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Abstract. The solution of the pressure Poisson equation in spherical polar coordinates

using a higher order compact (HOC) scheme effectively captures low pressure values

in the wake region for viscous flow past a sphere. In the absence of an exact solution,

the fourth-order of accuracy of the results is illustrated. Low pressure circular contours

occur in the wake region when the Reynolds number Re = 161, which is a lower value

than previously identified in the literature, and closed pressure contours appear in two

regions when Re = 250.
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1. Introduction

Higher order compact (HOC) schemes have been used elsewhere to describe flow quite

accurately — e.g. at weather warning centres and in global ocean modelling. Simpler

second-order spatially accurate schemes have also been used in many computational fluid

dynamics problems, but they may fail or require smaller than acceptable grid step sizes

to capture the flow phenomena when the domain is large. The pressure in the entire

computational domain is often important in describing the flow behaviour. Calculations

by Fornberg [1] and Johnson & Patel [2] for steady viscous flow past a sphere in the

entire computational domain are at most second order accurate. Recently, Sekhar et al. [3]

developed a higher order compact scheme to solve the Navier-Stokes equations in spherical

polar co-ordinates for viscous flow past a sphere. This article extends that scheme to solve

the corresponding pressure Poisson equation in spherical polar coordinates, and the low

pressure behaviour predicted within the wake region differs from some of the earlier results

in Refs. [1,2] and references therein.
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2. Basic Equations

We consider steady axisymmetric viscous incompressible flow past a sphere placed in a

uniform stream with velocity U∞ from left to right. The governing continuity and momen-

tum equations are

∇· v = 0 , (2.1)

v · ∇v = −∇p+
2

Re
∇2

v , (2.2)

where the relevant length scale is the radius of the sphere a but we have chosen to refer

to the diameter of the sphere (and the kinematic viscosity coefficient ν) in defining the

Reynolds number

Re =
2 U∞ a

ν
.

The dimensionless radius of the sphere is thus r = 1, while the dimensionless velocity v

corresponds to dividing the dimensional velocity by the uniform stream velocity U∞. In

terms of a stream function ψ, in spherical polar coordinates the respective dimensionless

radial and transverse velocity components are

vr =
1

r2 sinθ

∂ψ

∂ θ
, vθ = −

1

r sinθ

∂ψ

∂ r
, (2.3)

such that the continuity equation (2.1) is immediately satisfied. From the well known

vector identities

v · ∇v =∇
�

1

2
v

2

�

− v × (∇× v)

and

∇×∇× v =∇(∇ · v)−∇2
v ,

the momentum equation (2.2) may be rewritten

∇
�

1

2
v

2

�

− v ×ω = −∇p−
2

Re
∇×ω (2.4)

where ω=∇× v is the vorticity, and then taking the curl we obtain

∇× (v ×ω) =
2

Re
∇×∇×ω . (2.5)

2.1. The velocity field equations

Expanding Eq. (2.5) using Eq. (2.3) and applying the transformation r = eξ yields

the Navier-Stokes equations in terms of the dimensionless stream function and vorticity —
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i.e. for axisymmetric flow (where ∂ /∂ φ = 0) in spherical polar coordinates (r,θ ,φ) we

obtain

∂ 2ψ

∂ ξ2
−
∂ψ

∂ ξ
+
∂ 2ψ

∂ θ2
− cotθ

∂ ψ

∂ θ
= − sinθ e3ξω (2.6)

∂ 2ω

∂ ξ2
+
∂ω

∂ ξ
+ cotθ

∂ω

∂ θ
+
∂ 2ω

∂ θ2
−

ω

sin2 θ

=
Re

2 sinθ
e−ξ
�

∂ψ

∂ θ

∂ω

∂ ξ
−
∂ψ

∂ ξ

∂ω

∂ θ
−
∂ψ

∂ θ
ω+

∂ ψ

∂ ξ
ω cotθ

�

, (2.7)

where

vr =
e−2ξ

sinθ

∂ψ

∂ θ
, vθ = −

e−2ξ

sinθ

∂ ψ

∂ ξ
. (2.8)

The boundary conditions to be satisfied are:

ψ=
∂ ψ

∂ ξ
= 0 , ω = −

1

sinθ

∂ 2ψ

∂ ξ2
on the surface of the sphere (ξ= 0) , and

ψ∼
1

2
e2ξ sin2 θ , ω→ 0 at large distances from the sphere (ξ→∞) ;

and in addition we have ψ= 0 , ω= 0 along the axis of symmetry (θ = 0 and θ = π) .

The velocity field is obtained by solving Eqs. (2.6)–(2.8) using a fourth-order compact

scheme, which is then used to solve the pressure Poisson equation discussed below.

2.2. The pressure Poisson equation

On taking the divergence of the momentum equation (2.2) we have

∇· (v · ∇v) = −∇2p , (2.9)

and on again expanding using Eq. (2.3) and applying the transformation r = eξ we obtain

the relevant pressure Poisson equation in spherical polar coordinates (r,θ ,φ):

∂ 2p

∂ ξ2
+
∂ 2p

∂ θ2
+
∂ p

∂ ξ
+ cotθ

∂ p

∂ θ

=−
e−4ξ

sin2 θ





�

∂ 2ψ

∂ ξ∂ θ
− 2
∂ψ

∂ θ

�2

+

�

∂ 2ψ

∂ ξ∂ θ
− cotθ

∂ ψ

∂ ξ

�2

+ 2

�

∂ ψ

∂ θ
−
∂ 2ψ

∂ ξ∂ θ

�

∂ψ

∂ θ

+

�

(3+ csc2 θ)
∂ ψ

∂ ξ
− 2
∂ 2ψ

∂ ξ2

�

∂ ψ

∂ ξ
−2

�

∂ 2ψ

∂ θ2
− cotθ

∂ψ

∂ θ

��

∂ 2ψ

∂ ξ2
− 2
∂ψ

∂ ξ

��

.

(2.10)

In addition, from Eq. (2.2) rewritten as

∇p = −
2

Re
∇×ω− v · ∇v , (2.11)
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on once again expanding using Eq. (2.3) and applying the transformation r = eξ we obtain

the corresponding radial pressure component equation:

∂ p

∂ ξ
=−

e−4ξ

sin2 θ

��

∂ 2ψ

∂ ξ∂ θ
− 2
∂ψ

∂ θ

�

∂ψ

∂ θ
−

�

∂ 2ψ

∂ θ2
− cotθ

∂ψ

∂ θ

�

∂ ψ

∂ ξ
−
�

∂ψ

∂ ξ

�2
�

−
2

Re

�

∂ ω

∂ θ
+ω cotθ

�

. (2.12)

On the surface of the sphere, Eq. (2.12) reduces to

∂ p

∂ ξ
= −

2

Re

�

∂ω

∂ θ
+ω cotθ

�

,

and consequently the boundary conditions to be satisfied in solving Eq. (2.10) are:

∂ p

∂ ξ
= −

2

Re

�

∂ω

∂ θ
+ω cotθ

�

on the surface of the sphere (ξ= 0) ,

and p→ 0 at large distances from the sphere (ξ→∞) ;

and in addition we have
∂ p

∂ θ
= 0 along the axis of symmetry (θ = 0 and θ = π) .

3. HOC Scheme (Fourth-Order)

The standard fourth-order central difference representation of the partial derivatives

required are

∂ φ

∂ ξ
= δξφ −

h2

6

∂ 3φ

∂ ξ3
+O(h4) , (3.1)

∂ 2φ

∂ ξ2
= δ2

ξφ −
h2

12

∂ 4φ

∂ ξ4
+O(h4) , (3.2)

∂ φ

∂ θ
= δθφ −

k2

6

∂ 3φ

∂ θ3
+O(k4) , (3.3)

∂ 2φ

∂ θ2
= δ2

θφ −
k2

12

∂ 4φ

∂ θ4
+O(k4) , (3.4)

where δξφ, δ2
ξ
φ, δθφ and δ2

θ
φ are the standard second-order central discretisations —

viz.

δξφi, j =
φi+1, j −φi−1, j

2h
,

δ2
ξφi, j =

φi+1, j − 2φi, j +φi−1, j

h2
,

δθφi, j =
φi, j+1 −φi, j−1

2k
,

δ2
θφi, j =

φi, j+1 − 2φi, j +φi, j−1

k2
,
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in which h and k are the grid spacings (h 6= k) in the radial and angular directions repre-

sented by ξ and θ , respectively. The discretisation of Eqs. (2.6) and (2.7) for the flow was

detailed in Ref. [3], and the corresponding discretisation of the pressure Poisson equation

(2.10) is presented below.

3.1. Discretisation of the pressure Poisson equation

Eq. (2.10) can be rewritten as

∂ 2p

∂ ξ2
+
∂ 2p

∂ θ2
+
∂ p

∂ ξ
+ cotθ

∂ p

∂ θ
= τi, j , (3.5)

where

τi, j =



−
e−4ξ

sin2 θ

(
�

∂ 2ψ

∂ ξ∂ θ
− 2
∂ψ

∂ θ

�2

+

�

∂ 2ψ

∂ ξ∂ θ
− cotθ

∂ψ

∂ ξ

�2

+ 2

�

∂ψ

∂ θ
−
∂ 2ψ

∂ ξ∂ θ

�

∂ψ

∂ θ

+

�

(3+ csc2 θ)
∂ ψ

∂ ξ
− 2
∂ 2ψ

∂ ξ2

�

∂ ψ

∂ ξ
− 2

�

∂ 2ψ

∂ θ2
− cotθ

∂ψ

∂ θ

��

∂ 2ψ

∂ ξ2
− 2
∂ψ

∂ ξ

�«�

.

On introducing (3.1)-(3.4), we obtain

δ2
ξpi, j + δ

2
θ pi, j + δξpi, j + cotθ δθ pi, j −αi, j = τi, j , (3.6)

where the truncation error is

αi, j =

��

h2

12

∂ 4p

∂ ξ4
+

k2

12

∂ 4p

∂ θ4

�

+

�

h2

6

∂ 3p

∂ ξ3
+

k2

6
cotθ

∂ 3p

∂ θ3

��

i, j

+ O(h4, k4) . (3.7)

Successive partial differentiations of the rewritten Poisson equation (3.5) with respect to ξ

and θ yield

∂ 3p

∂ ξ3
= −

∂ 2p

∂ ξ2
−

∂ 3p

∂ ξ∂ θ2
− cotθ

∂ 2p

∂ ξ∂ θ
+
∂ τ

∂ ξ
, (3.8)

∂ 4p

∂ ξ4
= −

∂ 4p

∂ ξ2∂ θ2
+

∂ 3p

∂ ξ∂ θ2
− cotθ

∂ 3p

∂ ξ2∂ θ
+ cotθ

∂ 2p

∂ ξ∂ θ
+
∂ 2p

∂ ξ2
+
∂ 2τ

∂ ξ2
−
∂ τ

∂ ξ
, (3.9)

∂ 3p

∂ θ3
= −

∂ 3p

∂ ξ2∂ θ
−
∂ 2p

∂ ξ∂ θ
− cotθ

∂ 2p

∂ θ2
+ csc2 θ

∂ p

∂ θ
+
∂ τ

∂ θ
, and (3.10)

∂ 4p

∂ θ4
= −

∂ 4p

∂ ξ2∂ θ2
−

∂ 3p

∂ ξ∂ θ2
+ cotθ

∂ 3p

∂ ξ2∂ θ
+ cotθ

∂ 2p

∂ ξ∂ θ
+
�

cot2 θ + 2 csc2 θ
� ∂ 2p

∂ θ2

− 3 csc2 θ cotθ
∂ p

∂ θ
+
∂ 2τ

∂ θ2
− cotθ

∂ τ

∂ θ
. (3.11)
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Invoking (3.8)-(3.11) in Eq. (3.6), we finally obtain

d1δ
2
ξpi, j + βi, jδ

2
θ pi, j + δξpi, j + γi, jδθ pi, j

−
h2

12

�

δ2
ξτi, j + δξτi, j

�

−
k2

12

�

δ2
θτi, j + cotθ δθτi, j

�

+ d2

�

δ2
ξδ

2
θ pi, j + δξδ

2
θ pi, j + cotθ δ2

ξδθ pi, j + cotθ δξδθ pi, j

�

= 0 , (3.12)

where

d1 = 1+
h2

12
,

d2 =
h2 + k2

12
,

βi, j = 1+
k2

12

�

cot2 θ − 2 csc2 θ
�

,

γi, j =

�

1+
k2

12
csc2 θ

�

cotθ .

Eq. (3.12) is the fourth-order approximation to the pressure Poisson equation (3.5), where

the right-hand side is approximated by a fourth-order compact stencil, except for the cross-

derivative term ∂ 2ψ/∂ ξ∂ θ in which the usual fourth-order central differences are one-

sided near the boundaries.

3.2. Discretisation of the boundary conditions

In evaluating the boundary conditions along the axis of symmetry, the derivative ∂ p/∂ θ

is approximated by a fourth-order forward difference along θ = 0 (at j = 1) and a fourth-

order backward difference along θ = π (at j = m+ 1) — i.e.

p(i, 1) =
1

25

�

48p(i, 2)− 36p(i, 3) + 16p(i.4)− 3p(i, 5)
�

,

p(i, m+ 1) =
1

25

�

48p(i, m)− 36p(i, m− 1) + 16p(i, m− 2)− 3p(i, m− 3)
�

.

4. Results and Discussion

The solution for the viscous flow past a sphere in the vorticity-stream function for-

mulation (2.6) and (2.7) was obtained using the higher order compact (HOC) scheme of

Ref. [3] with a large far field of 100 times the radius of the sphere, and the fourth-order

accuracy of the results has previously been illustrated [4]. The program is executable up

to Re = 500, and the predicted steady axisymmetric flow up to Re = 200 is comparable to

the results in Refs. [2, 5]. The flow for Re = 250 was also obtained, comparable with the

steady axisymmetric results of Ref. [6]. The pressure in the entire computational domain
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was obtained by solving the fourth-order discretised pressure Poisson equation (3.12) us-

ing Gauss-Seidel iteration, with the boundary conditions for the pressure p updated after

every iteration and the iteration process continued until the norm of the dynamic residuals

became less than 10−8.

The surface pressure on the sphere was also calculated from the vorticity field using

p(ξ = 0,θ) = 1+
8

Re

∫ ∞

0

�

∂ ω

∂ θ

�

θ=π

dξ+
4

Re

∫ 0

π

�

ω+
∂ ω

∂ ξ

�

ξ=0

dθ . (4.1)

The calculated surface pressure values at the rear stagnation point obtained from different

grids for Re = 100, 162 and 200 are tabulated in Table 1, demonstrating that there is grid

independence.

In the absence of an exact solution, the rate of convergence of the pressure at the

rear stagnation point (i.e. for the value p(0,0)) was tested by forming divided differences

representing dp(0,0)/dh for various Re with respect to the step size h for the data in Table

1. The decay of dp(0,0)/dh as a function of h is shown in Fig. 1 on a log-log scale, where

the value of “h” on the x -axis is taken to be the average of the grid step sizes corresponding

to the divided differences. The slopes of the curves in Fig. 1 are consistent with the dotted

line varying as O(h3), showing that dp(0,0)/dh= O(h3)— i.e. the results are fourth-order

accurate.

The results obtained for different Reynolds numbers are presented in Fig. 2. The

pattern of the graphs is consistent with those of Fornberg [1], Lee [6] and Dennis and

Walker [7]. The pressures obtained at the front and rear stagnation points on the sphere

(cf. Table 2) are consistent with the results of Chang & Maxey [8] and Dennis & Walker [7],

and agree with the values obtained from Eq. (4.1). However, to test the accuracy of the

pressure coefficient values within the wake region where low pressure contours exists, a

point at 1.77828 times the radius of the sphere and 11.25◦ from the rear stagnation point

was considered with four grids — viz. 1122, 1282, 2242 and 2562 as mentioned in Table 3.

The decay of dp/dh as a function of h is presented in Fig. 3 on a log-log scale. The slopes

of the curves in Fig. 3 for Re = 40, 100 and 200 are almost parallel to the dotted line

varying as O(h3), such that the results within the complicated wake region vary in order of

accuracy from approximately 3.3 to 3.6.

Separation initially occurs around Re = 21 and the separation point increases as Re in-

creases as expected, since the adverse pressure gradient in the outflow region increases as

Re increases — cf. Fig. 4(a). The transverse velocity gradient in the radial direction on theTable 1: Grid independen
e of fourth-order a

urate surfa
e pressure values at rear stagnation point for
Re = 100, 162 and 200. The value in the bra
ket is the step size h of the grid.

Re 982 1122 1282 1522 1962 2242 2562

(0.04699154) (0.0411176) (0.0359779) (0.0302972) (0.02349577) (0.0205588) (0.01798895)

100 -0.097466 -0.117502 -0.130041 -0.138999 -0.144643 -0.145876 -0.146578

162 -0.012129 -0.051629 -0.080275 -0.102979 -0.118140 -0.121383 -0.123299

200 -0.044174 -0.002763 -0.040521 -0.073070 -0.096182 -0.101623 -0.104712
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 Re = 200

Figure 1: De
ay of dp(0, 0)/dh as a fun
tion of h.
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Figure 2: Angular variation of the surfa
e pressure at the sphere for various Reynolds numbers Re.
surface of the sphere is shown in Fig. 4(b) for 0 < Re ≤ 250, where ∂ vθ/∂ r = 0 indicates

the point of separation. The radial velocity gradient at the surface of the sphere is shown

in Fig. 4(c), where ∂ vr/∂ r < 0 in the wake region. The streamlines for Re = 161, 180,200

and 250 are shown in Fig. 5(a)-(d), respectively. The fourth-order accurate pressure fields

for Re = 5, 40, 100, 200 and 250 far downstream are presented in Figs. 6(a)-(e), respec-

tively. The patterns of the pressure fields, involving positive pressure contours in the far

downstream from Re = 40 in the present study, resemble those seen from Re = 500 in

Ref. [1]. The pressure fields for Re = 161, 180, 200 and 250 near the surface of the sphere

are presented in Figs. 7(a)-(d), respectively. In Fig. 7, the pressure contours are drawn in

increments of 0.02 for negative values and 0.05 for positive values. Low pressure circular



Spherical Geometry HOC Scheme to Capture Low Pressures within a Wake 101Table 2: Pressures obtained at the front and rear stagnation points from Eq. (4.1), 
ompared withprevious values found in the literature.
Re Ref. [7] Ref. [8] Using (4.1) Poisson Equation

p(0) p(π) p(π) p(0) p(π) p(0) p(π)

5 -1.20 2.60 2.61 -1.1748 2.5853 -1.1743 2.5859

10 -0.65 1.88 1.87 -0.5928 1.8580 -0.5927 1.8583

20 -0.32 1.47 1.46 -0.3195 1.4614 -0.3194 1.4615

40 -0.19 1.26 1.25 -0.1997 1.2452 -0.1997 1.2451

100 – – – -0.1466 1.1041 -0.1475 1.1030

200 – – – -0.1047 1.0536 -0.1089 1.0501

250 – – – -0.0772 1.0431 -0.0839 1.0384Table 3: Pressures at the point (1.77828, 11.25◦) in the wake region for Re = 40, 100 and 200.
Re 1122 1282 2242 2562

40 -0.141503 -0.141025 -0.140335 -0.140288

100 -0.154841 -0.153324 -0.151032 -0.150888

200 -0.221701 -0.217766 -0.211746 -0.211326

0.02 0.025 0.03 0.035 0.04

0.01

0.1

1

dp
/d
h

h

 Slope in case of O(h3)
 Re = 40
 Re = 100
 Re = 200Figure 3: De
ay of dp/dh as a fun
tion of h.

contours were expected within the wake region in the vicinity of the toroidal vertex, and

they were found to arise at Re = 161 rather than at Re = 200 as predicted by Johnson

& Patel [2] in their three-dimensional numerical simulations. This phenomenon was also

observed by Fornberg [1] at Re = 500. In the present study, at Re = 161 a low pres-

sure circle was found in the wake region with pressure minimum located at −0.21225 —

cf. Fig. 7(a). At Re = 180, low pressure circles in the wake region ranging from −0.2126

to −0.21949 were found, with the lowest pressure located at −0.21949 — cf. Fig. 7(b).
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Figure 4: Angular variation of (a) pressure gradient (b) transverse velo
ity gradient (
) radial velo
itygradient, along the surfa
e of the sphere for di�erent Reynolds numbers using the HOC s
heme.
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Figure 5: Streamlines using the HOC s
heme for (a) Re = 161 (b) Re = 180 (
) Re = 200 (d) Re = 250.The 
ontours are drawn for negative values in the ranges 0.01(0.01)0.08 and 0.1(0.1)0.9, and for positivevalues in the range 0.1(0.02)2.1.
At Re = 200, low pressure circles ranging from −0.211 to −0.2291 were also observed,

with the lowest pressure located at −0.2291 within the wake region — cf. Fig. 7(c). At

Re = 250, it is notable that low pressure circles were found in two regions ranging from

−0.2281 to −0.25586, with the lowest pressure located at −0.25586 inside the wake as

seen in Fig. 7(d), and in the other region the range is from −0.201 to −0.202 near the

body surface. We note that Fornberg [1] found this type of regime at Re ≥ 1000. The non-
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Figure 6: Pressure �elds far downstream using the HOC s
heme: (a) Re = 5 (b) Re = 40 (
) Re = 100(d) Re = 200 and (e) Re = 250.
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e of the sphere using the HOC s
heme: (a) Re = 161 (b)
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existence of low pressure circles for Re < 161 could be due to the balance of centrifugal

force of the vortex rotation by viscous forces, as mentioned by Johnson & Patel [2].

5. Conclusions

A higher order compact (HOC) scheme in spherical geometry has been developed to

capture low pressures more effectively for viscous flow past a sphere. The pressure Poisson

equation in spherical polar coordinates is solved by this scheme, and despite the absence

of an exact solution the accuracy of the fourth-order scheme is illustrated. Although the

basic flow agrees well with second-order accurate schemes, the critical values of Re where

low pressure circles and pressure minima within the wake region occur differ significantly,

as evidence for the superiority of the fourth-order scheme in capturing low pressures ef-

fectively (especially in large domains).
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