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Abstract. In this paper, we consider two innovative structured matrices, CUPL-Toeplitz
matrix and CUPL-Hankel matrix. The inverses of CUPL-Toeplitz and CUPL-Hankel ma-
trices can be expressed by the Gohberg-Heinig type formulas, and the stability of the
inverse matrices is verified in terms of 1-, 0o- and 2-norms, respectively. In addition,
two algorithms for the inverses of CUPL-Toeplitz and CUPL-Hankel matrices are given
and examples are provided to verify the feasibility of these algorithms.
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1. Introduction

As is well known, Toeplitz matrices family are also structured matrices family and
have important applications in various disciplines including the elliptic Dirichlet-periodic
boundary value problems [1], sinc discretizations of partial and ordinary differential equa-
tions [2-7], signal processing [8], numerical analysis [8], system theory [8], etc.

It is an ideal research area and hot issue to find the inverse of a Toeplitz matrix. In [9],
Jiang and Wang firstly present an innovative structured matrix, RFPL-Toeplitz matrix, the
group inverse of this new structured matrix can be represented as the sum of products of
lower and upper triangular Toeplitz matrices, then the explicit expression and the decom-
position of the group inverse is given. It turns out the inversion of Toeplitz matrix can
be reconstructed by a low number of its columns and the entries of the original Toeplitz
matrix. The result was first observed by Trench [10] and reconstructed by Gohberg and
Semencul [11] from its first and last columns of T~!, provided that the first component in
the first column is not zero. The algorithm of Trench for the inversion of Toeplitz matri-
ces is presented with a detailed proof in [12]. Gohberg and Krupnik [13] observed that
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if the last component of the first column is not zero, then T~! can be recovered from its
first and second columns. Heinig and Rost [14] exhibited an inversion formula for every
nonsingular Toeplitz matrix, which requires the solution of fundamental equations, where
the right-hand side of one of them is a shifted column of the Toeplitz matrix T. In [15],
the inverse was reconstructed through three columns of T~!. Labahn and Ng modified this
result in [16] and [17]. In [18], the inverse of the Toeplitz matrix was presented in the
form of Toeplitz Bezoutian of two columns. Lv and Huang [19] gave a new Toeplitz matrix
inversion formula in which the inverse can be denoted as a sum of products of circulant
matrices and upper triangular Toeplitz matrices. Labahn [20] proposed formulas for the
inverses of layered or striped Toeplitz matrices in terms of solutions of standard equations.
The explicit inverses of nonsingular conjugate-Toeplitz and conjugate-Hankel matrices are
provided in [21].

In [22] and [23], the stability of the algorithms emerging from Toeplitz matrix inver-
sion formulas was considered. Xie and Wei [24] proposed a stability analysis of Gohberg-
Semencul-Trench type formula for Moore-Penrose and group inverses of Toeplitz matrices.

In this paper, we present the explicit inverses of CUPL-Toeplitz and CUPL-Hankel matri-
ces, which can be expressed as sum of products of circulant and upper triangular Toeplitz
matrices, which is thought of a Gohberg-Heinig type formula for the inverse of an CUPL-
Toeplitz matrix and CUPL-Hankel matrix. Moreover, the stability of the inverse formula is
verified in terms of 1-, 0o- and 2-norms, respectively. Then the algorithms of the inverse
formulas are provided. And in the final, examples are given to support the feasibility of the
algorithms.

Definition 1.1. An nxn column upper-plus-lower Toeplitz matrix with the first row (ag, a_;,

a_,,++,a;_,) and the first column (ay,a;,a,, - ,a,_1)" is meant a matrix of the form as
do ai ap e A1—n
a, (ehy) + a,
Teup=| a, a, +a, a_y > (1.1
: . a_,
an—1 Ap—2 + an—q te aq + as Qg + a,

. T
denoted by Tcypr [fr(aO’ a_1,a_p, " ,dap, al—n)’ fc(aO’ ai, s, - ,dp—3, an—l) ], or by
Tcypy, for short, where a, ayq, asg,: -+ ,as(,—1) are any complex numbers.

Obviously, the entries a;; of the matrix in (1.1) are given by the following formulas:

) Qi j=lorj>i
i _{ a;+a i, 2<j<i (1.2)

Specially, if ay_, = a1, ay_, = ay, -+, a_; = a,_1, then T¢yp; is a row first-plus-last
right circulant matrix, which is firstly defined in [25].
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Definition 1.2. An n x n column upper-plus-lower Hankel matrix with the first row (b, by,

b,,++,b,_1) and the last column (b,,_1, by, - , by,_5) is meant a matrix of the form as
bO bl U bn—Z bn—l
bl bn—1+bn bn
HCUPL = E = = bn+bn+1 : 5 (13)
bn—Z .t ) o ’ b2n—3
bp1+by by+bpyr 0 bapsztbon bayo

denoted by Hoypr[f (o, b1, 5 bz, by—1); le(by_1, by =+ 5 bz, bana)" ], or by Heypy,
for short, where by, by, bs,::*, by,_3, Do, are any complex numbers.

Obviously, the entries b;; of the matrix in (1.3) are given by the following formulas:

_ ) biyj, j=nori+j<n
bij a { bi+j—2 + bi+j—1’ i +] > n and _] <n. (14)
Specially, if by = b,, by = b1, ***,bp_a = by, then Hcyp; is called a row first-

plus-last left-circulant matrix, which is firstly defined in [26].

It should be mentioned that the CUPL-Toeplitz matrix is neither an extension of the
Toeplitz matrix nor its special case and it is an innovative structured matrix. This is the
same to CUPL-Hankel matrix as well.

2. The Inversion Formula of T p;

In this section, we provide inversion formula for T¢p; matrix as a sum of products of
row first-plus-last right circulant matrices and upper triangular Toeplitz matrices.

Let Tqyp; be defined as in Definition 1.1 with the first row (ay,a_;,---,a;_,) and the
first column (ag,a;, - ,a,_1)".

Theorem 2.1. Let T.yp; be an n x n column upper-plus-lower Toeplitz matrix and f =
(0,a1_, — Ay,Ay_y — Ay, ,d_q — dy_q)’, e = (1,0,---,0)T. If each of the systems of
equations Teyp X = f, Teyp Y = ey are solvable, where X = (xq,X5,-*,x,)7, Y =
(Y1, Y25+ > Yn) ', then Toypy is invertible and

Tohp, = ViUp + VoUs, (2.1)
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where
(1 I Yo 2
Yo 1ty ' ' :
Vi=| y3 yatys Yn-1 ’
: : . . Yn
\ Yn Yn1tYn 0 Y2atYs Yit)e )
[xl Xn Xn—1 X2 \
X9 X1+X2 :
V2 = X3 X2+X3 Xn—1 ’
: : X,
\ Xn Xn_1+xn X2+X3 X1+X2 )
1 —Xp —Xp—1 —X3 0 Yn Yn—a1 Y2
1 —Xp 0 Yn
U, = U, = . 5
! —Xp—1 2 o Yn—1
1 —Xn 0 Yn
1 0

V; and V, are both row first-plus-last right circulant matrices [25].

Proof. Tcyp; is a column upper-plus-lower Toeplitz matrix defined in Definition 1.1,
which satisfies

KTcypr — TeuplK =fel —e f 'S (2.2)
where
0 1 1
1 1 1 1
K = 1 1 5 = . s
: 1 1
1 1 1 1

and e: =(0,---,0,1).
As TeypiX = f, TeyprY = ey, from (2.2) we can get

KTcypr = TeuptK +fe: —ef'%
=Teypr (K +Xe! —YfTE).
From the above equation we can obtain
K'Teypr, =K Teypr(K +Xe: —Yf'%)
= Teyp (K +Xel —YFTR).
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Therefore,
K'ey =K'TeypLY = Toyp (K +Xel —YfTR)'Y,

and use the mathematical induction method we can obtain

Ki—le1 = (0, 1’Ci1—2’Ci2—2’ ... ’Cii:23’ 1,0,---,0)", (i=1,2,---,n—1) (2.3)
Kn_lel = (O, 1) Cil_za Ciz_zz T Cll:gy 1)T: (24)

where C ;l is binomial coefficient ( rll )
If we denote
t, =Y,
ti=(K+Xe, =YD tig—tip+tig+-+(=1)'t;], ((=23,-,n)
and
Teupr = (t1, to, ta, ==+, ty),
then
Teyprty = TeypLY = e,
Teuprti = Teupr(K +Xel =Y fTE) i —tig+ tig+---+(=1)'t;]
=KTeyp[ti1—tia+tio+-+(=1)'t;], (i=2,3,--,n)
We can obtain
KTeypr[tion—tig+tig+-+(=1)t;]
=(—1)°C? ,K'te; + (—1)'Cl K 2ey + -+ + (—1)T2C2Key
=e

(2.5)

i
where e; = (0,-++,0,1,0,---,0).
That is to say T¢yprt; = e;, we can obtain Teypr Teypr = I, Where I, is an identity

matrix. From above, the matrix Typ; is invertible, and Tglljp L= Teupr-
Next, we can derive the representation of t;. First of all, it is easy to see that

ty =%, t; = Toyppis STeuptE ' = Teypps =%
e, =e,, Ye; =en_jp1teniy2, (1=2,3,---,n).
Fori>1,
ti=(K+Xel —Yf o)ty —tip+tig—+(=1)'ty]

=[Kt; 1 —Kti g+ + (1)Kt |+ Xel =V FT2)t; 1 —Xel =V FIE)e 5+
+(-D)'Xel =Y fTE)

=K[tig—tip+ -+ (1)t |+ XYnivz + X Ynoins = Y Xpiro — Y X i43)
— (XY neie3 T X Ynoina =Y Xy = Yo i) + o+ (1T (X Yoy + Xy, — Y X0
—Yx) + (1) (Xyn — Yx,)

=K[ti1—tig+-+ D't |+ X Ypii2— Y Xiga,
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in the middle of the above procedure, fori > 2,

Xey =Y fIE)t;4
:XEZ ti—l — YfTZti_l
— v Tp—1 T sap—1
=Xe, Toyprei-i =Y f ZTcypreia

—v,Is—1 -1 -1 T -1 -1
=Xe! = I2T ), 2 %e  —YfTETS,, 57 8e

=Xe! n T ), Te 1 —YfIT ), ey

=X€1T TC_gpL(Cn—Hz +eni3)—Yf' TC_gpL(Cn—Hz +eni43)
=X(Tgypre)) (eniva +eniva) = Y(Tgip f) (eniva +enisa)
=XY " (enir2 + €n—is3) =YX (enis2 +€nis3)

=X Yn—i+2 T X Yn—it3 =Y Xp_ir2 =Y Xpjt3-
We have

t1:Y, t2:KY+Xyn—Yxn, o,
t,=[K" 4 (—1)'Ch_ K" 2+ (—1)°C2 K"+ + (-1)"2CI 2K Y

+[K"2 4 (1)1 G K"+ (F1PCRK e+ (C1)" P CTK [y — Y xy)
+ K72 4+ (1)1 G K+ (F1CR K e+ (C1) G | (X ey — V)
4.+ K(Xy3 — YX3) + (XyZ - YxZ)J

-1
Toypr = (t1, to, tg, -+, t,) = ViU + Vo Uy,
where

v, =(Y,KY,(K*—K)Y,---,
(K" +(—D'C K" 2+ (—1)2C2 K" 3+ + (1) 2C"2K)Y),

1 —=xy —xpp —X2
1 —Xp
Ul - —Xn—1 ’
1 —X,
1

Vy = (X,KX,(K*—K)X," -,
K"+ (1) Ch K" 2+ (—1)°C2 K" 2 + -+ (=1)"2CI 2K X)),

O Yn Yn1 0 o
0 ¥y, :
U, = .
2 Yn—1
0
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We can write it in the formula

Teups
1 In Yn—1 Y2 1 —x, —Xp_1 "+ —Xy
Yo Y1itya : 1 —x,

=l y3 yatys Yn-1 X T =X,
: : . . Yn 1 —x,
Yn Yn1t¥a o Yat¥s Y1+ 1
o e e *2 0 Y Yn1 X2
Xy X1+X : 0y,

Tl oxs xptxs T Xpao X e yea

Xp 0

Xy Xp_1+X, v Xog+Xg Xi+X 0

3. The Inversion Formula of Hp;

In this section, we provide the inversion formula of the H;;p; matrix as a sum of prod-
ucts of row first-plus-last inverse right circulant matrices and upper triangular Toeplitz ma-
trices.

Let Hcyp; be defined as in Definition 1.2 with the first row (b, by, -+, b,—;) and the
last column (b,_q,b,, -+, bypo)T.

Theorem 3.1. Let H-yp; be an n x n column upper-plus-lower Hankel matrix and r =
(0,bg — by, by — bys1 s by — ban_s)t, e; = (1,0,---,0)T. If each of the systems of
equations HoyppZ = 1, HoyptW = ey are solvable, where Z = (21,%,...,2,)., W =
(W1, Wy, ...,w,)T, then Heypy is invertible and

Hzlp =S1T) +S5Ts, (3.1)
where
w1 Wo + w1 U] + Wy = wy + Wn
Wq Ws + Wy wy
Sl = : Wy )

Wp1 Wp + Wp
Wp w1 wy T Wn1
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{ % Z9+2] Z3+2y o 2+ 2,1
Z9 Z3 + Z9 . o Z1
Sy = £3) >
Zn—1 2p + Zn—
K Zn 21 23 Zp—1
[ I =2z =2, - —2p 0 wy wy v Wy
1 —= 0 w;
1 _ZZ ) 2 .. WZ )
1 —Z]_ O W].

S, and S, are both row first-plus-last inverse right circulant matrices.

Proof. Hcypy is a column upper-plus-lower Hankel matrix defined as Definition 1.2,
which satisfies

KHCUPL _HCUPLF == re{ —eer@ (3.2)
where
0 1 1 1 1
1 1 1 1 1 1
K: 1 1 , F: '.. , @:
. 1 1 1 1
1 1 1 0 1 1

AsHcyprZ =1, Hoypp W = eq, from (3.2) we can get

KHCUPL == HCUPLF + re{ —eer@

=Heypr(T+Ze] —Wr'@),
from the above equation we can obtain

K'Heypy =K 'Heypr(T +Ze] —wr'o)
= HCUPL(F + Ze{ — WrTG)i.

Therefore,
K'ey =K'HeypW = Heyp (T + Zel —wWrTe)'w,

and we can obtain

Ki—le1 = (0, 1’Ci1—2’Ci2—2"" ’Cii:g’ 1,0,---,0)7, (i=1,2,---,n—1) (3.3)
K"e;=(0,1,Cl,,Cl oy, ,C 5, D). 3.4



46 Z.-L. Jiang, X.-T. Chen and J.-M. Wang

If we denote

h]. = W,
hi=(+ZzZel —wrT®)[hiy—hi g +hi s+ +(=1)'h], (i=2,3,,n)

and

HCUPL = (hl, hz, h3, :hn):
then

Heyprhi = HeyptW = ey,
Heyprhi = Heypr(T+Ze] —WrT@)[hiy —hip+hig+--+ (1), ]
= KHCUPL[hi—l —his+hi s+ + (—1)ih1:|, (i=2,3,---,n)

and use the mathematical induction method we can obtain

KHCUPL[hi—l —h;_o+h; _s+---+ (_1)ih1]
=(—1)°C? ,K'te; + (—1)'Cl K 2ey + -+ + (—1)2CFKey
= 3.5)

i

which means Hqypph; = e;, we can obtain Heypr Heypr = I, Where I, is an identity matrix.
. . . . _1 _ Ly
From above, the matrix H¢yp, is invertible, and H;,,; = Hcypy-

Next we can obtain the representation of h;. First of all, it is easy to see that

h1:W, hi:H_l e;, HT

CUPL Supr = U D) Heyp (1,2, =i, =6,

»=3, e, =e,, Ye; =¢en_it1tenita, (=2,3,---,n),

where [, is an inverse identity matrix and ¥ is of the form as (2.2).
Then fori > 1,

hy =T+ Zel —WrT@)[hi_ 1 —hi s +hi 3+ +(=1)'h ]
=[Th;_; —Thi o+ +(=1)'Thy |+ (Zel —WrT@)h;_, —(Zel —WrT@)h; 5+
+ (—l)i(ZelT —-wrfe)n,
=T[hi1 —hig+ -+ (D' hy |+ (Zwig + Zwi g — Wi —Waiy) — (Zwi_p + Zwi g
— Wz =Wz 3)+ -+ (1) Zwy + Zwy — Wz — Wzy) + (=1 (Zw; — Wz;)
=T[hiy—hig+-+ (D' |+ 2w —Wa g,
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in the middle of the process, for i > 2,
(Zef —WrT@)h;_,
=ZelThi_1 —wrleh,_,
=Ze{Hgypreia—Wr ©Hgjp e
=Ze; ([, =) (EI)Hyp, (B 1)U D)ei = Wr T (S1)Hgp, (B ) D)
=Zel [, o 'H [, 1,5, 1 —WrTHZ! [, 5e; )

CUPL CUPL
o Ts—1p—T ¢ Ty—T

=Ze X H_yp In(Ze; 1) —Wr Hgpp In(Zei_1)

oy T—T 3 Ty—T

=Ze HeypIn(en_izo+eniys) = Wr Hepp In(en_ivo +e€piys)

=Z(Hgppren) (61 +ei o) —W(H p,r) (6im1 +ei5)
=ZW'(e;_1 +ei5) —WZ (e + ;)
=ZWi 1 +Zw;_5—Wz;_1—Wg_,.
We have
hy =W, hy =Th, +Zw; — Wz, SRR
hy =[I" +(—1)'CL T2+ (—1)2C2 I3+ 4 ()" 2C 2T W
F[E 4 (DG (1P CE G e (PGS 2w~ W)
+ [0+ (CD)T G I+ (FLPCR I e+ (C1) ORI (2w, — W)
+o A T(Zwp =Wz o)+ (Zwy o — Wz, ),
= (hy,hy, hs, -+ hy) =81T1 + 55Ty,

-1
HCUPL

where
Sy = (W, TW, (> =)W, -+,
(I + (—D)ICL T2 4+ (—1)2C2 I3 4 4 (-1)"2CT2TW),

1 =2z =2 - =z
1 —=
T, = : —2, >
1 —Z
1

$,=(2,12,(1*=1)Z,"-,
T+ (-D)'Cp, T 2+ (1)2C T P + - + (1) 2ChITZ),

0 wy wy -+ w4

0 wy
T, = Wy
0 wq
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-1
Heypy,
w1 wit+wy Wy twg Wpqt+w, 1 —z —2z —Zn_1
Wy Wy + Wy : wq 1 -z
= Wy X
. _22
Wpo1 Wp1twy 1 21
wh, w1 Wy Wp_1 1
21 21 +2y 29 +23 Zn_1 t 2n 0 wy wy Wnq
Zz Zz + 23 a Z]_ N
0 w1
+ 29 X
. W2
Zn_1 Zn—1t2n . . : 0 w1
Zn % 29 Zn—1 0

4. Stability Analysis

An algorithm is called forward stable if for all well conditioned problems, the computed
solution X is closed to the true solution x that means the related error ||x —x||/||x] is
minimal. Now we present the error analysis of the inverse formula for nonsingular CUPL-
Toeplitz matrix in terms of 1-norm, co-norm and 2-norm, respectively. Let

g = (.yZ’.yB,"' ,yn—l,yn,O)T’ h= (O’yZ’yB"" ,yn)T’
p = (xZJ X3, et )xn—],zxnz O)TJ q = (0) xZJxSJ e )xn)T)
s =(—X9,—Xs3,"** ,—Xp_1,—Xp> O)T.
From Theorem 2.1 we obtain the formula,
To e, = ViUp + VoUs,
which can be rewritten in the form as
O Yn Yn1 0 X2 1 0
Y : J’.z Y1 Ya
V= + e + ,
! © Yn—1 . . }’.3 .
Yn Yn—1 - N1 N )
0 Yn Yna1 ot Y2 Yn 0 Y3 Yo
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0 x, xp_q1 "+ Xy X1 0
x, X2 Xa X2
Vy= Xp 1 + + X3 ,
Xn Xn—1 X1 X
0 Xp Xp—1 "t X X Xp tr X3 X
0 —Xp —Xp—1 —X2 1
0 —x, 1
U]. - N _xn—l + >
0 —x, 1
0 1
0 Yn Yn—1 Yo
0
U, = .
2 - Yn—1
0 yn
0

Theorem 4.1. Assume that Tcyp;, to be invertible. Let € > 0 and X, ¥, &, fl, D, q, $, be the
corresponding numerical least squares solutions of the linear systems for deriving the formula

above. Denote by Tc_Llrp | the inverse of the perturbed matrix Teupr If ”)ﬁ;ﬁ(l”l <e, H}I,l;ﬁ,l”l <e,

llg—glly lIA=hlly lp—=plly lla—qlly lI8=slly
< < < <
eh =% TR =% L =% e =% L

< ¢, then

ITot o, — Totp < Bellyllu[2(2 + €)llx|ly + 1]. (4.1)

Proof. From the above decomposition and for abbreviation, we write the inverse formula
for Teypy given by (2.1) as

Tegp, = Rg+ Ly + LR, + 1) + (R, + Ly + LR,

Then we obtain

A

I Tegpr — Tovprlll SIRgRs + LyRg + LyRs — R R,
+||RgI + LI+ Ly] —R,I—
+|IR,Ry + LyRg + LRy —R,R, — L R, —

251 + 59 + S3.
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For the first part s;, we present an upper bound,
s; =IIRgR; + LR, + LyR, —R R, — L R, — LR |4
<IIRgRs — R R(lly + 1Ly Ry — L Rylly + ILyRs — LRl
=|[RgR, —R R, +R,R; —R R|l; +|IL,R,— L R, + L R, — L R ||,
+ ||LpR; — LyR; + LRy — LR 14
<IIRglI IRy —Rlly + IRg — R ll1 1R ll1 + 1Ly 11 [IRs = Rylly + 1Ly, — Ly ll4 1Rl
+ |yl IRy = Rylly + 1Ly — Ll 1R l14
=(IIRg Il + 1Ly lly + 11 La 1l )IIRs = Rylly + (IRg —Rglly + 1L, — L, Iy
+ 1Ly = Lall) IR 11y
=(IIRg Il + 1Ly ll1 + 1 La 111 )IIRs = Ryl + (IRg —Rglly + 1L, — L, 11y
+ |y — Lyl IR, — Ry + Ryl
<(IRglly + 1Ly lly + a1l )IIRs = Rylly + (IR — Relly + 1Ly — £y Iy + 1Ly — Ly l1)-
IR = Rylly + (IIRg — Relly + 1Ly — Ly lly + 1Ly — Lyll1 ) IR |1
=(llglly + llylly + IRl )lls =3l + (g = &llx + Ly = I 11y + [1h = Ally)lls =311,
+(llg =&l +lly = 71l + IR —1ll1)lIslly
<(llgll + Lyl + lInlly )ellslly + (ellglly + ellyll + ellhll1 Jellslly + (ellgll +
ellylly +elllly)lislly
=lisllie2+e)(llgly + 1yl + lInll;)
as llglly < llylly, lIRlly < llylly, llslly < llx]l;, we can obtain
sp < 3e(2+e)llxllllyll:-
Next we turn to consider s,.
sy =IRgI + LI+ Lyl —R,I—L, I —LpI||;
<IIRg =Rl 1y + 1Ly — Ly 4 11Tlly + 1Ly — LIl 117114
=llg— &l +Ily = Il + Ik —All;
<ligllie + llyllie + [Ihll1 € = 3elly 1.

Use the same method to obtain s;, we can get s5.
s3 < 3e(2+e)llyllyllxl;-

The conclusion is drawn by summing the above three inequalities. O

Theorem 4.2. Under the assumption and notions of Theorem 4.1, we can obtain the same
upper bound of ||TCTL1,P L= TCTLl,P |leo with the 1-norm in a similar way.

1Tt — Totplloo < 3ellylli[2(2+ €)llx]l; + 1] (4.2)
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We can also present the upper bound with respect to 2-norm, since

2
” CUPL UPL|| <|| CUPL TCUPL” ” CUPL TCUPLHOO’

from (4.1) and (4.2), we can get
” CUPL TELl]pLHZ < 36\/5”3’”2[2(2 + e)\/ﬁ”xHZ + 1]: (43)
as [|lx|l, < vnllxllo, Iyl < Vnllyll,.

Therefore, the formula presented in Theorem 2.1 is forward stable. Use the same
method, we can also learn that the formula presented in Theorem 3.1 is forward stable.

5. Two Algorithms for Finding T}, and H_ ,,

In this section, two algorithms for finding T, CUP ; and H-} . are given.

CUPL

Algorithm 5.1. By using the Theorem 2.1, we proceed with
Step 1. Compute f = (0,a;_, —dq,dy_p—ds,*** ,d_7 —dp_q1)" .

Step 2. Compute X = (x1,X5, ", X,)7, Y =(¥1,¥2 ", Yn) ", by solving the systems
of equations

TeyprX =f and TeypLY =ey,

where e; =(1,0,---,0)T.

Step 3. Compute T, CUP ; by the formula (2.1).

Algorithm 5.2. By using the Theorem 3.1, we proceed with
Step 1. Compute r= (O, bo — bn, b]. - bn+1, ey, bn_z — bZH—Z)T'

Step 2. Compute Z = (21,2, ,2,) , W = (w1, wy,+++,w,)!, by solving the systems
of equations

HeyprZ =1 and Heyp W = ey,

where e; =(1,0,---,0)T.

Step 3. Compute H-},, by the formula (3.1).

CUPL
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6. Numerical Examples
In this section, two examples are provided to verify the feasibility of the algorithms.
Example 6.1. Let Tcyp; be a 4 X 4 matrix as follows
0 0O

Teypr =

O = O =

1
1
1

)

0
0
1
Step 1. Compute

f = (O, a_3—a;,a_o—dg,d_q —ag)T = (O, O, —1,O)T.

Step 2. Compute X and Y by solving the equations: Teyp X = f and TeyprY = ey,
where e; =(1,0,0,0)”. We can get

x=(0o0 -11), v=(10 -1 1),

Step 3. Compute TELllpL by (2.1):
1 0 0 O
0 1 0 O
_1 _ _
Toop, =Vt VU= 1 = 1 o |
1 0 -1 1
where
( 1 1 -1 0 \ (1 -1 1 0
Vo o 1 1 -1 U = 1 -1 1
-t -1 -1 1 1 ) 1= 1 -1
\1 o0 -1 1/ \ 1
( 0 1 -1 0 \ (0 1 -1 0
Vo 0O 0 1 -1 U — 0 1 -1
27l =1 -1 0 1 ) 27 0 1
\ 1 0 -1 0 } \

Example 6.2. Let H;yp; be a 4 x 4 matrix as follows

0 0O

1

0 0

HC'UPL - 0 1
1 0

™)
_ o=

Step 1. Compute

r= (O, bo_ b4, b]. - b5, b2 - b6)T = (0,0,_1,O)T.
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Step 2. Compute Z and W by solving the equations: HqypZ =1 and Heyp W = ey,
where e; =(1,0,0,0)”. We can obtain

z=(1-100), w=(1-10 1),

Step 3. Compute HE}IPL by (3.1):

1 0 -1 1
-1 -1 1 0
-1 _ —
1 0 0 O
where
1 0 -1 1 1 -1 1 0
o111 1 ) . _( 1 -1 1
- o 1 1 -1 ) 1= 1 -1
1 1 -1 0 J \ 1
1 0 -1 0\ (01 -1 0
s -1 -1 0 1 r 0o 1 -1
2l o o 1 -1’ 2= 0 1
0 1 -1 0 J \ 0
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