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Abstract. We establish some explicit expressions for norm-wise, mixed and component-
wise condition numbers for the weighted Moore-Penrose inverse of a matrix A® B and
more general matrix function compositions involving Kronecker products. The con-
dition number for the weighted least squares problem (WLS) involving a Kronecker
product is also discussed.
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1. Introduction

Consider the weighted least squares problem (WLS) involving Kronecker products [6,
25]
mvin||(A®B)v—c||C , 1.1

where A € R™" B € RP*I, AQ B € ]Rzg’an, ceR™, C=MQ®P M € R™™ and
P € RP*P are two symmetric positive definite matrices, with R™*" and R"*" respectively
denoting the set of all m X n real matrices and the set of all m X n real matrices with
rank r, and R™ = R™*!, The solution of (1.1) is relevant to the weighted Moore-Penrose
inverse involving a Kronecker product. Kronecker products are widely used in system and
control theory [7,8,26], signal processing [9], image processing [23], computing Markov
chains [16], and play an important role in computing the solution of Sylvester matrix
equations [14].
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Here we study the condition numbers of the weighted Moore-Penrose inverse and the
WLS problem (1.1) involving Kronecker products, important for sensitivity in some compu-
tational problems as first discussed by Rice [20]. To take into account the relative scaling
of data components or possible sparseness, two kinds of condition numbers have increas-
ingly been considered — viz. mixed condition numbers and component-wise condition
numbers [11]. Mixed condition numbers measure errors in the output with norms but
the input perturbation component-wise, and component-wise condition numbers measure
both the error in the output and the perturbation in the input component-wise.

There are some earlier publications on the condition numbers of the weighted Moore-
Penrose inverse involving a Kronecker product and the WLS problem (1.1). Perturbation
analysis for the LS problem is discussed in Refs. [2, 3, 5,21]) for example, and related
results on mixed and component-wise condition numbers of the WLS problem in Ref. [17].
Recently, Diao et al. [10] presented explicit expression for condition numbers for the linear
least squares problem involving Kronecker products.

The rest of this paper is organized as follows. In Section 2, some basic notation
and preliminaries are provided. In Section 3, we investigate the norm-wise, mixed, and
component-wise condition numbers for the weighted Moore-Penrose inverse involving Kro-
necker products. In Section 4, we discuss the condition numbers for the associated WLS
problem (1.1), and in Section 5 we report some numerical comparisons.

2. Preliminaries

For A € R™", we denote the transpose of A by AT, the rank of A by rank(A), and
the identity matrix of order n by I,,, respectively. The symbols || - ||z and || - ||, stand for
the Frobenius norm and the spectral norm (or the Euclidean vector norm). For a vector
a = (aj,ay, - ,a,), llall, denotes the infinity norm and D, = diag(a;,a,,--,a,). Let
A=[a; ay---a,] €R™" vec(A) = [a] a] ---al]”, and Dy = Dyec(a).

In order to define mixed and component-wise condition numbers, the following form
of component-wise distance will be useful — for any ¢ € R,

1/c, ifc#0,
1, otherwise.

Furthermore, for any a,b € R" we define component-wise division by

a ¥

b =D;a, (2.1)
where Df; = diag(bf, b2, cee bn) The component-wise distance between a and b is then
defined by

a—-b .
d(a,b) = HTH = max {|b]lla; - b;l}. (2.2)
[e9}

1<i<n
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Moreover, we can extend the function d to the matrix case in the following manner. For
A,B € R™" we define A/B by

A I

B ij - bijaij ,

and the component-wise distance between A and B by

J
max

A—B
d(A,B) = d(vec(A),vec(B)) = H &

where [|[M||q, = max; ;|m;;| for M = (m;;). For a vector a = [ay,ay, - ,ap]T € RP, we
also define
Q(a)=1{k|a,=0,1<k<p}.

Further, given € > 0 we denote
B(a,e) = {x € R?| [x —all, < €llal|,},
and
B°(a,e) = {x| |x; — aq;| < €la;,i=1:p}.
It is obvious that if x € B°(a, ¢) then £(a) € Q(x) and x = diag(a)diag’(a)x.

Definition 2.1. Let X and Y be Banach spaces, and let S C X be an open subset of X. A
function F : S — Y is called Fréchet differentiable at a € S if there exists a bounded linear
operator F; : S — Y such that

IF(a+t)—F(a) - Fo()lly

t=0 lltllx

2

where || - ||y and || - ||y are norms defined in X and Y, respectively. The linear operator
F, = F'(a) is called the Fréchet derivative of F at a.

Definition 2.2. Let F : R? — RY be a continuous mapping defined on an open set Sy C R?
and a € Sp,a # 0, such that F(a) # 0. Then
(i) the norm-wise condition number of F at a is defined by
. IF(x) — F(a)ll,/lIF(a)ll,
k(F,a) =lim sup ;
=0 xcB(a,e) lIx —ally/llall,
x#a

(ii) the mixed condition number of F at a is

m(F,a) =lim sup IFG) —Fa)lle 1

€=0xeBo(a,e) ”F(a)”oo d(x,a) ’
X7#a

(iii) the component-wise condition number of F at a is

c(F,a) = lim d(F(x), F(a))

e=0yepo(ae)  d(X,)
X#a
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Remark 2.1. Definition 2.2 (iii) is the same as that given in Ref. [11] when F(a) has no
zero components. Because the proposed distance d is always finite, the hypothesis there
that F(a) has no zero components can be removed.

The following lemma provides explicit expressions for the condition numbers given in
Definition 2.2.

Lemma 2.1. Under the same assumptions as in Definition 2.2, and supposing that F is Fréchet
differentiable at a, we have

1F @) lall,
F; T ra——
NS TS
IF(2)D, .,
Fa)= " ale 2.3
m(F2) = SEil, @3
and
C(F; a) = ”D;(a)F/(a)Da”oo . (24)

Proof. Here we only prove (2.3), and note that the proof of the other two results are
analogous. From Definition 2.2, (2.1) and (2.2) we have

. IFx)—F(a)ll,, 1
m(F,a) =lim sup
€20 yepo(a,e) ”F(a)”oo d(x,a)

X7#a
IF(x) — F(a)ll
¢=0xep®(ae) ||F(@)lloo D5 (x — @)l
X7#a

Since x € B°(a, ¢), we know that Q(a) C Q(x) and x = DaDix. Lety= Dix and b = Dia.
Then x = D,y, a= D,b and x # a if and only if y # b, so by the Chain Rule of the Fréchet
derivative

F(x)—F(a
m(F.a)=lim s I|F (x) k ( )Ilio
¢=0xeB(a,e) ||F(a)lloollDaX — Daall o

X7#a
— lim ”F(DaY) - F(Dab)”oo

sup
e=0yepo(b,e) [[F(Dab)lloolly = bllo
y#b

_ IF'(Dab)Dyllo

— IF(Dab)lleo

IF'(@)Dall o
IF()lloo




On Condition Numbers for the Weighted M-P Inverse and LS Problems 5

The Kronecker product AQB of A€ R™*™ and B € RP*1 is defined by (e.g. see Ref. [12])

allB a12B s alnB
a,B a,sB -+ a,,B

A®B=| o % 7 e gmpxng
amlB amZB e amnB

The following well known properties of the Kronecker product will be used below.
Lemma 2.2. (cf. Refs [13,22]) Let A€ R™" B € RP*9 and y € R™. Then

IA® B| = |A|® |B],

lA® Bl = [lAll2IBll2 ,

vec(AXB) = (BT ® A)vec(X),

vec(A® B) = (I,, ® I, ® I, )(vec(A) ® vec(B)) ,

a® b=vec(ba’),

I1,,,vec(A) = vec(AT)

M (y®A)=A®y, (2.5)
where I1,,,,, is the vec-perturbation matrix
m n
m,, = Z Eyj(mxn)® Ej(nxm). (2.6)
i=1j=1

Here E;j(m x n) = egm)(eg.n))T € R™" and egk) € RK is the ith column of the identity matrix
of order k.

Next we consider the condition numbers for the weighted Moore-Penrose inverse in-
volving Kronecker products. We recall that there exists a unique matrix X € R™™ such
that the following equations hold (e.g. see Ref. [12]):

AXA=A, XAX=X, (MAX)T = MAX , (NXA)T =NXA.

The matrix X :A;/IN is said to be the weighted Moore-Penrose inverse of A with respect to
the symmetric positive definite matrices M and N, respectively.

3. Weighted Moore-Penrose Inverses involving Kronecker Products

In this section, we present the norm-wise, mixed and component-wise condition num-
bers in the context of the weighted Moore-Penrose inverse of A® B. Consider a matrix
function of a matrix X as follows [12]:

m&X) fruX) - f1,(X)

F(X) = f21:(X) fzz.(X) f2t.(X)

FaX) folO) o £l
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Let X =A® B, where A€ R™*" and B € RP*9. Then we obtain

fi11(A®B) f12,(A®B) --- f1,(A®B)

f1(A®B) fy(A®B) -+ f5(A®B)
f(A®B) = . : . .

fs1A®B) f(A®B) --- f(A®B)

Henceforth we always assume that the matrices M, N, P and Q are all positive definite,
and C =M ®P and D = N ® Q. According to Definition 2.2, the norm-wise, mixed and
component-wise condition numbers for the weighted Moore-Penrose inverse of (A ® B)
with respect to € and D can be defined as

) £ ((A+A4) ® (B + AB)) - ng(A@»B)HF

K (ng(A@)B)) = liH(l) sup >
0 JIBAR+ABIE €

<e/lIAIZ+IBIZ
vec(t}, (A + M) @ (B + AB)) ~ 11, (A B))|

féD(A@)B)HF

>

m (ng(A®B)) =lim sup

M <e € vec(f’L(A@B))H
142, <e b 00
. 1| £L,((A+24)®(B+AB)) - f . (A®B)
c (féb(A®B)) =lim sup - " )
O e € fr;(A®B) o
18l <e

respectively. The following lemma is useful in the sequel.

Lemma 3.1. (cf. Refs [19,22]) Let X = [x, Xo,** ,X,]L € R"and F(X) = [f1, fo, " » fml >
where each f; is a real-valued differentiable function of x. Then the matrix representation of
F’(x) is given by the Jacobian matrix

h® oA o FAK

LR |k A Hm)

T 3o fa(®) ()

Lemma 3.2. Let X be an m X n matrix of full rank. Then the differential dXI,[N is

. . T .
ax; =, — X1 ON(dxx! NxT
T
+ X1 MIXT L AXTML, — XX ) = X (dXOX
so the Jacobian matrix is
dvec(X} )

—{(xt Tnxt T T
e ={ Gl NX i) ® (I = Xppp ONT + M(L, = XX ;)@

XM X iy o = Xhpy @X]
MN MN mn MN MN >

where I1,,, is given by (2.6).
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Proof. From Theorem 8.3 of Ref. [22],
dxT = (1, - X"X)(dxT)x" X"+ x"xT (dx )1, - xxT) — XT(dX)XT,
. S D GRS B |
Since X,,, =N 2(M2XN"2)'M>2,
dxi . = ( “3(MiXN~2)'M %) N~id ((M%XN‘%)"‘)ME
_1 1o ly 11 1 1. 1o 1T 1
—N Z(In—(MZXN ) MIXN z) (d(MzXN 7) )(MzXN ) (MIXN"3) M3
T
FNTI(MIXNTD) (MixNT3)T (d(MzXN 2) )( —M%XN‘%(M%XN‘%)')M%
_NTI(MiXN1) (d(MzXN‘z)) (M2XN~2) M3
=(I, = X ONT(dx D] NXD o+ XD M (dx DM, — XX )
— X! (dXX]
and
. .
d(vec(X3;)) = vec (d(X;y))
:{ (X NXT ) ® Ly — X3 JONT+ MLy — XX ) @ X MTX Ty 1T,
. T
—x! ®XA'4N}d(vec(X)).

This completes the proof of the lemma. O

According to Lemma 3.2, we consider the Fréchet derivative of the mapping (a,b) —
vec(ifgﬁ), where a = vec(A),b = vec(B), f = f(A® B) and ﬁ'gb = ﬁ’gD(A® B).

Lemma 3.3. Let A€ R™",B € RP*9, and the mapping 1) : R™ x RP1— R°* be 1)(a,b) =
Vec(ifgﬁ(A® B)), where a = vec(A),b = vec(B). If f is continuously differentiable at A® B
and (A ® B) has full rank, then v is continuous and Fréchet differentiable. Furthermore,

¢/(a,b): [¢(A,B)LB ¢(A,B)LA] 5
where ¢y, La, Lp, II are defined by (3.1) and (3.2) in the proof below.

Proof. From Lemma 3.2 and that f(A ® B) has full rank, fgﬁ(A® B) is differentiable at
Tf(A® B). Since f is continuously differentiable at AQ B, 1 = veCOEgﬁ is differentiable with
respect to [(vec(A))T (vec(B))']T. From Lemma 3.2,

_ . N\ ot T ot
d(f (A®B)) =(I, — £ 1D’ (df(a®B)") £l DE.
el T & T T T
+1CE (d(EAa®B)") C(I, - ] ) — 1] d (f(A®B) ]
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and
d (vec(fgﬁ(Ach))) =vec(d(t{ (A® B)))
:{ [ngTMgﬁ ® (I, — £, D' + CI, — ] ) @ L éﬁfg;] m,,
~t ® ﬂ-‘gﬁ)}vec(d(ﬂ?(Aw))) .
From Lemma 3.2 of Ref. [10],

SF(A® B)
dvec(A® B)T

X { (I ® vee(B)) I, vee(dA) + (vec(A) ® Ipq)vec(dB)} )

vec(d(f(A® B))) = ( ) (I, ®T1y, ® 1)

Let

Ly=vec(A)®I, Ly = (I;yy ® vec(B)) 11, N=I,®I,,®I,. (3.1)

q)

and

— [ Tpet — DT+ — gt T opigt T —(ft Tt
¢(A’B)_{[ﬁ‘éb il ® (1, — £l 1D+ C(I, — fF. ) @ £ CTL ]nst G ®ﬁ‘éb)}

_(_otaeB) - 52
(8vec(A®B)T) ' '

Then we can derive

d(t];(A®B) = [pumls Pumla) [ ngcczgg } '

O

From the Fréchet derivative of 1y(a,b), we obtain the following explicit expressions of
the norm-wise, mixed, and component-wise condition numbers for the weighted Moore-
Penrose inverse of (A ® B) with respect matrices C and D.

Theorem 3.1. Under the same assumptions as in Lemma 3.3, we have

|[bwmle  beamlal, vIAIZ+IBIZ

(uon) -,
(11,40 B) = |||¢(A,B)LB|VeC(|A|J—) + e Lalvec(IBD)|, | .
vee(f! (A® B))’ )
and
c (ffgf)(A®B)) _ |p(a.B)Lplvec(|A]) + | ¢ p)Lalvec(|B]) 64

Vec(fgﬁ(A ®B))

o0
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Proof. Here we only prove the first equation and (3.4). The proof of (3.3) is analogous.

According to Lemmas 2.1 and 3.3, we have

_ I’Ga,b)ll,lI@", bl

|| [¢wup)ls Pp)Lal ”2 V llall3 +[Ibll3

JCa) G b)l,

vec(fl (A® B))H2

Iléwmls  umLal, vIAIZ+ B

From (2.4), we have

¢ (ﬂ-‘gﬁ(A@B)) -

-
fféD(AQaB)HF

D:f/,(a,b)%b/(a, b)DA,B

D
— ||p* A
N Dvec(ng(Acps)) [¢(A,B)LB ¢(A,B)LA] [ DBi|

I DA
Dvec(ng(A®B)) I:qb(A,B)LB ¢(A,B)LA:| |: DBi|

‘ [¢(A,B)LB ¢(A,B)LA]

o0

o0

e

[09]

vec(|A])
vec(|B|)

vec (ﬁ'gD(A ® B))

[ee}

| beamLs| veclAl) + | b mLa| vec(IBI)

vec (E&)(A ® B))

[09]

where Dy g = [ A D } with D, (and similarly Dg) as in the definition in the first para-
B

graph of Section 2, and e =[1,1,---,1]%.

O

Let g(A) : R™" — R/ and h(B) : RP*9 — R&*" be two matrix functions and
f(A® B) = g(A) ® h(B). Henceforth we always assume that C =M ® P, D = N ® Q, where
M, N, P and Q be positive definite matrices of orders m, n, p and q, respectively. From

Theorem 2.1 of Ref. [24],

(A®B)., =A}, ®B},.

It is then easy to obtain ﬁ’gﬁ(A®B) = gj;m(A) ® Ih};Q(B), where C=M®P,D=N®Q, M,

N, P and Q are positive definite matrices of orders e, f, g and h, respectively.
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Using Lemmas 2.2 and 3.2, we obtain

d (vec(fgﬁ(Aw)))
=d (vec(g], (M @1l (B)))
=vec (d (g, (4)) @ (B) + gl (@ d (b}, (B))
=11 {vec(d (gl (4))) ® vec (i, (B)) + vec(sl, . (4)) @ vec(d (), (B))) }
=11 { (17, ® vec(l(B)) ) vec(d (i} (4))) + (vec (el (4)) @ Ty vec(d (W} (B))) }
zﬁ{ (Ife ®vec(1h;Q(B))) { [(g}zNT(A)NgXZN(A)) ® (I; — g (Dg@)N'
(1. — g (W) ® gl (Mgl @ |1y gl T (W © 8], () pvec(d(4))
+ (veelal () @ I ) { [ (15, (BIAML,(BY) © (1) — 1], (BIN(BY) Q'
+p (Ig - ]h(B)]h;Q(B)) ® h;Q(B)ﬁ'*‘h;QT(B)] Mgy — h};QT(B) ® m;Q(B)}vec(d(MB)))},
(3.5)

where I = (I ® Ty ® I,).From (3.5), we have the following corollary.

Corollary 3.1. Let A€ RT"™", B € Rgxq and vy (a,b) = vec((A® B)ED), where a = vec(A)
and b =vec(B). Then v is continuous and Fréchet differentiable at all (a,b). Furthermore,

w/(a)b) = [QBMA PANB] )
where

. T o . _
My =—(Ayy ®ALy)+ [M(I, —AAL ) ® (ATMA) ™ | Ty,
Py =(I,, ® M, ® 1) (vec(Al;\ ) ® Iy, )

- T B
Np =—(B}, ®B}y)+ [P(I, —BB},)®(B"PB) ]I
Qp = Uy ®T1,, ® 1) (I ® vec(By)) -

pq >

Proof. Since A and B have full column rank,
AynA=1I,,  BlB=I,. (3.6)

Let f(A® B) =A® B, g(A) = A and h(B) = B. Then the result follows from (3.6).

From the Fréchet derivative of v(a,b) and Theorem 3.1, we can obtain the explicit
expressions of the condition numbers for the weighted Moore-Penrose inverse of A® B.
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Theorem 3.2. Under the same assumptions as in Corollary 3.1, we have

H [QgMa  PaNg] “2 VIIAlIE + 1IBIIE

K ((A@B)'(*;D) =

B

;
HA}V[N F Bpq F
|QpMylvec(|A]) + [P4Ng|vec(|B|)
m ((A®B);,) = ” ; - = (3.7)
A - ®B
vee (Al @ Bj) |
and
QgMy|vec(|A]) + |PyNg|vec(|B
C((A®B)ED): |QpM,|vec(| L_) |ATB| (IB]) 5.8
vec (AMN ® BPQ) o

Proof. Here we only prove (3.8). The proofs of the other two equations of this theorem
are analogous. Let f(A® B) = A® B. According to Theorem 3.1 and (3.5), we have

|pa.5)Lelvec(|A]) + | P4 pyLalvec(|B])
((A®B)L) = H “B) e (3.9)
vec (AMN ® BPQ) o
From Lemma 3.3 and Corollary 3.1,
bwap)Ls =QMy, ®aB)La= PaNg, (3.10)
hence the result follows from (3.9) and (3.10) . O

Remark 3.1. WhenC=I and D =1,
M, =—(A" ® AN+ [(I,, —AA") @ (ATA) ] I,
Ny =-(B" ®B")+[(1, BB @ (B'B) ]I
Py=(I;; ®T1,, ®I) (vec(A @I, ) ,

pq >

and

Qp = Uy ®T1,, ® 1) (I ® vec(B")) .

Thus the equations in Theorem 3.2 are the same as k((A®B)"), m((A®B)") and c((A®B)")
in Ref. [10].

In Theorem 3.2, we present explicit expressions for the condition numbers K((A@B)E n)>
m((A® B)E p) and c((A@)B)Z'7 p)- However, the vec-perturbation matrix II is involved in the
explicit expression of these condition numbers and is very difficult to compute, and we
present some computable upper bounds as follows.
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Corollary 3.2. Under the same assumptions as in Corollary 3.1, we have

Bholle (1AL 113 + 1M (1, — AA] N)||2||(ATMA)_1||2) IAIZ + 1BI12
AT 1 1BS I

. Wianle (B33 + 1PCL, — BB a8 PB) ) /TATE + BT
Al 1Bl

K ((A®B)2D) < |

=x (4®B).,)"""

B

|l @ (1B3l1BIIB} I+ 1B™PBY BT PG, - BB

m((A®B).,) <
( ) 1ALy ® Bl llmax

| (bl -+ AT MAY AT 1M — A1) @ 1Bl |

+ - -
”AMN ®BpQ”max

=m ((A® B)ED)Upper s

Al | ® (1B}olIBIIBY| + (BT PBY!||BI"|P(1, — BB},)I)

T
Ay ®B}LQ
+ |

1=c ((A®B)CD)

Proof. From Lemma 2.2, we have

c(A®B),) <

max

. ) .
(143N ANAL | + AT MA) AT 1M (T, — AA}\)I) ® |BL|

A]'V,N®B;,Q

max

upper

1QeMall2 < Qs
. + T . . _
< IIvec(Bhlly (Il ® Alyylla + ML, —A4},,) © (ATMA) ), )

= 115l (1AL I3+ 1ML, — AL Ol lIATMA) 15,

T _
—(Aly ®Al)+ [M(, —AAL ) ® (ATMA) ] I,y ,

and

1PN < A5 5 e (I1BQNIZ + 1P(T, — BBL I I(BTPB) M) -
Furthermore, we have
IlQsMa  PaNglll2 <IQpMallz + [IPAN3l,
<[IBYollr (1AL 115 + 1M (T, — AAT DI NIATMA) )
+ 1Al Iz (1BR I3+ 1P(T, — BBY )BT PBY1,) .
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According to Theorem 3.2, we can obtain the upper bound x((A® B)ED)“PP”. Then from
Lemma 2.2 we obtain

| QM| Ivec(a)]
< \(zm ® 11, ®1,) (T ®vec (BLo) )|
—(Aly @A)+ [M (I, - Adly) @ (ATMA) | TI,,,
< (Im ®T1,, ® ;) (I ® vec(|B},)))

[vec(A)]

x (A" 1@ 1ALy 1) + (IM(T, — ALl )| ® [(ATMAY ) Ty, ) Ivec(A)|
< (1, ®11,, 1) (I ® vec(|B}, )

x vec (A1 v l1AIIAL | + (AT MA) AT M (T, — AAY )N

< (I ® T, ®1,) vec (vec(|Bh, vec (14} AIIAL | + ((ATMA) AT IM(1,, — A4l 1))
= (In ® M, ®1,) [vec (1AL A4} ] + |(ATMA)—1||A|T|M(I AAL 1) @ vee(Bj, ) |
=vec (((lAly [1Al1A} 5| + A" MA) AT |M(T, — AAL 1) ® 1B, ) -
We also have

|PAN|[vec(B)| < vec (1A}, | ® (1B}, |IBIIB}o| + (B"PB)!|[B|"[P(I, — BB},)I)) -

From Theorem 3.2, [[vec(A)|lo = [|Allmqax and the matrix norm triangular inequality, we
can obtain the upper bounds m((A® B)ED)UPP” and c((A® B)ZD)”PP”. O

Remark 3.2. When C =1 and D = I, we have

upper BTz (A3 + 111, — AATII AT ,) /1AL + [IBIZ

k((A®B)'
(@e5y) AT B
1Al (1815 + 1, — BB L1878 1) o/ TATE +1BIF
AT B
) H|A*|® BB+ I(B™B) BT, BB
T pper
m((A@B) )

147 ® Bl
H(|A JAIAT -+ ICATA) AT 1, — 24T1) @ 57|

max

B

AT ® B[ max
~upper || 1ATI® (IBTIIBIIBT| +(B"B)|IB|" I, — BB'|)
c ((A®B) ) = -
AT @ BT
max

(IATAIAT + (A7) A I, — AAT]) ® |BT
AT ® BT

+ |

max
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It is seen that in this case the results of Corollary 3.2 are the same as m((A® B)")“PP¢" and
c((A® B)")UPPer in Ref. [10].

4. Weighted Least Squares Problems (WLS) involving Kronecker Products

Let A€ R, beR™, M € R™*™ and N € R"*" be positive definite matrices. It is well
known that the WLS problem

min ||Au — b||y, 4.1
ueR”
has a unique minimum-norm (N) and least-squares (M) solution [18]
X= ARI vb- (4.2)
Let us now discuss the condition numbers for the following KPWLS problem:
i AQB)v— 3
ip @By —cfc. “

where A€ R™", BeR)“, A®Be R,/ ™™, ce R, C=M®P,D=N®Q,and M, N, P
and Q are positive definite matrices of orders m, n, p and g, respectively. From (4.2), we
know that (4.3) has a unique minimum-norm (D) and least-squares (C) solution

x=(A®B)},c= (A, ®Bj)e=((A"MA) '@ ((B"PB) ') (A" @ B (M ®P)c. (4.4)

We proceed to generalise some results for the nonsingular linear equations (A® B)x = d to
the WLS problem involving Kronecker products [15,27].
The perturbed system of (4.3) is

min || [(A+ A4)® (B + AB)]v—(c+Ad)|,., (4.5)
veR™
where AA, AB and Ac have the same dimensions as A, B and c, respectively. Let the
mapping ¢ : R™ x RPY x R™P — R™ be given by p(a,b,c) = vec((A® B)EDC), where

a =vec(A) and b = vec(B). Similar to Corollary 3.1, we first consider the Fréchet derivative
of .

Lemma 4.1. Let A€ R™", Be R, ¢ € R™,C =M®P and D = N ® Q, where M,
N, P and Q be positive definite matrices of orders m, n, p and g, respectively. Consider
p(a,b,c) =vec((A® B)ch), where a = vec(A) and b = vec(B). Then ¢ is continuous and
Fréchet differentiable at all (a,b, ¢c). Furthermore,

¢’(a,b,c) = [Q P ALN ®B;Q] ,
where
2=(r"® (A" MA) '@ B"PB) ")) (I, ®11,,®I;) (I, ®vec(B")) My,
— (x" @ @A}y ®B}y)) (1n ® Mg ® )Ty ® vec(B))
2 =" e ((A'MA) ' @ (B"PB) ")) (I, ®11,,®1;) (vecA) ® I, ) I,y
—- (x" @@}y ®B}y)) (1, ® Ty, ®1,) (vecA) ®1,)
r=C(c—(A®B)x) .
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Proof. From Lemma 3.3, we know that (A® B)'E p is continuous and differentiable, and
sois p(a,b,c)=(A® B)EDC. According to (4.4), we obtain

dx=d ((A®B)},c)
=— (Al,y ®B},) (dA®B+A®dB)x
+((A"MA) '@ (B"PB)™!) (dA" ®@B" + AT ®dB" ) r
+ (Al ® B}, ) dc. (4.6)

Vectorizing both sides of (4.6) yields

dx =vec(dx)
=vec (—(A};y ® B}o)(dA® B +A® dB)x)
+vec (((ATMA) ' @ (B"PB) ") (dA" @ B" + AT ® dB")r) +vec (A}, ® B}y)dc)
=— (xT ® (ALN ® B;Q)) f1[vec(dA) ® vec(B) + vec(A) ® vec(dB)]
+ (rT ® ((ATMA)_1 ® (BTPB)_l)) G [vec(dAT) ®vec(BT) +vec(AT) ® Vec(dBT)J
+ (Ayy ®Bpglde
=_ (XT ® (A;/IN ® B;Q)) I [(Imn ® vec(B))vec(dA) + (vec(A) ® Ipq) vec(dB)]
+ (" ® (ATMA) ' @ (B"PB) 1)) G [ (Iy, ® vec(BT)) 1T, vec(dA)
+(vec(A) ® Ipq)l'[pqvec(dB)] + (ALN ® B;Q)dc ,

where

M= (I,®M,,®1I,),
G=(I,®1,,8I) ,

or

dx=[2 2 Al ®B},] [da’ db” deT]" .
Thus the Fréchet derivative of ¢ is given by

¢'(a,b,c)=[2 2 A}, ®B],] .

From the Fréchet derivative of ¢(a,b,c), we can obtain the explicit expressions of the
norm-wise, mixed, and component-wise condition number for the KPWLS problem.
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Corollary 4.1. Under the same assumptions as in Lemma 4.1, we have

wls ) | AX||5
k"*(A®B,c) :=lim sup
0 ranpsasnadg €xl2

<ey/llAIZ+IBIZ+llel3
|2 2 Al © 81|, VIATE+BIE + Tl

B

l1xll2

i | 1A%,
m”"*(A®B,c) :=lim sup -
=0 | paj<elal € X0

|AB|<e|B|

|Ac|<elc]

HIQIVec(IAIH |2 [vec(|B]) + (1AL, | ® [Bholc]

o0
[1%[] oo ’
wls : 1) Ax
c"*(A®B,c):=lim sup —|—
=0 1aagela €| X loo
|AB|<e|B|
|Ac|<elc]
B IleeC(IAIHIg’lveC(lBlH(lALNI@IB};QI)ICI
X
o0

The proof of this corollary is similar to that of Theorem 3.1, so we omit it.
The following corollary gives the computable upper bounds for these three condition
numbers.

Corollary 4.2. Under the same assumptions as in Lemma 4.1, we have

~ T T 2 2 2
RTARFIBIE TR Al ®Bbo|, IATE +TBIE + TR

I1xll2 [1xll2
=K"1(A® B, ¢)PPer,

21t} © BRI @ 1BDIXI|

Il

x"(A®B,c) <

m"5(A®B,¢) <

(e8]

2[IA"MA) "  (B'NB) (1A ® Bl |, H|A}vm ® Bpqllcl
+

Il 1Ml

=m"(A® B, )PP,
(A B,) <2 ID¥IA}, ® Bl @ 1BDII|

+2IDEIA"MAY @ (BTNB) (AT @ [BI el o+ 1D}, @ B I

o0

:=c"5(A® B, ¢)"PPe |
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where

K = (IIrllalIca” MA) I I(BT PBY Iz + 1l A} 11211Bo |12 ) (I1BIIE + l1AllF) -

Proof. From Lemma 2.2,
2, <" ® (A"MA) ! & (B"PB) ™)) Uy ® M, & Ig) (I ® vec(BT)) I |,
—(x" ® (Al ® B})) (I @ Ty ® I,) (I, @ vec(B)) HZ

.
Ao, 5o

} ) 1Bl
2

+

| Ivec®ll,

<lirll, A" Ma) |, ||[BTPBY |, [|[vecBT)||, + Il

+
Bpq

= (el [lca™ )|, |7 PBY ], + il [l

and

Bf

b, ) 1t
.

19211 < (Tl A 8)™ 87 PBY |, + il [l |

Furthermore, we have

|[2 2 A @ Bl ]|, <2l + 12211+ 4}y @ B,

‘2

According to Corollary 4.2, we can obtain the upper bounds k(A ® B, ¢)“PPe".
From Lemma 2.2, we obtain

<K+ ||al , ® B;Q

|2[[vec()] < |(1" ® (A"MA) ™ @ (BTPB) ))G(Iy ® vec(BT)) I, | [vec(A))

+ |7 © (Al © By @ vec(B) Ivec()
<[(IF"I®1(A"MA) " @ (B"PB) () G (I ® vec(IB" ) ] |vec(AT])]
+ [(IXT @ A}y ® Bl DIT(I, ® vec(IB]) | [vec(A))|
=(Ir" | ® [(ATMA) " ® (B"PB)™"|) Gvec (vec(|B" Jvec(|AT)")
+ (Ix"| ® |Al,y ®BJ,|) fivec(vec(|B|)vec(JA)")
= ("1 ® |(ATMA) " ® (BT PB)™!|) vec(|AT| ® |B"|)
+ (X" @ A}y ® Bhol) vec(lA| @ |BI)
(lAl® |B]) x| + |(A"TMA) ' ® (BPB) | (141" ® [B|") Ix],

—|af T
= Al @ Bl

where
M=(,®0,,81,), G=(,®0,,®1).
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Similarly,

|2 |Ivec(B)| < ’ALN ®Bl,

(lAl® B|) x| + |(ATMA) " ® (B"PB) | (14" ® [B|" ) Ix] .

From Corollary 4.2 and the matrix norm triangular inequality, we can obtain the upper
bounds M"*(A® B, c)*PP¢" and c"*(A® B, c)'PPe. n

5. Numerical Example

In this section, we provide the examples for illustration. All computations were per-
formed using MATLAB 7.0. The relative machine precision was 2.2 x 10716,

Positive definite matrices M, N, P and Q were taken randomly, and matrices A and B
generated randomly such that rank(A ® B) = ng.

Table 1 shows that upper bounds that are about the same magnitude as their exact
condition numbers. Table 2 shows the upper bound of norm-wise condition numbers that
are around two orders of magnitude larger than their exact counterparts, while those of
mixed and component-wise condition numbers are about one order of magnitude larger
than their exact values.

For further illustration, positive definite matrices M, N, P, Q € R®*® and full column
rank matrices A and B € R®*® were generated randomly in 100 runs.

The numerical results are shown in Fig. 1, where x, m, c, x,,, m,, and c,, are equal to
k(A®B)!.), m((A®B)!.), c(A®B)!.,), x"*(A®B,c), m"*(A® B, c) and c"*(A® B, ¢),
respectively. Also, kUPPeT mUPPeT  cupper g lPPET PP and ¢ PP are equal to k((A®

B

Table 1: Weighted Moore-Penrose inverse of a Kronecker product.

p=m=4,q=n=3 | p=m=8,q=n=5|p=m=12,q=n=6
k((A® B)ED) 1.3921e+001 2.2485e+001 3.4869e+001
K((A®B)2D)“pp” 4.9667e+001 6.2037e+001 7.1191e+4-001
m((A® B)ED) 9.5813 1.6362e+4-001 2.6815e+001
m((A® B)ED)“W’” 2.2748e+001 2.6637e+001 3.8591e+4-001
c(A® B)ED) 1.6858e+002 5.9543e4-001 4.3705e+003
c((A®B)2D)”pP” 2.1159e+002 6.4579e+002 4.6430e+003

Table 2: Weighted linear least squares problems involving Kronecker products.

p=m=4,q=n=3 | p=m=8,q=n=5|p=m=12,q=n=6
K"5(A®B,c) 3.2863e+001 3.3469e+001 6.8390e+001
K"E(A® B, c)PPer 2.0199e+003 6.7526e+003 1.8640e+-004
m"5(A® B, c) 2.399e+001 2.3796e+001 4.3432e4-001
m"5(A® B, c)“PPer 2.4765e+002 6.5998e+002 1.3813e+-003
"(A®B,c) 2.1002e+002 9.3953e+002 1.9027e+004
c"5(A® B, c)“PPer 1.5914e+003 2.1122e+004 5.5902e+005
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runs runs

Figure 1: Condition numbers and their upper bounds.

B)'(i‘jp)upper, m((A® B)ED)upper, C((A® B)'(i‘jp)upper, KWZS(A® B,c)upper, leS(A ® B,c)upper
and c"*(A® B, ¢)“PP°" | respectively.

From Fig. 1 we see that sometimes the proposed upper bounds can provide rough
estimates for the condition numbers.
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