier-Stokes equations. The schemes combine a Legendre-spectral method
for the spatial discretization and a pressure-stabilization/direction splitting scheme for
the temporal discretization, leading to a sequence of one-dimensional elliptic equations
at each time step while preserving the same order of accuracy as the usual pressure-
stabilization schemes. We prove that these schemes are unconditionally stable, and
present numerical results which demonstrate the stability, accuracy, and efficiency of
the proposed methods.
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1. Introduction

A main difficulty in solving the incompressible Navier-Stokes equations is how to deal
with the divergence-free constraint which couples the velocity and the pressure. There
exists an enormous amount of literature on this subject. A popular and efficient approach
is to use a projection type method which was originated from the pioneering works of
Chorin [2] and Temam [9]. This type of methods decouples the computation of pressure
from that of velocity, and only requires to solve a sequence of Poisson type equations at
each time step. We refer to [5] for an overview of the projection type methods.

Recently, Guermond and Minev [4] (see also [6]) proposed to combine the pressure-
stabilization method (cf. [3, 10]) and the direction splitting technique [7] for the time
discretization of the incompressible Navier-Stokes equations, leading to a sequence of
one-dimensional problems at each time step. In [4] and [6], it is shown that these
semi-discretized pressure-stabilization/direction splitting schemes are unconditionally sta-
ble and have the same order of accuracy as the usual projection schemes without spatial
discretization.
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In this paper, we consider the stability of the spatial discretization of the pressure-
stabilization/direction splitting schemes by using a Legendre-spectral method. It turns out
that a usual Legendre-Galerkin or Legendre-collocation method will not lead to uncon-
ditionally stable schemes as in the semi-discretized case. To overcome this difficulty, we
construct a hybrid of Legendre-Galerkin and Legendre-collocation methods which is easy
to implement and enables us to prove the unconditional stability. We also construct a
pressure-stabilization/direction splitting scheme for problems with variable viscosity and
prove that a semi-discretized version is unconditionally stable.

The outline of the paper is as follows. In the next section we construct a fully discretized
direction splitting scheme by using a hybrid of Legendre-collocation and Legendre-Galerkin
methods. In Section 3, we carry out a stability analysis for the fully discretized schemes for
both the standard and rotational versions. We present in Section 4 a generalization of the
spectral direction splitting scheme to the Navier-Stokes equations with variable viscosity
and prove a stability result in a simplified semi-discrete case. We present numerical results
and discussions in Section 5.

2. Spectral Direction Splitting Schemes

The direction splitting schemes are usually applied to separable domains. We shall re-
strict our attention in this paper to = (—1,1)?, and consider the time-dependent Navier-
Stokes equations:

aa—l:—vAu+u-Vu+Vp=f, inQx(0,T],

V-u=0, inQx [0,T], 2.1
ulzn=0, in [0, T],

ul—o = uo, in Q,

where v is the viscosity coefficient, u and p stand for the velocity vector and the pressure
respectively. Since the treatment of the nonlinear term does not have an essential impact
on the pressure-stabilization and direction splitting. We shall restrict our attention in this
paper to the Stokes case, i.e., (2.1) without the nonlinear term.

2.1. Direction splitting scheme

We start with a second-order pressure-stabilization scheme:

n+1 n

— ("™ —u) -V A—— + Vp" = "+%, in Q,
Ac ) 2 pr=s (2.2)

ul‘l+1 |aﬂ — 0,
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1
—V-u"l 4+ AP =0, inQ,

At
3¢n+1 (2.3)
on loa
pn+1 — ¢n+1 +pn _ va .un+1. (2.4)

The above scheme with y = 0 was studied in [8], and it was shown that the scheme is
second-order accurate for the velocity and first-order accurate for the pressure in the L2-
norm. The case with 0 < y < 1 is related to the scheme introduced in [10], and it can
be shown that the scheme is second-order accurate for the velocity and 3/2-order accurate
for the pressure in the L2-norm. We shall adopt the classification in [5] and refer the case
with ¥y = 0 as the standard form and the case with 0 < y <1 as the rotational form.

While it is easy to write down a direction splitting (or the ADI) scheme for the step
(2.2), how to deal with (2.3) is not obvious. It was observed in [4] that the order of
accuracy for the scheme (2.2)-(2.4) remains the same if the Laplace operator in (2.3)
is replaced by a more general operator A defined by a bilinear form a(-,-) satisfying the
following properties:

a(-,-) is symmetric, and ||V~x/;||%2 <a(y,y), VY €D(A),
a(¢,y) = f YApdx, V¢, €D(A), (2.5)
Q

where D(A) is the domain of A.
The operator A used in [4] is the following:

A:=(1-0,)1- ayy): (2.6)
with the domain

D(A) = {1/1,(1 - 3yy)1/1;A1/J € LZ(Q)) o w|y:i1 = O’ ax((]- - ayy)q*lj)l)(::l:l = 0}

The associated bilinear form a(:, ) is given by

a(¢;¢):(¢:¢)+(v¢:v¢)+(axy¢3axy¢): 2.7)

where (-,-) means the standard L2-inner product. It is an easy matter to verify that such a
A and a(-,-) satisfy the property (2.5).

The following direction splitting scheme is proposed in [4].

Setting u® = u|,_g, p~2 = pl,_o and ¢ 2 = 0.

For n > 0, we look for (u"+%, u”+1,p”+%) as follows:

e Velocity splitting:

1
un-i—2 —u"

1 1 1
- —v (axxu”+§ + ﬁyyu”) +Vp©tta = ity
EAt

(2.8)

1
n+s3 —
u 2|x:i1 - 0’
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n+1 n+i

u —-—u 2 1 1 1
—y (8 un+§ 490 un+1) +Vp*’n+§ :fn+§,
%At xx Yy 2.9
un+1|_y=i1 :OJ
where
PP = pt 4 pn I (2.10)
e Pressure splitting:
1 1 v.un+1 1
WSOy = o A e =0, (2.11)
G — 3, " E =", 8,62 _y; = O; (2.12)
and
ntl n—1 n+i 1 n+1 n
Pt = pE 4+ z—xq/v-(i(u +u™). (2.13)

We observe that each of the substeps (2.8), (2.9), (2.11) and (2.12) is a sequence of one-
dimensional elliptic problems. Therefore, the overall scheme is extremely efficient. It has
been shown in [4, 6] that the above scheme is unconditionally stable and preserve the
temporal accuracy of the scheme (2.2)-(2.4).

2.2. Full discretization by a Legendre-spectral method

We now construct a full discretization scheme by using a Legendre-spectral method
which would preserve the stability of the semi-discretized scheme (2.8)-(2.13).

It turns out that a straightforward spatial discretization of (2.8)-(2.13) by using a
Legendre-Galerkin method or a Legendre-collocation method does not preserve the uncon-
ditional stability of the semi-discretized scheme (2.8)-(2.13). Therefore, we shall construct
a hybrid of the Legendre-Galerkin and Legendre-collocation methods which will allow us
to prove the unconditional stability while preserving the time accuracy.

We now introduce some basic notations which will be used hereafter. Let N be the set
of all non-negative integers and A = (—1,1). For any N € N, we denote by Py (A) the set of
all polynomials of degree < N defined in A, and set ]P’R,(A) ={¢p e Py(A): ¢(£1) =0},
Py(©2) = Py (A) ® Py (A), PY(2) := {¢p € Py () : plag = O}

Let x; and w; or y; and w; for 0 < i,j < N be the nodes and associated weights of
the Legendre-Gauss-Lobatto quadrature in A. Let X be the set of all collocation points
(xi,yj)?”jzo, and %; the set of all interior collocation points, i.e. X := {x;; = (x;,y;),1 <
i,j < N —1}. We denote by I, the polynomial interpolation operator based on the set .
We define the discrete inner product:

N

(u,v)y o= Z u(x;)v(xi)wiw;, Vu,v € co(), (2.14)
i,j=0



Spectral direction splitting schemes 219

and its associated norm

1/2
Wiy g = .v)Va

It is well known (cf. [1]) that

lunllz < llunlly,g < V3lluyll 2, Yuy € Py (Q). (2.15)
For any fixed y € A, we define the discrete scalar product with respect to x direction,
(') ')x,N,A; by

N

(W) n = Y ulx;, YIV(x;, Yo, Vi, v € CO(S).
i=0

The notation (-,-), y A can be defined similarly.
In cases where no confusion would arise, 2 and A may be dropped from the notations.
We consider the following full discretized version of the scheme (2.8)-(2.13).

_1 _1 1
Setting ug, = Iyul;—9, P> = Iypli=o and ¢ > = 0. For n > 0, we look for (u]’:;rz,ul’t,“,
n+%
py ) as follows:
e Velocity SPIitting: 1
Find uZ,JrE € Py (Q) such that for each j € {0,1,--- ,N}, u;+5(-,yj) satisfies
n+i
uy *(x, y;) —uy(x;, y5) +1
N i 11 N\Xi> Yj _V((’}XXu;[ Z(xi,yj)—l-é’yyul’:,(xi,yj))
EAt
*,n-i—l 1 .
+va z(xi3yj):fn+2(xi5yj): l:]-;Z:"':N_l:
1
uy 2(£1,y;) = 0; (2.16)

Find u}! € PY(Q) such that for each i € {1,2,...,N — 1}, u}"!(x;, ) satisfies

un+1(x. ')_ n+%( . )
N l’y] Uy xl’y]

1
EAt

n+i
—v((’}xxuN Z(xi,yj)-i-@yyu,rbﬂ(xi,y]'))
*,n+ 2 1 .
+va 2(Xi,_yj):fn+2(xi).yj)) J:112)“')N_1)
ultl(x;, £1)=0. (2.17)

In the above,

*,n+% n—s L

1 —_——
Py P=py 2+ oy . (2.18)
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e Pressure splitting:
1 1
Find 1/)1?2 € Py(9), such that for each j € {0,1,---,N}, wyz(x,yj) € Py(A)
satisfies

n+i n+y
(WP eaan) |+ (e o aan)

(- v-uitny)

) L Ya ) € By(a); (219)

1 1
Find ¢;+2 € Py(Q), such that for each i € {0,1,--- ,N}, qbZ,Jrz(xi,y) € Py (A) satis-

fies
n+l n+l
(on Corhazn) |+ (Gbn Gon)dan)
41
= (¥§ 2o @n®) o Yaan(y) EBy(A); (2.20)
Y,N,A

and

n+% n—% n+% 1 n+1 n

Py =Py "ty —XVV'(E(HN +uN)). (2.21)

Remark 2.1. By integration by parts in the above weak formulation (2.19)-(2.20), we can
derive the following equivalent formulation:

1 1
Find 1/);;2 € Py(Q), such that for each y;, j =0,1,---,N, ipyz(x,yj) € Py (A) satis-
fies
V- u]’;l[+1(xi)yj)

, i=1,2,
At

LR )N_]-

2

n+1 nt+i
U)N z(xi).)/j) - aqu*le Z(Xi’yj) =

v-uz“(—l,yj))
At ’
\& u]r\l[+1(11y]))

At )

n+l n+l n+l
2y (=1L yp = oo (U (~Ly) = Beetpy *(—1y) +
n+i n+i n+i
By (1, y) = =y (Wy 2(Ly) = Butby *(Ly) +
n+l n+l
Find ¢, * € Py(£), such that foreach x;,1 =0,1,--- ,N, ¢, *(x;,y) € Py(A) satisfies

n+i n+i n+i .
¢N z(xiiyj) - a‘y_yd)[\] Z(Xi:yj) = wN Z(Xi,yj), J= 152:"' :N - 1:
n+i n+i n+i n+i
By G =D =wo( by * (=1 =8y by (i~ =9y *(x;,-1)),

n+l n+l n+l n+l
3,0 "y D=y (n 2 D= By by O D=y 2 (x, 1),

Note that in the above, zpl’l,“/ 2 (resp. qb]':,ﬂ/ %) satisfies the differential equation (2.11)
(resp. (2.12)) exactly at all interior collocation points, while the homogeneous Neumann
boundary conditions are satisfied only approximately with the error being the residual of
the differential equation multiplied by the weight w( or wy which goes zero as N tends to
infinity.
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3. Stability Analysis

We shall prove that the scheme (2.16)-(2.21) is unconditionally stable by following a
similar procedure as in [6].
We define the bilinear form ay(-,-) by:

an(pn>q9n) =(Pn>an)n,a + (OxPws Oxdn)n o + (OyPn» 0y qn )N o
+ (OxyPN> Oxy AN )N 025 Vpn,qn € Py (). (3.1)

Then it is easy to verify that ay(-,-) satisfies the following properties:
a(-,-) is symmetric, and [[Vqylly < an(qn,qn), Van € Py(Q). (3.2)

We also introduce the A-norm || - ||, and Ay-norm || - ||, defined by

1 1
lIplla :=a(p,p)z, lowllay, == an(pn>pn)2- (3.3)

By virtue of the definitions (2.7) and (3.1), it is readily seen that the two norms || - ||, and
Il [la, are equivalent in Py(£2).
We define the discrete operator 6 by

1 1 1
n+3 n+3 %

n—1 n+i n+; n—1 n—
5PN 2 ‘=DPn 2 — Py 2, 52pN 2 ‘= Dpn 2 _2pN 2+pN .

1
_ . . _nt3
We also use i1y to denote the sequence whose generic term is it * := %(u]’:,ﬂ +ul).
For any norm || - ||z, we denote

n

K
Il gy = A D MuC™ Nl ey = max. e, -
n=1 -
We start by proving the following lemma.
Lemma 3.1. The pressure splitting scheme (2.19)-(2.20) is equivalent to:
1
Find qbZ,Jrz € Py (Q), such that

L ntl
V-uy

n+%
av(dy an) = (- —tmaw) o Vav SE(@). (3.4)

1
Proof. Note that for any g, y(y) € Py(A) both functions (¢:,+2(x,y),q2,N(y))y,N,A +

n+i n+1 .
Oy by *(x,¥),0yq2n(¥))yna and (P *(x,¥),qon(¥))y N a are polynomials of degree
not exceeding N with respect to x, and they are equal at the N 41 Legendre-Gauss-Lobatto
points according to equation (2.20). As a result, the two polynomials are identical, i.e.,

(a5 o) |+ (8on e dant)),

NLA

= (N *3ha2n()) o Yaan() €By(A), Vx e, 3.5)
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Differentiating both sides with respect to x gives

41 41
(@qﬁ; 2(xi,.)’),QZ,N(.)’))yNA+ (%qﬁ; 2(xi,y),3yqz,N(y))yNA

41 .
= (A o) @n) | VeI €By(A), Vi=01 N (36)

For any q; y(x) € Py(A), multiplying both sides of equation (3.6) by J,q; y(x;)w; and
summing up fromi=0,1,--- ,N, we obtain

(2edn (0, 8w (azn()) |+ (B by 2060, 8w ()3 an ()
= (B3 (09,00, s Va0, G(y) € By(A), 3.7)

Similarly, multiplying (2.20) by q; y(x;)w; and summing up from i =0,1,--- ,N, we get

(on *Canain®aan®)) |+ (308 N an@dan),
= (¥ e an (Mo ()) s Ya1w(0),aan() € By(A). (3.8

Combining (3.8) and (3.7) yields

an (¢;+E:Q1,N(X)CI2,N(}’))
n+l n+2
= (vn 2 @), + (Bl ) dan@aenm)
Vqy,n(x),qan(Y) € Py (A). (3.9)

Now we multiply (2.19) by g, y(¥;)w; and sum up over j =0,1,---,N to get

(@[’:;rz (x,¥), Q1,N(X)QZ,N(y))N,Q + (3x¢:1+5 (x,¥), axch,N(x)qZN(y))N,n

(- Vougt(xy)

At ;Q1,N(X)CI2,N(J’))N’Q, Vi n(x),q2n(y) € Py(A). (3.10)

By comparing (3.10) with (3.9), we obtain

n+i
ay (¢N 2, Q1,N(X)CI2,N(J’))
n+1

v -
= ( - —AZ—V ,Q1,N(X)QZ,N(}’))N’Q, Vg1 n(x), g n(¥) € Py(A),
which implies (3.4). .

We are now in positive to prove the stability of the scheme. We start with the standard
case, i.e., ¥ = 0. Without loss of generality, we assume f = 0.
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Theorem 3.1. The solution to (2.16)-(2.21) with f = 0 and y = O satisfies the following
inequality:

2
v tv
2 2 2 12
et riey * 5 IV o)+ AT s 1 sc + = N0 3 I 11
9 % 5 5 Atv? 9
<c | lluollf, + EIIVuolle + Atllpolly + 2 19y uoll?2 |

where c is a constant independent of discretization parameters.

Proof. Subtracting equation (2.17) from (2.16), we obtain the following expression for
the half-step discrete velocity:
n+1 n
Uy (xij) + uN(xij) _ Atv
2 4

ayy(ujrz]+1(xij)_u;l](xij))) Vx;; €z (3.11)

n+2
Uy ?(x ij) =
On the other hand, adding (2.17) to (2.16) with f = 0, we find that

1
u?ﬁ (xij) - u;:[(xij)
At

+1 _n+l *,n+2
—v&‘xxu;, z(xij)—vE?yyu:, z(xij)+VpNn 2(x;;)=0, Vx;; €.

(3.12)

Note that the functions on both sides of (3.11) are polynomials of degree < N with respect
to x, which are equal at N —1 interior nodes according to (3.11) and also at two end points
due to the fact that

1
u:{ﬂ(il,yj):ul’:,(:tl,yj):o’ vn=0,1,---,K.

Thus from (3.11), we obtain

wd ut ) Ful(ey) Aty

2 )= _N n+1
uy *(x,y)) 2 2

8yy(uN (x).y]) - u]r\l[(xyyj))a
VxeAj=1,--,N—1.

Taking two derivatives w.r.t. x, we get

nt 1 nd Atv
axxuN 2(xij):axxu]\[ 2(xij)_ Taxxyy(ugl—i_l(xij)_u;:[(xij)); vxij Gz:I' (3.13)

Plugging (3.13) into (3.12) leads to

1
ll}ffr (xij) - u?[(xij) _

At
:0, injEZI. (314)

_n+i *n+ 1 Atv?
vAuy *(x;;)+ Vpy z(xij)+Taxxyy(u]’:[—‘rl(xij)_u}:[(xij))
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We multiply (3.14) by u”+1(xij)coicoj, and sum up over i, j from 1 to N — 1 to yield

up' —ug +1 3 ontl £ty g
n ol n 2 2 n
(A—t’uN )N_V(AHN U )N+(VPN UN )N
Atv?
T( Orexyy (U —ul), u”H)N =0. (3.15)

Integrating by parts in the second term and the last term, thanks to the boundary conditions
and the exactness of the one-dimensional Legendre-Gauss-Lobatto quadrature, and using
the identity 2(a — b,a) = ||a||?> + ||la — b||* — ||b]|?, we find

Aty
lup % + lluy™ = ug IR+ —— (IIVu”“IIN IV +up)I?)

#,n+1 1 A 22 1 t2 2 1 5

+2At(Vpy L upty+—— 2 0xy upt Iz + ——M10,, (Uit —uf)IR,
Atv 2

= |Iu1”vllf\,+TIIVHEIIJZV+TII9WHZII§,- (3.16)

On the other hand, from (2.21) with y =0, we have

n—1 *,n+1 n—1 n—32

> and py *=2py *-—-py° 3.17)

1 1
n+= Tl+E

¢y =Py *—Py

41 _1
In virtue of (3.4), the function p:, 2 — pz, > € Py(9) satisfies: for n > 0,

1 1

n+ n—
ay(py > —py 2 an) = ——(V uy av)y,  Vay €Py(Q). (3.18)

+1 1 _3
Taking qy = 2At2p = 2At2(2pN - p:, 2) in the above, and using the fact that
ay(+,+) is symmetric, we have
1
—2AL(V - ut p )y
1 3

41 _1 _

= 2A¢%ay(5py 2, 2py * — Py )
E SR | 41 41 _1
=2At2aN(5pZ, z,p;l, 2)+2At2aN(5pZ, 2 —5p1’:, 2 +5p:, 2)

= At (”PN 2 ”AN - ||PN 2 ||AN + ||5PN 2 ||AN - ||52PN 2 ||AN) (319)

n+i . o
Next we seek to bound the term [|5%p,; > ||§N. Applying the time increment operator & to
1

(3.18) and taking qy = At52 p:,+§ in the resulting equation, we obtain

n+i
Atll6%py 2|IA == (V- (uy" —up), 52pN “In

1 2 1 o nt3
=(uy™ —ul,vé pN 2)N <[lup™ —uRlnIVE2py 2lin-
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Then by using the coercivity (3.2), we obtain

At|VE2py 2IIN < fuit - ully I V82py ZHAN)

which results in

2 1
At?|5%py 2||AN < llup™ —uylly-

Inserting this bound into (3.19) gives

n+i n—1 n—1
A(lpy *II3, + 18Py zlliN —llpy 212,

< —2At(V- u”+1,pN 2 v+ ||u”Jrl — ul’;‘,lllz\,
Then, combining the above estimate with (3.16), noticing that

ntl *,n+1
(v un+1,pN Z)N:_(va 2 n+1)N,

and dropping some unnecessary positive terms, we arrive at
n+1 Atv n+1 2 "5 12 ? n+1
lluy ||N+—||Vu % +Alpy * I +—— 2 ||3 up IR

Atv n—i 22
2 2 2 2 2
< lluylly + ——lIVuglly + At%lipy ZIIAN+—4 10y unlly-

Finally, the desired result is obtained by summing up the above estimate and using the
norm equivalences between || - ||, and || - [|,, and between || - ||y and | - || .2 O

Next, we establish the stability for the scheme (2.18)-(2.21) in the rotational form, i.e.,
with y #0.

Theorem 3.2. The solution to (2.16)-(2.21) with f = 0 and 0 < y < 1 satisfies the following
inequality:

v n+1
+5A =V -duy 11

I5uy I IIV x Sup |7

l°°(0 T; L2) 12(0,T;L?) 12(0,T;L?)

||3xy5 n+1”12(0TL2)+At”¢’N 2”12( A p sty +}(V||V un+1”12(0TL2)
v
SC(||5UN||L2+§||V><51111\,”%24'5(1—X)||V'5HN||L2
v 12 3|12 12
+T||5xy5uN||Lz+At||¢1\2,||A+XV||V'uNlle),

where c is a constant independent of discretization parameters.
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Proof. Applying the time increment operator 6 to (3.14) and taking the discrete inner
product with Suli*!, we obtain

(&l;:ﬁ;—;6%,5ux[+l)]v (A5UN 2 5un+1)N+ (V5p:, +2 5un+1)N

Atv?
T( xxyy5(un+1 - llN) 5un+1)N =0. (3.20)
As in the proof of previous theorem, we integrate by parts in the second term and the last
term to obtain

SupttIZ + 1162u b 12 + (IIV5 ”“IIN+IIV5(u”“+uE)II?V)
At 2 2 At ZVZ
+2At(V6pN +3 6u1’:,+1)N+ |12, 6u1’1,+1||12\,+T|| 6(u”Jrl —u,’@)nf\,
Aty A 2
= ||5u1’§,||,2v+ T||V5u,’1,||,2v+ T||8xy5u1’§,||,2v. (3.2D)

Rewrite (2.21) as

n+% n+% n 2 n+1 2 bl n
N +xvV: ( (uy™ +uy)) = 5PN + )(VV (uy™ +uy).

Applying the time increment operator & to (3.4) and taking qy = 2At? qSN , using the
above relation, we obtain

n+i n+1 n—1
AC(IORIE + 500 2~ lign 212 )
1
— —2AL(V - 5ult! ¢1’:,+2)

n+1 2 1 n+1 n
= —2At(V-ouy 5pN + = }(VV (uy™ +uy ), (3.22)
from which we derive

A (lgy 2|IAN+|I5<¢>N 2IIA )+ avALlv - ugtR
(3.23)

1
=At? ||¢N 2||A + yvAL||V - uN||N+2At(5un+1 V5p;\11+2)N-
1
Applying the time increment operator & to (3.18) and taking qy = —2At252¢ ;\11+2’ we get

_ 25”+%2 52 ”+%2_5”—%2 — _oAH(Su™! V2 n+3 2
At (16y *li3, +116%dy *ll3, — I8¢y 23, ) = —2At(5uy™, Ve py *)y. (3.24)
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Summing up (3.21), (3.23) and (3.24), and using the following identities

1 1 1 1 1

n+i +1 +1 -1 -1 +1 +
Spy 2+ 52y —5p:, P=8¢y 2+8py P +8%y 2 —py

1
:5¢;+2 —52anr = —va 5(u”+1+u1’f,),
2At( AvV - S(uptt +ul), v sultl),
Z—XVAt(HV SuptHIR + IV -6(uy™ +uplly — 11V - suflly),

and

IVull?,, o, = IV xull?,, o + IV - ul? Yu € Hy(Q)?,

L2Q) L2(Q) L)

we deduce that
n+1 2. ntl Atv n+1p2 n+1
IGuf 1% + 18%ul; |IN+—|IV><5uN Iy + (1—x)||V Suptt|
Atv n+1 Atv n+1 ny|2
+_||VX5(H +uN)”N+_(1_X)”v 5(11 +uN)||N

At2 2 At 2 2
—— 10y Sup I +

100y 8l — Il
+At2||¢N EIIiN+vatIIV-u"+1IIN+At I8¢y ZIIAN
nj2 Aty n |2 Aty nj2
= ”5uN||N + T”v X 5uN||N + T(l - X)”v : 5uN||N
At2y?

1‘l—l Tl+l
+——— 10, Suy I} + A llpy 215, +xvALV - uil} + A5y 212 -

It remains to estimate the last term. This can be done by applying the time increment
operator 62 to (3.4) and taking qy = At5%¢pt to obtain

n+i
Atll5% ¢y *llay < 16%uy" ly-

Finally, the desired result is obtained by summing up in n and using the norm equivalences
between || - ||, and || - ||, , and between || - ||y and || - || . O

4. Navier-Stokes Equations with Variable Viscosity

The main advantage of this new direction splitting method for solving the incompress-
ible Navier-Stokes equations is that the scheme consists of solving a sequence of one-
dimensional elliptic problems, which can be solved in a very simple and efficient way. In
this section, we generalize the scheme to treat the case with variable viscosity.
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We consider the following Navier-Stokes equations with variable viscosity:

Z_‘t‘-v-(v(x,y,t)Vu)+u-Vu+Vp=f, in % (0, T],

Vou=0, in Qx[0,T], (4.1)
ulsq =0, in [0,T],

ul,—o = uo, in Q,

where v(x,y,t) > 0 is the viscosity which can vary in time and in space. In real applica-
tions, the viscosity is usually determined by some other relations. While the above problem
by itself does not model any realistic situation, one often needs to solve such a system as
part of the solution process in multi-phase incompressible flows, Boussinesq flows, or the
Navier-Stokes equations under a domain mapping. Therefore, it is very beneficial to have
an efficient numerical method for (4.1).

We propose the following direction splitting scheme for solving (4.1). For the sake of

simplicity, we omit the treatment of the nonlinear term below.
n+1 n+%)

Setting u® = ultzo,p_% = pl;~o and qb_% = 0. For n > 0, we look for (u”+%,u p

as follows:

e Velocity splitting:

Wty n 1 1 1 |
Ine o (v"*ate y)ou™ ) — 8, (vi*a(x, y)g,u) + vpons
:fn+%’un+%|x=:|:1 —o,
1
un+1%_Azln+z ~a, (vn+%(x,y)8xun+%) -9, (V”Jr%(x,y)ayunﬂ) i Vp*’”%
= fn+%,un+1|y:i1 —0, .
where vt = v(x, y, t"12),

e Pressure splitting:

+1
Y 9 s = AL P3|,y =0
XX 5 X x= >
At
n+l n+l n+l n+l
¢z — yy¢ 2=1)""2; ay¢ 2|y:i1 =0; (4.3)

and

-

1
p"ta =p”_% + ¢"+% —xvV- (E(u”+1 +u™). 4.4)



Spectral direction splitting schemes 229

It is easy to see that the above scheme has the same order of accuracy as the scheme (2.8)-
(2.13). However, it appears not easy to prove its stability directly. Therefore, we shall
prove an intermediate result. Namely, we replace the velocity splitting step (4.2) by

un+1 —un

1
A 27 (NV”*%(x,y)v(u"+1 + u”)) +VphTts =0, (4.5)
lll‘l-‘r].|aﬂ — 0’
and prove the following result:
Theorem 4.1. The solution to (4.2)-(4.4) with y = O satisfies the following estimate for all
T=0:
e gy + 3 IV g gy + APl rs
1°(0,7;2) " 9 12(0,T;L?) Plle-5t r-5 )
1
< ||uo||fz+EAtIIWVuollﬁz+At2||po||§- (4.6)
Proof Taking the inner product of (4.5) with 2Atu""!, we obtain
1 1
2, + = w4 S A Vv a2,
1
+ ALV VST w2, + 286(VpE R utt)
1 1
= [[u" 2, + A Vv vu| 2, “.7)

For y = 0, we deduce from the (4.3) and (4.4) that (p”+% —p"_%) € D(A) solves the
following problem:

a(p™ts —p"2,q) = —At"I(V-u™,q), VqeDA). (4.8)

Taking q = 2At2p™"*3 1= 2A3(2p""2 — p"~3) in the above and using the fact that a(-,-)
is a symmetric and coercive in H!(2), we infer
—2AH(V - un+1,p*,n+%)
= 2At2a(5p"+%,2p"_% —p”_%)
= 2At2a(5p"+%,p”+%) + 2At2a(5p"+%, —5p”+% + 5p”_%)
1 1

1 _1 1
= A (Ilp" 215 = Ip" 215+ 16p" 2 12 — 18%p" 2 12). (4.9)

Subtracting (4.8) at time t" from (4.8) at time t"*!, and taking the inner product of the

1 .
2p™*3 we find

resulting equation with At
At”52pn+% ”i — _(v . (un+1 _ un)’ 52pn+%) — (un-‘rl _ un’ v52pn+%)

1
< ™t — w2V T2l .
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Then using the coercivity property of the bilinear form a(, -), we infer
1 1 1
Atl[VE2p 2 I2016%p" 2 |4 < u" = w21V E2p 2

1
which implies At?[|6p™ 2|3 < [lu™*" — u"||?,. Inserting this bound in (4.9), we obtain

1 _1 _1 1
A (Ip™ 23+ 15p" 2 2 = p" 212) < ~2A6(V - w1, pa2) 4 [u — w2,
Combining the above and (4.7), dropping some unnecessary terms, we arrive at
1 / 1 1
[, + Satll ViR vu" 12, + Ac?|p"t |
1 1 _1
< "2, + SAcV v vur|Z, + Acp" R 2

Finally, we obtain the desired result by summing over n. O

5. Numerical Results and Discussions

In this section, we present numerical experiments to verify the stability and accuracy
of the proposed schemes.

Example 5.1. We consider the linearized Navier-Stokes equations (2.1) with the exact
solution

u(x,y,t) = msint(sin 27y sin x, — sin27x sin y),

p(x,y,t) =sintcostxsinmy.

We have implemented the spectral direction splitting scheme (2.16)-(2.21), and for the
sake of comparison, the corresponding non-splitting version (2.2)-(2.4) with y =1/2.

In the computations reported herein, we take N = 64 so that the spatial discretization
errors are negligible compared with the time discretization errors.

In Fig. 1, we plot, in a log-log scale, the L?-velocity errors (the left figure) and the
H'-velocity errors (the right figure) at T = 1. The L2-pressure errors are presented in
Fig. 2. The figures show that our algorithm is of second-order accuracy in the L?-norm for
the velocity, almost second-order for the H!-norm of the velocity and for the L?-norm of
the pressure. The results by the non-splitting version are slightly better but with the same
order of accuracy.

Example 5.2. We consider the exact solution of the linearized Navier-Stokes equations
with variable viscosity (4.1) to be

u(x,y,t) = msint(sin 27y sin® x, — sin27wx sin y),
p(x,y,t) =sintcostxsinmy,

v(x,y, t)=(sin?t + 1)(x +2)(y + 2).
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Figure 1: Left: Velocity error in L?-norm; Right: Velocity error in H!-norm.
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Figure 2: Pressure error in L2-norm at T = 1.
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We use the scheme (4.2)-(4.4) discretized with the Legendre-spectral method similar

to (2.16)-(2.21), and we take N = 128 for all computations in this example.

The velocity errors in the L2-norm and the H!-norm at T = 1 are shown in Fig. 3, while
the pressure errors in the L2-norm are shown in Fig. 4. We observe that the errors behave
similarly as in the first example.

Notice that we used the space Py for both the velocity and pressure approximations in
the scheme (2.16)-(2.21). It is well known that Py X Py does not satisfy the inf-sup con-
dition (cf. for instance [1]). Although our spectral direction splitting scheme, is uniquely
solvable without the inf-sup condition, the accuracy of the pressure approximation may
still be affected by the lack of inf-sup condition as other projectional type schemes (cf. [5]).
This can be checked by looking at the pressure convergence rate in N with a fixed but very
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small time step. We show in Fig. 5 in log-log scale the error on the pressure measured
in the L?2-norm as a function of the polynomial degree N at T = 1 with the time step
At = 107*. It is observed that the pressure approximation converges algebraically in N,
instead of exponentially which is typical for spectral methods to smooth solutions. This
indicates that the lack of inf-sup condition does affect the pressure convergence rate when

At < 1. However, the velocity convergence rate is not affected.

5.1. Concluding remarks

We considered in this paper spectral direction splitting schemes for the incompressible
Navier-Stokes equations. We constructed a hybrid of Legendre-collocation and Legendre-
Galerkin methods for the space variables and a pressure-stabilization/direction splitting
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Figure 5: Effect of the inf-sup condition: pressure error vs. N in log-log scale.

scheme for the temporal discretization, leading to a sequence of one-dimensional ellip-
tic equations at each time step while preserving the same-order of accuracy as the usual
pressure-stabilization schemes. We showed that these schemes were unconditionally sta-
ble. We also constructed a direction splitting scheme for the Navier-Stokes equations with
variable viscosity.

The proposed schemes are very efficient and have the same order of accuracy as their
non-splitting versions. They are particularly suitable for problems with variable viscosity
and for parallel computing.
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