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Abstract. In this paper, we consider two innovative structured matrices, CUPL-Toeplitz

matrix and CUPL-Hankel matrix. The inverses of CUPL-Toeplitz and CUPL-Hankel ma-

trices can be expressed by the Gohberg-Heinig type formulas, and the stability of the

inverse matrices is verified in terms of 1-,∞- and 2-norms, respectively. In addition,

two algorithms for the inverses of CUPL-Toeplitz and CUPL-Hankel matrices are given

and examples are provided to verify the feasibility of these algorithms.
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1. Introduction

As is well known, Toeplitz matrices family are also structured matrices family and

have important applications in various disciplines including the elliptic Dirichlet-periodic

boundary value problems [1], sinc discretizations of partial and ordinary differential equa-

tions [2–7], signal processing [8], numerical analysis [8], system theory [8], etc.

It is an ideal research area and hot issue to find the inverse of a Toeplitz matrix. In [9],

Jiang and Wang firstly present an innovative structured matrix, RFPL-Toeplitz matrix, the

group inverse of this new structured matrix can be represented as the sum of products of

lower and upper triangular Toeplitz matrices, then the explicit expression and the decom-

position of the group inverse is given. It turns out the inversion of Toeplitz matrix can

be reconstructed by a low number of its columns and the entries of the original Toeplitz

matrix. The result was first observed by Trench [10] and reconstructed by Gohberg and

Semencul [11] from its first and last columns of T−1, provided that the first component in

the first column is not zero. The algorithm of Trench for the inversion of Toeplitz matri-

ces is presented with a detailed proof in [12]. Gohberg and Krupnik [13] observed that
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if the last component of the first column is not zero, then T−1 can be recovered from its

first and second columns. Heinig and Rost [14] exhibited an inversion formula for every

nonsingular Toeplitz matrix, which requires the solution of fundamental equations, where

the right-hand side of one of them is a shifted column of the Toeplitz matrix T . In [15],

the inverse was reconstructed through three columns of T−1. Labahn and Ng modified this

result in [16] and [17]. In [18], the inverse of the Toeplitz matrix was presented in the

form of Toeplitz Bezoutian of two columns. Lv and Huang [19] gave a new Toeplitz matrix

inversion formula in which the inverse can be denoted as a sum of products of circulant

matrices and upper triangular Toeplitz matrices. Labahn [20] proposed formulas for the

inverses of layered or striped Toeplitz matrices in terms of solutions of standard equations.

The explicit inverses of nonsingular conjugate-Toeplitz and conjugate-Hankel matrices are

provided in [21].

In [22] and [23], the stability of the algorithms emerging from Toeplitz matrix inver-

sion formulas was considered. Xie and Wei [24] proposed a stability analysis of Gohberg-

Semencul-Trench type formula for Moore-Penrose and group inverses of Toeplitz matrices.

In this paper, we present the explicit inverses of CUPL-Toeplitz and CUPL-Hankel matri-

ces, which can be expressed as sum of products of circulant and upper triangular Toeplitz

matrices, which is thought of a Gohberg-Heinig type formula for the inverse of an CUPL-

Toeplitz matrix and CUPL-Hankel matrix. Moreover, the stability of the inverse formula is

verified in terms of 1-,∞- and 2-norms, respectively. Then the algorithms of the inverse

formulas are provided. And in the final, examples are given to support the feasibility of the

algorithms.

Definition 1.1. An n×n column upper-plus-lower Toeplitz matrix with the first row (a0, a−1,

a−2, · · · , a1−n) and the first column (a0, a1, a2, · · · , an−1)
T is meant a matrix of the form as

TCUP L =

















a0 a−1 a−2 · · · a1−n

a1 a0 + a1

. . .
. . .

...

a2 a1 + a2

. . .
. . . a−2

...
...

. . .
. . . a−1

an−1 an−2 + an−1 · · · a1 + a2 a0 + a1

















, (1.1)

denoted by TCUP L[ f r(a0, a−1, a−2, · · · , a2−n, a1−n); f c(a0, a1, a2, · · · , an−2, an−1)
T ], or by

TCUP L for short, where a0, a±1, a±2, · · · , a±(n−1) are any complex numbers.

Obviously, the entries ai j of the matrix in (1.1) are given by the following formulas:

ai j =

�

ai− j, j = 1 or j > i

ai− j + ai− j+1, 2≤ j ≤ i.
(1.2)

Specially, if a1−n = a1, a2−n = a2, · · · , a−1 = an−1, then TCUP L is a row first-plus-last

right circulant matrix, which is firstly defined in [25].
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Definition 1.2. An n×n column upper-plus-lower Hankel matrix with the first row (b0, b1,

b2, · · · , bn−1) and the last column (bn−1, bn, · · · , b2n−2)
T is meant a matrix of the form as

HCUP L =















b0 b1 · · · bn−2 bn−1

b1 . .
.

. .
.

bn−1 + bn bn
... . .

.
. .

.
bn + bn+1

...

bn−2 . .
.

. .
. ... b2n−3

bn−1 + bn bn + bn+1 · · · b2n−3 + b2n−2 b2n−2















, (1.3)

denoted by HCUP L[ f r(b0, b1, · · · , bn−2, bn−1); lc(bn−1, bn, · · · , b2n−3, b2n−2)
T ], or by HCUP L

for short, where b0, b1, b2, · · · , b2n−3, b2n−2 are any complex numbers.

Obviously, the entries bi j of the matrix in (1.3) are given by the following formulas:

bi j =

�

bi+ j−2, j = n or i + j ≤ n

bi+ j−2 + bi+ j−1, i + j > n and j < n.
(1.4)

Specially, if b0 = bn, b1 = bn+1, · · · , bn−2 = b2n−2, then HCUP L is called a row first-

plus-last left-circulant matrix, which is firstly defined in [26].

It should be mentioned that the CUPL-Toeplitz matrix is neither an extension of the

Toeplitz matrix nor its special case and it is an innovative structured matrix. This is the

same to CUPL-Hankel matrix as well.

2. The Inversion Formula of TCUP L

In this section, we provide inversion formula for TCUP L matrix as a sum of products of

row first-plus-last right circulant matrices and upper triangular Toeplitz matrices.

Let TCUP L be defined as in Definition 1.1 with the first row (a0, a−1, · · · , a1−n) and the

first column (a0, a1, · · · , an−1)
T .

Theorem 2.1. Let TCUP L be an n × n column upper-plus-lower Toeplitz matrix and f =

(0, a1−n − a1, a2−n − a2, · · · , a−1 − an−1)
T , e1 = (1,0, · · · , 0)T . If each of the systems of

equations TCUP LX = f , TCUP LY = e1 are solvable, where X = (x1, x2, · · · , xn)
T , Y =

(y1, y2, · · · , yn)
T , then TCUP L is invertible and

T−1
CUP L

= V1U1 + V2U2, (2.1)
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where

V1 =

















y1 yn yn−1 · · · y2

y2 y1 + y2

. . .
. . .

...

y3 y2 + y3

. . .
. . . yn−1

...
...

. . .
. . . yn

yn yn−1 + yn · · · y2 + y3 y1 + y2

















,

V2 =

















x1 xn xn−1 · · · x2

x2 x1 + x2

. . .
. . .

...

x3 x2 + x3

. . .
. . . xn−1

...
...

. . .
. . . xn

xn xn−1 + xn · · · x2 + x3 x1 + x2

















,

U1 =















1 −xn −xn−1 · · · −x2

1 −xn

. . .
...

. . .
. . . −xn−1

1 −xn

1















, U2 =















0 yn yn−1 · · · y2

0 yn

. . .
...

. . .
. . . yn−1

0 yn

0















,

V1 and V2 are both row first-plus-last right circulant matrices [25].

Proof. TCUP L is a column upper-plus-lower Toeplitz matrix defined in Definition 1.1,

which satisfies

KTCUP L − TCUP LK = f eT
n
− e1 f T

Σ (2.2)

where

K =













0 1

1 1

1 1
...

. . .

1 1













, Σ=











1

1 1

..
.

. .
.

1 1

1 1











,

and eT
n = (0, · · · , 0,1).

As TCUP LX = f , TCUP LY = e1, from (2.2) we can get

KTCUP L = TCUP LK + f eT
n − e1 f T

Σ

= TCUP L(K + X eT
n
− Y f T

Σ).

From the above equation we can obtain

K i TCUP L = K i−1TCUP L(K + X eT
n
− Y f T

Σ)

= TCUP L(K + X eT
n
− Y f T

Σ)i.
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Therefore,

K ie1 = K i TCUP LY = TCUP L(K + X eT
n − Y f T

Σ)iY,

and use the mathematical induction method we can obtain

K i−1e1 = (0,1, C1
i−2

, C2
i−2

, · · · , C i−3
i−2

, 1,0, · · · , 0)T , (i = 1,2, · · · , n− 1) (2.3)

Kn−1e1 = (0,1, C1
i−2

, C2
i−2

, · · · , C i−3
i−2

, 1)T , (2.4)

where C i
n

is binomial coefficient
� n

i

�

.

If we denote

t1 = Y,

t i = (K + X eT
n − Y f T

Σ)
�

t i−1 − t i−2 + t i−3 + · · ·+ (−1)i t1

�

, (i = 2,3, · · · , n)

and

T̂CUP L = (t1, t2, t3, · · · , tn),

then

TCUP L t1 = TCUP LY = e1,

TCUP L t i = TCUP L(K + X eT
n
− Y f T

Σ)
�

t i−1 − t i−2 + t i−3 + · · ·+ (−1)i t1

�

= KTCUP L

�

t i−1 − t i−2 + t i−2 + · · ·+ (−1)i t1

�

, (i = 2,3, · · · , n).

We can obtain

KTCUP L

�

t i−1 − t i−2 + t i−3 + · · ·+ (−1)i t1

�

=(−1)0C0
i−2

K i−1e1 + (−1)1C1
i−2

K i−2e1 + · · ·+ (−1)i−2C i−2
i−2

Ke1

=ei , (2.5)

where ei = (0, · · · , 0,1,0, · · · , 0)T .

That is to say TCUP L t i = ei, we can obtain TCUP L T̂CUP L = In, where In is an identity

matrix. From above, the matrix TCUP L is invertible, and T−1
CUP L

= T̂CUP L.

Next, we can derive the representation of t i . First of all, it is easy to see that

t1 = Y, t i = T−1
CUP Lei, ΣTCUP LΣ

−1 = T T
CUP L, Σ

T = Σ

Σe1 = en, Σei = en−i+1 + en−i+2, (i = 2,3, · · · , n).

For i > 1,

t i =(K + X eT
n
− Y f T

Σ)
�

t i−1 − t i−2 + t i−3 − · · ·+ (−1)i t1

�

=
�

K t i−1 − K t i−2 + · · ·+ (−1)iK t1

�

+ (X eT
n − Y f T

Σ)t i−1 − (X eT
n − Y f T

Σ)t i−2 + · · ·
+ (−1)i(X eT

n − Y f T
Σ)t1

=K
�

t i−1 − t i−2 + · · ·+ (−1)i t1

�

+ (X yn−i+2 + X yn−i+3 − Y xn−i+2 − Y xn−i+3)

− (X yn−i+3 + X yn−i+4 − Y xn−i+3 − Y xn−i+4) + · · ·+ (−1)i−1(X yn−1 + X yn − Y xn−1

− Y xn) + (−1)i(X yn − Y xn)

=K
�

t i−1 − t i−2 + · · ·+ (−1)i t1

�

+ X yn−i+2 − Y xn−i+2,
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in the middle of the above procedure, for i > 2,

(X eT
n − Y f T

Σ)t i−1

=X eT
n

t i−1 − Y f T
Σt i−1

=X eT
n

T−1
CUP L

ei−1 − Y f T
ΣT−1

CUP L
ei−1

=X eT
n
Σ
−1
ΣT−1

CUP L
Σ
−1
Σei−1 − Y f T

ΣT−1
CUP L

Σ
−1
Σei−1

=X eT
nΣ
−1T−T

CUP LΣei−1 − Y f T T−T
CUP LΣei−1

=X eT
1

T−T
CUP L

(en−i+2 + en−i+3)− Y f T T−T
CUP L

(en−i+2 + en−i+3)

=X (T−1
CUP L

e1)
T (en−i+2 + en−i+3)− Y (T−1

CUP L
f )T (en−i+2 + en−i+3)

=X Y T (en−i+2 + en−i+3)− Y X T (en−i+2 + en−i+3)

=X yn−i+2 + X yn−i+3 − Y xn−i+2 − Y xn−i+3.

We have

t1 = Y, t2 = KY + X yn − Y xn, · · · ,

tn =
�

Kn−1 + (−1)1C1
n−2

Kn−2 + (−1)2C2
n−2

Kn−3 + · · ·+ (−1)n−2Cn−2
n−2

K1
�

Y

+
�

Kn−2 + (−1)1C1
n−3Kn−3 + (−1)2C2

n−3Kn−4 + · · ·+ (−1)n−3Cn−3
n−3 K1
�

(X yn − Y xn)

+
�

Kn−3 + (−1)1C1
n−4

Kn−4 + (−1)2C2
n−4

Kn−5 + · · ·+ (−1)n−4Cn−4
n−4

K1
�

(X yn−1 − Y xn−1)

+ · · ·+ K(X y3 − Y x3) + (X y2 − Y x2),

T−1
CUP L = (t1, t2, t3, · · · , tn) = V1U1 + V2U2,

where

V1 =
�

Y, KY, (K2 − K)Y, · · · ,
(Kn−1 + (−1)1C1

n−2
Kn−2 + (−1)2C2

n−2
Kn−3 + · · ·+ (−1)n−2Cn−2

n−2
K1)Y
�

,

U1 =















1 −xn −xn−1 · · · −x2

1 −xn

. . .
...

. . .
. . . −xn−1

1 −xn

1















,

V2 =
�

X , KX , (K2 − K)X , · · · ,
(Kn−1 + (−1)1C1

n−2Kn−2 + (−1)2C2
n−2Kn−3 + · · ·+ (−1)n−2Cn−2

n−2 K1)X
�

,

U2 =















0 yn yn−1 · · · y2

0 yn

. . .
...

. . .
. . . yn−1

0 yn

0















.
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We can write it in the formula

T−1
CUP L

=

















y1 yn yn−1 · · · y2

y2 y1 + y2

. . .
. . .

...

y3 y2 + y3

. . .
. . . yn−1

...
...

. . .
. . . yn

yn yn−1 + yn · · · y2 + y3 y1 + y2

















×















1 −xn −xn−1 · · · −x2

1 −xn

. . .
...

. . .
. . . −xn−1

1 −xn

1















+

















x1 xn xn−1 · · · x2

x2 x1 + x2

. . .
. . .

...

x3 x2 + x3

. . .
. . . xn−1

...
...

. . .
. . . xn

xn xn−1 + xn · · · x2 + x3 x1 + x2

















×















0 yn yn−1 · · · y2

0 yn

. . .
...

. . .
. . . yn−1

0 yn

0















.

3. The Inversion Formula of HCUP L

In this section, we provide the inversion formula of the HCUP L matrix as a sum of prod-

ucts of row first-plus-last inverse right circulant matrices and upper triangular Toeplitz ma-

trices.

Let HCUP L be defined as in Definition 1.2 with the first row (b0, b1, · · · , bn−1) and the

last column (bn−1, bn, · · · , b2n−2)
T .

Theorem 3.1. Let HCUP L be an n × n column upper-plus-lower Hankel matrix and r =

(0, b0 − bn, b1 − bn+1 · · · , bn−2 − b2n−2)
T , e1 = (1,0, · · · , 0)T . If each of the systems of

equations HCUP LZ = r, HCUP LW = e1 are solvable, where Z = (z1, z2, . . . , zn)
T , W =

(w1, w2, . . . , wn)
T , then HCUP L is invertible and

H−1
CUP L

= S1T1 + S2T2, (3.1)

where

S1 =















w1 w2 +w1 w3 +w2 · · · wn +wn−1

w2 w3 +w2 . .
.

. .
.

w1
...

... . .
.

. .
.

w2

wn−1 wn +wn−1 . .
.

. .
. ...

wn w1 w2 · · · wn−1















,
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S2 =















z1 z2 + z1 z3 + z2 · · · zn + zn−1

z2 z3 + z2 . .
.

. .
.

z1
...

... . .
.

. .
.

z2

zn−1 zn + zn−1 . .
.

. .
. ...

zn z1 z2 · · · zn−1















,

T1 =















1 −z1 −z2 · · · −zn−1

1 −z1

. . .
...

. . .
. . . −z2

1 −z1

1















, T2 =















0 w1 w2 · · · wn−1

0 w1

. . .
...

. . .
. . . w2

0 w1

0















,

S1 and S2 are both row first-plus-last inverse right circulant matrices.

Proof. HCUP L is a column upper-plus-lower Hankel matrix defined as Definition 1.2,

which satisfies

KHCUP L −HCUP LΓ = reT
1 − e1rT

Θ (3.2)

where

K =













0 1

1 1

1 1
...

. . .

1 1













, Γ =













1 1

1 1
...

. . .

1 1

1 0













, Θ =













1

1 1
.. .

. . .

1 1

1 1













.

As HCUP LZ = r, HCUP LW = e1, from (3.2) we can get

KHCUP L = HCUP LΓ + reT
1 − e1rT

Θ

= HCUP L(Γ + ZeT
1 −W rT

Θ),

from the above equation we can obtain

K iHCUP L = K i−1HCUP L(Γ + ZeT
1 −W rT

Θ)

= HCUP L(Γ + ZeT
1 −W rT

Θ)i.

Therefore,

K ie1 = K iHCUP LW = HCUP L(Γ + ZeT
1 −W rT

Θ)iW,

and we can obtain

K i−1e1 = (0,1, C1
i−2

, C2
i−2

, · · · , C i−3
i−2

, 1,0, · · · , 0)T , (i = 1,2, · · · , n− 1) (3.3)

Kn−1e1 = (0,1, C1
i−2

, C2
i−2

, · · · , C i−3
i−2

, 1)T . (3.4)
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If we denote

h1 =W,

hi = (Γ + ZeT
1 −W rT

Θ)
�

hi−1 − hi−2 + hi−3 + · · ·+ (−1)ih1

�

, (i = 2,3, · · · , n)

and

ĤCUP L = (h1, h2, h3, · · · ,hn),

then

HCUP Lh1 = HCUP LW = e1,

HCUP Lhi = HCUP L(Γ + ZeT
1 −W rT

Θ)
�

hi−1 − hi−2 + hi−3 + · · ·+ (−1)ih1

�

= KHCUP L

�

hi−1 − hi−2 + hi−3 + · · ·+ (−1)ih1

�

, (i = 2,3, · · · , n)

and use the mathematical induction method we can obtain

KHCUP L

�

hi−1 − hi−2 + hi−3 + · · ·+ (−1)ih1

�

=(−1)0C0
i−2K i−1e1 + (−1)1C1

i−2K i−2e1 + · · ·+ (−1)i−2C i−2
i−2 Ke1

=ei , (3.5)

which means HCUP Lhi = ei, we can obtain HCUP LĤCUP L = In, where In is an identity matrix.

From above, the matrix HCUP L is invertible, and H−1
CUP L

= ĤCUP L.

Next we can obtain the representation of hi. First of all, it is easy to see that

h1 =W, hi = H−1
CUP Lei, HT

CUP L = (ÎnΣ)HCUP L(ÎnΣ
−1), Σ În = Θ,

Σ
T = Σ, Σe1 = en, Σei = en−i+1 + en−i+2, (i = 2,3, · · · , n),

where În is an inverse identity matrix and Σ is of the form as (2.2).

Then for i > 1,

hi =(Γ + ZeT
1
−W rT

Θ)
�

hi−1 − hi−2 + hi−3 + · · ·+ (−1)ih1

�

=
�

Γhi−1 − Γhi−2 + · · ·+ (−1)iΓh1

�

+ (ZeT
1 −W rT

Θ)hi−1 − (ZeT
1 −W rT

Θ)hi−2 + · · ·
+ (−1)i(ZeT

1 −W rT
Θ)h1

=Γ
�

hi−1 − hi−2 + · · ·+ (−1)ih1

�

+ (Zwi−1 + Zwi−2 −Wzi−1 −Wzi−2)− (Zwi−2 + Zwi−3

−Wzi−2 −Wzi−3) + · · ·+ (−1)i−1(Zw2 + Zw1 −Wz2 −Wz1) + (−1)i(Zw1 −Wz1)

=Γ
�

hi−1 − hi−2 + · · ·+ (−1)ih1

�

+ Zwi−1 −Wzi−1,
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in the middle of the process, for i > 2,

(ZeT
1 −W rT

Θ)hi−1

=ZeT
1 hi−1 −W rT

Θhi−1

=ZeT
1 H−1

CUP Lei−1 −W rT
ΘH−1

CUP Lei−1

=ZeT
1 (ÎnΣ

−1)(Σ În)H
−1
CUP L(Σ

−1 În)(ÎnΣ)ei−1 −W rT (Σ În)H
−1
CUP L(Σ

−1 În)(ÎnΣ)ei−1

=ZeT
1 ÎnΣ

−1H−T
CUP L ÎnΣei−1 −W rT H−T

CUP L ÎnΣei−1

=ZeT
nΣ
−1H−T

CUP L În(Σei−1)−W rT H−T
CUP L În(Σei−1)

=ZeT
1 H−T

CUP L În(en−i+2 + en−i+3)−W rT H−T
CUP L În(en−i+2 + en−i+3)

=Z(H−1
CUP Le1)

T (ei−1 + ei−2)−W (H−1
CUP Lr)T (ei−1 + ei−2)

=ZW T (ei−1 + ei−2)−W Z T (ei−1 + ei−2)

=Zwi−1 + Zwi−2 −Wzi−1 −Wzi−2.

We have

h1 =W, h2 = Γh1 + Zw1 −Wz1, · · · ,

hn =
�

Γ
n−1 + (−1)1C1

n−2Γ
n−2 + (−1)2C2

n−2Γ
n−3 + · · ·+ (−1)n−2Cn−2

n−2 Γ
1
�

W

+
�

Γ
n−2 + (−1)1C1

n−3
Γ

n−3 + (−1)2C2
n−3
Γ

n−4 + · · ·+ (−1)n−3Cn−3
n−3
Γ

1
�

(Zw1 −Wz1)

+
�

Γ
n−3 + (−1)1C1

n−4Γ
n−4 + (−1)2C2

n−4Γ
n−5 + · · ·+ (−1)n−4Cn−4

n−4 Γ
1
�

(Zw2 −Wz2)

+ · · ·+ Γ (Zwn−2 −Wzn−2) + (Zwn−1 −Wzn−1),

H−1
CUP L

= (h1,h2, h3, · · · ,hn) = S1T1 + S2T2,

where

S1 =
�

W, ΓW, (Γ 2 − Γ )W, · · · ,
(Γ n−1 + (−1)1C1

n−2
Γ

n−2 + (−1)2C2
n−2
Γ

n−3 + · · ·+ (−1)n−2Cn−2
n−2
Γ )W
�

,

T1 =















1 −z1 −z2 · · · −zn−1

1 −z1

. . .
...

. . .
. . . −z2

1 −z1

1















,

S2 =
�

Z , Γ Z , (Γ 2 − Γ )Z , · · · ,
(Γ n−1 + (−1)1C1

n−2Γ
n−2 + (−1)2C2

n−2Γ
n−3 + · · ·+ (−1)n−2Cn−2

n−2 Γ )Z
�

,

T2 =















0 w1 w2 · · · wn−1

0 w1

. . .
...

. . .
. . . w2

0 w1

0















.
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We can write it in the formula

H−1
CUP L

=















w1 w1 +w2 w2 +w3 · · · wn−1 +wn

w2 w2 +w3 . .
.

. .
.

w1
...

... . .
.

. .
.

w2

wn−1 wn−1 +wn . .
.

. .
. ...

wn w1 w2 · · · wn−1















×















1 −z1 −z2 · · · −zn−1

1 −z1

. . .
...

. . .
. . . −z2

1 −z1

1















+















z1 z1 + z2 z2 + z3 · · · zn−1 + zn

z2 z2 + z3 . .
.

. .
.

z1
...

... . .
.

. .
.

z2

zn−1 zn−1 + zn . .
.

. .
. ...

zn z1 z2 · · · zn−1















×















0 w1 w2 · · · wn−1

0 w1

. . .
...

. . .
. . . w2

0 w1

0















.

4. Stability Analysis

An algorithm is called forward stable if for all well conditioned problems, the computed

solution x̂ is closed to the true solution x that means the related error ‖x − x̂‖/‖x‖ is

minimal. Now we present the error analysis of the inverse formula for nonsingular CUPL-

Toeplitz matrix in terms of 1-norm,∞-norm and 2-norm, respectively. Let

g = (y2, y3, · · · , yn−1, yn, 0)T , h = (0, y2, y3, · · · , yn)
T ,

p = (x2, x3, · · · , xn−1, xn, 0)T , q = (0, x2, x3, · · · , xn)
T ,

s = (−x2,−x3, · · · ,−xn−1,−xn, 0)T .

From Theorem 2.1 we obtain the formula,

T−1
CUP L

= V1U1 + V2U2,

which can be rewritten in the form as

V1 =















0 yn yn−1 · · · y2

yn

. . .
...

. . . yn−1

yn

0















+















y1

y2 y1
...

. . .
. . .

yn−1

. . .
. . . y1

yn yn−1 · · · y2 y1















+















0

y2

y3

. . .
...

. . . y2

yn · · · y3 y2















,
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V2 =















0 xn xn−1 · · · x2

xn

. . .
...

. . . xn−1

xn

0















+















x1

x2 x1
...

. . .
. . .

xn−1

. . .
. . . x1

xn xn−1 · · · x2 x1















+















0

x2

x3

. . .
...

. . . x2

xn · · · x3 x2















,

U1 =















0 −xn −xn−1 · · · −x2

0 −xn

. . .
...

. . .
. . . −xn−1

0 −xn

0















+













1

1
...

1

1













,

U2 =















0 yn yn−1 · · · y2

0 yn

. . .
...

. . .
. . . yn−1

0 yn

0















.

Theorem 4.1. Assume that TCUP L to be invertible. Let ε > 0 and x̂ , ŷ, ĝ, ĥ, p̂, q̂, ŝ, be the

corresponding numerical least squares solutions of the linear systems for deriving the formula

above. Denote by T̂−1
CUP L

the inverse of the perturbed matrix T̂CUP L. If
‖ x̂−x‖1
‖x‖1 ≤ ε,

‖ ŷ−y‖1
‖y‖1 ≤ ε,

‖ ĝ−g‖1
‖g‖1 ≤ ε,

‖ĥ−h‖1
‖h‖1 ≤ ε,

‖p̂−p‖1
‖p‖1 ≤ ε,

‖q̂−q‖1
‖q‖1 ≤ ε,

‖ŝ−s‖1
‖s‖1 ≤ ε, then

‖T−1
CUP L − T̂−1

CUP L‖1 ≤ 3ε‖y‖1
�

2(2+ ε)‖x‖1 + 1
�

. (4.1)

Proof. From the above decomposition and for abbreviation, we write the inverse formula

for TCUP L given by (2.1) as

T−1
CUP L = (Rg + L y + Lh)(Rs + I) + (Rp + Lx + Lq)Rg .

Then we obtain

‖T−1
CUP L − T̂−1

CUP L‖1 ≤‖RgRs + L yRs + LhRs − R̂g R̂s − L̂ y R̂s − L̂hR̂s‖1
+ ‖Rg I + L y I + Lh I − R̂g I − L̂ y I − L̂h I‖1
+ ‖RpRg + LxRg + LqRg − R̂pR̂g − L̂x R̂g − L̂qR̂g‖1
¬s1 + s2 + s3.
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For the first part s1, we present an upper bound,

s1 =‖RgRs + L yRs + LhRs − R̂g R̂s − L̂ y R̂s − L̂hR̂s‖1
≤‖RgRs − R̂g R̂s‖1 + ‖L yRs − L̂ y R̂s‖1 + ‖LhRs − L̂hR̂s‖1
=‖RgRs − Rg R̂s + Rg R̂s − R̂g R̂s‖1 + ‖L yRs − L y R̂s + L y R̂s − L̂ y R̂s‖1
+ ‖LhRs − LhR̂s + LhR̂s − L̂hR̂s‖1
≤‖Rg‖1‖Rs − R̂s‖1 + ‖Rg − R̂g‖1‖R̂s‖1 + ‖L y‖1‖Rs − R̂s‖1 + ‖L y − L̂ y‖1‖R̂s‖1
+ ‖Lh‖1‖Rs − R̂s‖1 + ‖Lh − L̂h‖1‖R̂s‖1

=
�‖Rg‖1 + ‖L y‖1 + ‖Lh‖1

�‖Rs − R̂s‖1 +
�‖Rg − R̂g‖1 + ‖L y − L̂ y‖1

+ ‖Lh − L̂h‖1
�‖R̂s‖1

=
�‖Rg‖1 + ‖L y‖1 + ‖Lh‖1

�‖Rs − R̂s‖1 +
�‖Rg − R̂g‖1 + ‖L y − L̂ y‖1

+ ‖Lh − L̂h‖1
�‖R̂s − Rs + Rs‖1

≤�‖Rg‖1 + ‖L y‖1 + ‖Lh‖1
�‖Rs − R̂s‖1 +
�‖Rg − R̂g‖1 + ‖L y − L̂ y‖1 + ‖Lh − L̂h‖1

�·
‖R̂s − Rs‖1 +
�‖Rg − R̂g‖1 + ‖L y − L̂ y‖1 + ‖Lh − L̂h‖1

�‖Rs‖1
=
�‖g‖1 + ‖y‖1 + ‖h‖1

�‖s− ŝ‖1 +
�‖g − ĝ‖1 + ‖y − ŷ‖1 + ‖h− ĥ‖1

�‖s− ŝ‖1
+
�‖g − ĝ‖1 + ‖y − ŷ‖1 + ‖h− ĥ‖1

�‖s‖1
≤�‖g‖1 + ‖y‖1 + ‖h‖1

�

ε‖s‖1 +
�

ε‖g‖1 + ε‖y‖1 + ε‖h‖1
�

ε‖s‖1 +
�

ε‖g‖1+
ε‖y‖1 + ε‖h‖1
�‖s‖1

=‖s‖1ε(2+ ε)
�‖g‖1 + ‖y‖1 + ‖h‖1

�

as ‖g‖1 ≤ ‖y‖1, ‖h‖1 ≤ ‖y‖1, ‖s‖1 ≤ ‖x‖1, we can obtain

s1 ≤ 3ε(2+ ε)‖x‖1‖y‖1.

Next we turn to consider s2.

s2 =‖Rg I + L y I + LhI − R̂g I − L̂ y I − L̂hI‖1
≤‖Rg − R̂g‖1‖I‖1 + ‖L y − L̂ y‖1‖I‖1 + ‖Lh − L̂h‖1‖I‖1
=‖g − ĝ‖1 + ‖y − ŷ‖1 + ‖h− ĥ‖1
≤‖g‖1ε+ ‖y‖1ε+ ‖h‖1ε = 3ε‖y‖1.

Use the same method to obtain s1, we can get s3.

s3 ≤ 3ε(2+ ε)‖y‖1‖x‖1.

The conclusion is drawn by summing the above three inequalities.

Theorem 4.2. Under the assumption and notions of Theorem 4.1, we can obtain the same

upper bound of ‖T−1
CUP L − T̂−1

CUP L‖∞ with the 1-norm in a similar way.

‖T−1
CUP L
− T̂−1

CUP L
‖∞ ≤ 3ε‖y‖1
�

2(2+ ε)‖x‖1 + 1
�

. (4.2)



The Explicit Inverses of CUPL-Toeplitz and CUPL-Hankel Matrices 51

We can also present the upper bound with respect to 2-norm, since

‖T−1
CUP L − T̂−1

CUP L‖22 ≤ ‖T−1
CUP L − T̂−1

CUP L‖1‖T−1
CUP L − T̂−1

CUP L‖∞,

from (4.1) and (4.2), we can get

‖T−1
CUP L − T̂−1

CUP L‖2 ≤ 3ε
p

n‖y‖2
�

2(2+ ε)
p

n‖x‖2 + 1
�

, (4.3)

as ‖x‖1 ≤
p

n‖x‖2, ‖y‖1 ≤
p

n‖y‖2.

Therefore, the formula presented in Theorem 2.1 is forward stable. Use the same

method, we can also learn that the formula presented in Theorem 3.1 is forward stable.

5. Two Algorithms for Finding T−1
CUP L

and H−1
CUP L

In this section, two algorithms for finding T−1
CUP L

and H−1
CUP L

are given.

Algorithm 5.1. By using the Theorem 2.1, we proceed with

Step 1. Compute f = (0, a1−n − a1, a2−n − a2, · · · , a−1 − an−1)
T .

Step 2. Compute X = (x1, x2, · · · , xn)
T , Y = (y1, y2, · · · , yn)

T , by solving the systems

of equations

TCUP LX = f and TCUP LY = e1,

where e1 = (1,0, · · · , 0)T .

Step 3. Compute T−1
CUP L by the formula (2.1).

Algorithm 5.2. By using the Theorem 3.1, we proceed with

Step 1. Compute r = (0, b0 − bn, b1 − bn+1, · · · , bn−2 − b2n−2)
T .

Step 2. Compute Z = (z1, z2, · · · , zn)
T , W = (w1, w2, · · · , wn)

T , by solving the systems

of equations

HCUP LZ = r and HCUP LW = e1,

where e1 = (1,0, · · · , 0)T .

Step 3. Compute H−1
CUP L

by the formula (3.1).
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6. Numerical Examples

In this section, two examples are provided to verify the feasibility of the algorithms.

Example 6.1. Let TCUP L be a 4× 4 matrix as follows

TCUP L =







1 0 0 0

0 1 0 0

1 1 1 0

0 1 1 1





 .

Step 1. Compute

f = (0, a−3 − a1, a−2 − a2, a−1 − a3)
T = (0,0,−1,0)T .

Step 2. Compute X and Y by solving the equations: TCUP LX = f and TCUP LY = e1,

where e1 = (1,0,0,0)T . We can get

X =
�

0 0 −1 1
�T

, Y =
�

1 0 −1 1
�T

.

Step 3. Compute T−1
CUP L

by (2.1):

T−1
CUP L = V1U1 + V2U2 =







1 0 0 0

0 1 0 0

−1 −1 1 0

1 0 −1 1





 ,

where

V1 =







1 1 −1 0

0 1 1 −1

−1 −1 1 1

1 0 −1 1





 , U1 =







1 −1 1 0

1 −1 1

1 −1

1





 ,

V2 =







0 1 −1 0

0 0 1 −1

−1 −1 0 1

1 0 −1 0





 , U2 =







0 1 −1 0

0 1 −1

0 1

0





 .

Example 6.2. Let HCUP L be a 4× 4 matrix as follows

HCUP L =







0 0 0 1

0 0 1 0

0 1 1 1

1 1 1 0





 .

Step 1. Compute

r = (0, b0 − b4, b1 − b5, b2 − b6)
T = (0,0,−1,0)T .
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Step 2. Compute Z and W by solving the equations: HCUP LZ = r and HCUP LW = e1,

where e1 = (1,0,0,0)T . We can obtain

Z =
�

1 −1 0 0
�T

, W =
�

1 −1 0 1
�T

.

Step 3. Compute H−1
CUP L

by (3.1):

H−1
CUP L = S1T1 + S2T2 =







1 0 −1 1

−1 −1 1 0

0 1 0 0

1 0 0 0





 ,

where

S1 =







1 0 −1 1

−1 −1 1 1

0 1 1 −1

1 1 −1 0





 , T1 =







1 −1 1 0

1 −1 1

1 −1

1





 ,

S2 =







1 0 −1 0

−1 −1 0 1

0 0 1 −1

0 1 −1 0





 , T2 =







0 1 −1 0

0 1 −1

0 1

0





 .
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