Journal of Computational Mathematics, Vol.26, No.3, 2008, 410-436.

FINITE ELEMENT METHODS FOR THE NAVIER-STOKES
EQUATIONS BY H(div) ELEMENTS"

Junping Wang
Division of Mathematical Sciences, National Science Foundation, Arlington, VA 22230, USA
Email: jwang@nsf.gov
Xiaoshen Wang and Xiu Ye
Department of Mathematics, University of Arkansas at Little Rock, Little Rock, AK 72204, USA
Email: zzwang@ualr.edu, zryeQualr.edu

Dedicated to Professor Junzhi Cui on the occasion of his 70th birthday

Abstract

We derived and analyzed a new numerical scheme for the Navier-Stokes equations by
using H (div) conforming finite elements. A great deal of effort was given to an establish-
ment of some Sobolev-type inequalities for piecewise smooth functions. In particular, the
newly derived Sobolev inequalities were employed to provide a mathematical theory for
the H(div) finite element scheme. For example, it was proved that the new finite element
scheme has solutions which admit a certain boundedness in terms of the input data. A
solution uniqueness was also possible when the input data satisfies a certain smallness con-
dition. Optimal-order error estimates for the corresponding finite element solutions were
established in various Sobolev norms. The finite element solutions from the new scheme
feature a full satisfaction of the continuity equation which is highly demanded in scientific
computing.
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Key words: Finite element methods, Navier-Stokes equations, CFD.

1. Introduction

We are concerned with numerical solutions of the Navier-Stokes equations: find a pair of
unknown functions (u;p) satisfying

—vAu+u-Vu+Vp=£f inQ, (1.1)
V-u=0 inQ, (1.2)
u=0 on 99, (1.3)

where v denotes the fluid viscosity; A, V, and V- denote the Laplacian, gradient, and divergence
operators, respectively; Q C R” is the region occupied by the fluid; f = f(x) € [L%(Q)]" is the
unit external volumetric force acting on the fluid at x € €.

The commonly used finite element methods for the Navier-Stokes problem (1.1)-(1.3) are
based on a variational equation which is obtained by testing the momentum equation (1.1) by
functions in [H}(€2)]™ and the continuity equation (1.2) by functions in L?(2) (see Section 2
for their definition). The corresponding finite element method requires a pair of finite element
spaces which are conforming in H' x L? and satisfy the inf-sup condition of Babuska [3] and
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Finite Element Methods for the Navier-Stokes Equations by H(div) Elements 411

Brezzi [4]. These constraints result in finite element approximations, denoted by (up; pp), which
hardly satisfy the continuity equation

V-u(x)=0, Vxe. (1.4)

Readers are referred to [19] and [9] for more details regarding the approximation methods and
their properties.

The recent development in discontinuous Gelerkin methods [2,5-7,11, 12, 14| provides new
means in solving the incompressible problems numerically. However, the corresponding finite
element solutions are usually totally discontinuous and fail to satisfy the continuity equation
(1.4) immediately [13,23,26,30].

Eq. (1.4) requires that the numerical solution uy, be a member of the Sobolev space H (div; ).
Therefore, the discontinuous Galerkin methods [13,23,26,30] may not be appropriate when (1.4)
needs to be satisfied. On the other hand, the H! x L? conforming finite element methods require
the total continuity of up, which is beyond what is required for a satisfaction of (1.4). There-
fore, it appears that the H(div) elements of Raviart-Thomas type [27] might be appropriate for
approximating the solution of the Navier-Stokes equations.

In [29], a finite element scheme for the Stokes equations was derived and analyzed by using
existing H(div) finite elements of the Raviart-Thomas type. The numerical solutions of the
finite element schemes developed in [29] satisfy the incompressibility constraint (1.2) exactly.
The goal of this paper is to continue our investigation in H(div) finite element methods by
extending the results of [29] to the Navier-Stokes equations. There are two main difficulties in
this extension. The first one lies on a treatment of the nonlinear term u - Vu in designing a
numerical discretization scheme for (1.1)-(1.3). An up-winding approach shall be used to tackle
this difficulty, yielding a numerical scheme that should be stable for small viscosities. The
second difficult is associated with a mathematical analysis for the numerical scheme; namely,
one has to deal with the difficulties caused by discontinuity of the finite elements and the
corresponding integral forms over the element boundaries. Some Sobolev-type inequalities are
established to address this challenge.

This paper is organized as follows. In Section 2, we introduce some preliminaries and
notations for Sobolev spaces. A variational formula is presented in Section 3 for the Navier-
Stokes equations. In Section 4, we present a H (div) finite element method for the Navier-Stokes
equations, based on the variational formula developed in Section 3. In Section 5, we derive some
Sobolev-type inequalities for piecewise smooth functions. Section 6 is devoted to a mathematical
study of the finite element scheme. Here it was proved that the new finite element scheme has
solutions and the solutions are unique when the input data is sufficiently small. In Section 7, we
establish some optimal-order error estimates for the finite element approximations in a discrete
H'-norm for the velocity approximation and L?-norms for the pressure.

2. Preliminaries and Notations

Let D be any domain in R™,n = 2,3. For simplicity, we take the case n = 2 as a protocol
in the presentation and analysis. Extension to problems in three space variables is possible for
all the results to be presented in this manuscript.

We use standard definitions for the Sobolev spaces H*(D) and their associated inner prod-
ucts (+,+)s,p, norms || - ||s, p, and seminorms |- |s p for s > 0. For example, for any integer s > 0,
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the seminorm | - |5, p is given by

1
2

olop = / 0% 0|2dD

la|=s
with the usual notation
a=(a,02), |aj=ar+ay, 0%=0510.2.

The Sobolev norm || - ||, p is given by

m
[ EE
=0

The space H(D) coincides with L?(D), for which the norm and the inner product are
denoted by || - ||p and (-,-)p, respectively. When D = Q, we shall drop the subscript D in
the norm and inner product notation. We also use L2(Q2) to denote the subspace of L%(Q)
consisting of functions with mean value zero.

The space H(div; () is defined as the set of vector-valued functions on  which, together
with their divergence, are square integrable; i.e.,

H(div;Q) ={v: ve[L* ()] V-veL*(Q)}.
The norm in H(div; Q) is defined by
1
IVllzzaiviey = (IVI*+ V- vI[*)

Let K C Q be a triangle or quadrilateral. For any smooth vector-valued functions w and
v, it follows from the divergence theorem that

/ (—Aw) - vdK = (Vw,Vv)g — ow v ds, (2.1)
K o Onk

where ds represents the boundary element, ng is the outward normal direction on JK, and

ow; avz
(VW VV K = /
Z Oz é?acJ

1,j=1

Let 7 be the tangential direction to 0K so that ng and 7, form a right-hand coordinate
system. It follows from the representation

v=(v-ng)ng + (v 7))k

that

ow ~ O(w-ng)
E.Vi ong (vome) +

O(w - Tx)
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3. A Variational Formula

Let 7; be a finite element partition of the domain Q with mesh size h. Assume that the
partition 7}, is quasi-uniform; i.e., it is regular and satisfies the inverse assumption (see [10]).
Define the finite element spaces V}, and W, for the velocity and pressure respectively by

Vi, ={ve Hdiv;Q): vlg € V.(K), VK €T,, v-nlspgq=0}
and
Wi ={q € L(Q) : qlx € Win(K), VK €T},

where n is the outward normal direction on the boundary of Q, V,.(K) is a space of vector-valued
polynomials on the element K with index r > 1, and W,,,(K) is a set of polynomials on the
element K with index m > 0.

To derive a weak formulation for the Navier-Stokes equations, we shall test the Navier-Stokes
system (1.1)-(1.2) by discontinuous finite element functions in V;, and W}, respectively. The
first obvious equation is given by testing Eq. (1.2) against any ¢ € W}, yielding

(V-u,q)=0. (3.1)

A second equation can be obtained by testing the momentum equation (1.1) against any v € Vj,.
The main body of this section is devoted to a discussion of the momentum equation, particularly
the treatment of the nonlinear term u - Vu.

To this end, let us multiply Eq. (1.1) by any v € V}, and use (2.1) to obtain

> <y(vu,vV)K fy/ ou ds+(u-Vu,v)K) —(p,V-v)=(f,v),v), (3.2)

on
KeTy, oK K

where we have also used the integration by parts to deduce

/Vp-de =—(p,V-v).
Q

The fact that v € V3, implies that v - ng is continuous across each interior boundary. Thus, it
follows from (2.2) that

- u TK )
Z/ pr -vds= Z/ “onk v - T ds. (3.3)

KeTy, KeTy,

For convenience, we introduce a product space

and the following notation:

(Vaw,Viha) = > (Vw,Va)k, Vw,q€X.
KeT,

By substituting (3.3) into (3.2) we obtain
V(Vaw, Viv)+ Y (u-Vu,v)g = (p,V - V)

—v Z / O - 7xc) v-1rds = (£,v). (3.4)
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We now reformulate the boundary integrals in (3.4). Let e be an interior edge shared by two
elements K7 and Ks, and n; and ns be unit normal vectors on e pointing exterior to K; and
K>, respectively. Denote by 7 and 75 the two tangential directions which make the right-hand
coordinate systems with n; and ns, respectively. We define the average {-} and jump [-] on e
for vector-valued functions w as follows:

few)) = 5 (n1 - V(wm)lox, +m2- V(w - m)loc,).

W] = wlok, - 71 +Wloxk, - To.
For a boundary edge e = K7 N IS2, the above two operations must be modified by
{ewW)} =mi - V(W 71)lok,, [w] =wlok, - 71.

Let &, denote the union of the boundaries of all elements K in 7;. For sufficiently smooth
u (eg.,uc€ H? (©)), by grouping terms associated with each edge e € &, it is not hard to see
that

o(u-7x
Z /8]( Q V- Trds = Z {e(w)}[v]ds. (3.5)

on
KeT, K e€&y V€

Next we present a treatment of the nonlinear term KeT, (u- Vu,v)g by adding some
stabilization terms. To avoid any possible confusion, we remark that u - Vv should be viewed
as a row vector u times a matrix Vv from left with

Vv — |: 6;817]1 6;c1'U2 :| .

8121)1 8121}2
Let us introduce a trilinear form on X; x X, x X}, as follows:
1
asp(u,v,w) 1= 5 ( Z (u-Vv,w)g — Z (u- VW,V)K> . (3.6)
KeT, KeT,

This trilinear form is skew symmetric in the last two variables. Through a straight forward use
of integration by parts, one arrives at the following identity (see, e.g. [17]):

Z (u-Vv,w)g = agr(u,v,w) —% Z (V- u)v, W)k

KeTy, KeTy,

1
t5 Z /6K(u~n)(v~w)ds (3.7)

KeT,

for all u,v,w € X;,. If particular, if u,v € X;, N [H}(2)]? and V - u = 0, then

1
Z (u-Vv,w)g = asgp(u,v,w) + 3 Z / (u-n)(v-w)ds. (3.8)
KeT, KeT, VoK
Since v = 0 on the boundary of €2, we have

% Z /C?K(u.n)(v.w)ds:% Z u-n(vy-wg —vg - wg)ds, (3.9)

KeT, eced e
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where 82 is the collection of all interior edges, n is an orientation of e € 52, wy, is the trace
of w on e as seen from the left, and wg is the trace of w on e as seen from the right. More
precisely, wy and wg are defined as follows:

wr(z) = t1—1>%1+ w(x — tn), wr(z) = tli%1+ w(x + tn).

Note that v € [H}(£2)]? implies v, = v on each interior edge e. It follows that
V[ W — VR -WR =VR W[ — V[ -WRQR.

Substituting the above into (3.9) yields

_Z/ (u-n)(v-w)ds = 5 Z/u n(vg-wp — v - wg)ds, (3.10)

KeTy, 6680

which, together with (3.8), implies

Z( Vv, W)k = asx(u,v,w) + Z/u n(vg-wp — vy - wg)ds (3.11)

KeT, 6650

for any w € X, and u, v € X, N[H(Q)]? with V-u = 0. The right-hand side of (3.11) can be
further stabilized as follows:

Z (u-Vv,w)g

KeTy,

= agx(u, v, w) 2Z/u n(vyp-wp — VL - Wg ds+’yZ/|u n|[v][w]ds, (3.12)

eegp e€ly,

where v > 0 is a stabilization parameter.
The right-hand side of (3.12) provides a suitable weak form for the nonlinear inertial term
of the Navier-Stokes equations. For this purpose, we introduce a quasi-trilinear form as follows:

a1 (u,v,w) := as(u, v, w) Z /u n(vg-wp — vy -wg)ds
eGSO
+y > /|u n|[v][w]ds. (3.13)
ec&y

In particular, if u is the weak solution of the Navier-Stokes equations (1.1)-(1.3) with sufficient
regularity (e.g., u € H2T¢(Q) with e > 0), then by substituting (3.5) and (3.13)/(3.12) into
(3.4) we obtain

v(Viu,Viv) +a1(u,u,v) = (V-v,p) —v Z u)}[v]ds = (f,v) (3.14)
eegh

for all v . € V3. As in the usual discontinuous finite element method, we further stabilize
Eq. (3.14) by adding the following term to its left-hand side:

s(u,v) :=v Z / (ah; ' [v][u] — B{e(v)}[u]) ds (3.15)

e€lp
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where a > 0 is another stabilization parameter, 3 = 41, and h, is the length of the edge e. It
is easy to see that Sg(u,v) =0 for any u € [H}(Q)]? and v € V},. It follows that a variational
form for the momentum equation in the Navier-Stokes system can be given as follows:

v(Viu, Viv) + Sg(u,v) + a1(u,u,v) — (V-v,p) —v Z {e(u)}[v]ds = (£, v).

e€&y V¢

For simplification of notation, we introduce a functional space

V(h,s) =V + H [H*(K)* N Hy(Q)?*], s> g (3.16)
KeTy,

and two bilinear forms

dg(u,v) =v(Vpu,Vpv) + Sg(u,v) —v Z {e(u)}[v]ds (3.17)

e€&, v €

and
b(V, q) = (v ©V, Q)

on V(h,s) x V(h,s) and V(h,s) x LE(2), respectively. Notice that dg(-,-) is symmetric for
[ = 1. To summarize, our variational form is given by seeking u € V (h, s) and p € LZ(Q) such
that

dﬁ(ua v) +ai(u,u,v) —b(v,p) = (f,v), VveV(hs), (3.18)
b(u,q) =0, Vg€ LA(Q). (3.19)

With the conditions specified in this paper, it can be proved that the standard weak solution
(u;p) of the Navier-Stokes problem belongs to V'(h,s) for some s > g;
to [15,16,21,25] for details on solution regularity. Therefore, the variational problem (3.18) and
(3.19) has at least one solution and this solution also satisfies the Navier-Stokes equations. It
should be possible to show that all solutions of (3.18) and (3.19) also satisfy the Navier-Stokes

equations in a weak sense. Details are left to readers for verification.

readers are referred

4. Finite Element Approximations and Their Properties

The solution of (3.18) and (3.19), hence the solution of the Navier-Stokes equations (1.1)-
(1.3), can be approximated by restricting V (h, s) and L3(£2) to properly-defined subspaces such
as the finite element spaces V;, and W}, associated with a prescribed finite element partition
T1. The resulting approximation, denoted by (up;pn) € Vi, x Wp, is given as solution of the
following discrete equations:

dg(up,v) + ai1(up,up,v) = b(v,pp) = (f,v), Vvey, (4.1)
b(Uh,q) 207 qu Wh-

There are two main issues for the finite element scheme (4.1) and (4.2). The first one is
on an efficient computation of (up;ps), the second is about qualitative properties of the finite
element approximation, such as solution existence, uniqueness, and convergence as the mesh
size h tends to zero. While both issues are equally important, we would like to focus our
attention on the second one in the rest of this paper.
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Our mathematical analysis for the finite element scheme (4.1) and (4.2) needs two discrete

norms, denoted by || - ||, and | - ||, in the linear space V'(h, s) which are defined as follows
2 —
IVIE = VI 5+ D ke HIIVIIE, (4.3)
ec&p
VP = VT + D hel{e()}I2, (4.4)
e€p

1
where |V|ih =Y ker, VI3 g and [V = ([, [v|*ds)? is the standard norm in L?(e). It is clear
that the norm || - ||, resembles the usual H'-norm of the Sobolev space H!(f2) for piecewise H'

functions.
Let K be an element with e as an edge and p > 1 be any real number. It is well-known that
there exists a constant C' = C(p) such that for any function g € H'(K),

- —1
191170y < C (B 9100y + WM IV G1E ) (4.5)

where, and in what follows of this paper, hx stands for the size of K. Observe that the quasi-
uniformity of 7; implies that hg is proportional to h. for all the edges/faces e C OK. In
particular, with p = 2 one has for any v € Vj,

he[{eW)HZ < C (IVVIE + RElIVAVIE) -

The standard inverse inequality can be employed to the last term of the above inequality,
yielding

hel[{eW)}Z < ClIVVI%
for some constant C' independent of the mesh size h. Consequently, there is a constant C

independent of h such that
Vil < Collvlly, Vv € Vi (4.6)

This shows that the two norms || - ||, and || - || are equivalent in the finite element space V,.

In addition to the norms introduced in this section, our theoretical analysis for the finite
element scheme (4.1) and (4.2) requires some Sobolev-type inequalities for functions which are
piecewise smooth. Details are provided in the next section.

5. Sobolev-type Inequalities for Piecewise Smooth Functions

Let D C R™ be an open bounded domain in the n-dimensional space R, n > 2, and WP (D)
be the usual Sobolev space with p € (1,00). We recall the following trace inequality: for any
f € WHP(D) and p € (1,n) one has

[fllz2@p) < CD, p)|| fll1p.0, (5.1)

where p = (n — 1)p/(n — p) and || - ||1,p,p stands for the usual Sobolev norm in W'?(D). The
dependence of the constant C(D,p) with respect to the size of the domain D can be explicitly

estimated when applied to finite element partitions.

Lemma 5.1. Let 75 be a quasi-reqular finite element partition of an open bounded domain
Q CR",n>2. Then there exists a constant C(p) such that for any K € T, and w € WHP(K)

with p € (1,n) and p = % one has

|l Lsary < Cp) (b lwlle ) + V0l o)) (5.2)
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where hy is the diameter of the element K.

Proof. To figure out the dependence, let K be a reference element with an affine mapping
F that maps K to K:
F: K—>K.
For any function w € W1P(K), denote by w the composition of w and F:
(i) =wo F(z), iek.
Let hx be the diameter of K, then the usual scaling argument can be applied to yield

lwlLs oK) < ChKTHw”Lﬁ(af()'

Applying the trace inequality (5.1) to the right-hand side of the above inequality we arrive at

n—1

leollzoor) < CK.p)hyd @l p, - (5.3)
Now we go back to the original element K through the affine map F:
1pK / |w|”dK+/ |Vw|”dK
< Chy" / |w|PdK + Chy P / |Vw[PdK. (5.4)
K K
Substituting (5.4) into (5.3) yields
N n-1 1/p
lwlloor) < CUK,p)hi? (hK” / P dK + hi P / |Vw|”dK)
K K
. 1/p
_ C(R,p) (h;g’ / wlPdK + / |Vw|de) ,
K K
which is the desired estimate (5.2). O
Lemma 5.2. Let g € (1,00) be any real number and ¢ = #qq_l. There exists a constant C

such that for any w € [[ 7, WHa(K) we have

<Z he ||w|Lq(e)> < CH"UHLG(Q) + Chd (Z |Vw|%@(1()> . (5.5)

ecéy, KeTy,
Proof. Since § = #qq_l, it is not hard to verify that for n > 1 one has
n—1)q
n—q

Thus, it follows from (5.2) (with p = ¢ and p = §) that
HwHLq(e) <C (hl_(llleL‘f(K) + vaHLé(K)) . (5.6)
Next by observing ¢ < ¢ and n/§ —n/q = (¢ — 1)/q we have from the Holder inequality
wilpa) < Chic " |lwllLacx)

= ChKT”wHLq(K)-
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Substituting the above into (5.6) yields

ol < € (1 Tl + [l )
It follows that

e Nl ey < € (Il + Al Vel i) ) -
Summing over all the edges leads to

D hellwllfay < Clwlfag +C Y hrllVwlll, - (5.7)
ec&y, KeTy,

Note that the following inequality holds true

m m
> lar < 1 eyl
j=1 j=1

A

for any A > 1. Thus,

1
q

Z hKﬂvaqLé(K) < (Z hla(”vw”%é([())

KeT, KeT,

Substituting the last inequality into (5.7) gives

a

> hellwlldugey < Cllwlltyq +C ( > hwwm(m) , (5.5)
cCEx KeT,
which implies the desired inequality (5.5). |

Let p > 1 and s > 1 be two real numbers, ¢ and ¢ be the conjugate of p and s respectively
(ie., 1/p+1/g=1and 1/s+ 1/t = 1). Introduce the following space:

J(s,p;Q) := L*(Q) N < 1T WLP(K)) .

KeT,

The following lemma provides an estimate for the L®-norm of functions in J(s, p; Q):

Lemma 5.3. Let p > 1 and s > 1 be two real numbers, q and t be the conjugate of p and s
respectively. Assume that n/(n —1) < s < np/(n —p). Then for any function w € J(s,p;),
the following estimate holds true

Ly < CO) < > IVl + X 0 [ |[[w]]|pde)
KeT, e€h ¢

1
+eh D lwll Lo (q) » o

[[w]

where € > 0 is an arbitrary, but positive real number and ¢ = nq/(n+ q — 1). In particular, if
s additionally satisfies s < np/(n — 1), then one has
1

> IVl + 3 0 [ |[[w]]|pde> . (5.10)

KeT, ecéy

[[w]

L) <C (
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Proof. For any w € J(s,p; ), we consider the following auxiliary problem: Find g € W2¢(£)
such that g = 0 on the boundary 92 of 2 and

—Ag = sgn(w)|w|** in Q, (5.11)

where sgn(+) is the sign function with values 1,0, —1 when the argument is positive, vanishing,
or negative, as appropriate. Without loss of generality (if necessary, one may consider the same
problem on a domain covering 2 with w being extended by zero outside of €2), we may assume
that 2 has a very smooth boundary so that the problem (5.11) has a unique solution with the
following a priori estimates:

lgll2,e < (5.12)

and
g < CHwnzjj(lsfl)(Q)? (5.13)

where [|wl| pa-1) () formally stands for the “norm” of w even though (s — 1) > 1 may fail to
be true.
Now, multiplying (5.11) by w and then integrating over the domain ) gives

/( AglwdQ = > / —Ag)wdK

KeTy,

(/Vg VuwdK — /aK )

KeTy,
<> / Vg - VwdK | + Z/ (5.14)
KeT, e€lp

where we have used the Green’s formula in the second line. The first term on the right-hand
side of (5.14) can be estimated by using the Holder’s inequality:

Z / Vg - VWdK‘ < Z Vgl o) VWl e (x)
KeT, KeT,
1

IVglls (e ( > IVuwly, ) : (5.15)

KeTy,

I A

To deal with the second term of (5.14), we use the Holder’s inequality to arrive at

dg
> [ Fhiutde < 32| Ml
ecE ecE ’877, La(e)
ag q q B P
< <Z he |5 ) (Z he p|[[wﬂ|’zp<e)> : (5.16)
e€y, La(e) e€é&y,

Applying the estimate (5.5) to the first factor of (5.16) we obtain

Z / [w]de

e€ly

< € [I9glz0c@) + B4 1%l ooy [Z hmuwmy(e)} SNERYY

eclp
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Now substituting (5.17) and (5.15) into (5.14) yields

[[w]

Lo < IValLse < Z |Vw|ip(K)>

KeTy,

+C (”VQHLQ(Q) +he ||V2gHLé(Q)> [
e€&p

< ClIVyllLago < Z ||Vw||1£p(K) + Z hi_”/l[[w]ll”de>

KeTy, ecéy,
+Chi HVQQHL‘i(Q) [Z hip/|[[w]]|pd61 )
ecty €

i, np s .
The condition 5 < s < e implies the following;:

Thus, we have from the usual Sobolev embedding theorem that

IVgllLe) < ClIVallwre o),

which, together with (5.12), yields

Vgl < Cllellizly,.

Substituting the above estimate and (5.13) into (5.18) gives

lollie@ < €l ( > IVl + Xt [ |[[w]1|pde>

KeT, ecép

S| I[[w]]l”de] g

eclp

1 1
+Ch [|w]| pac-1 (o

The estimate (5.19) further leads to

[[w]

B <O ( S Il + S0 [ |[[w]1|pde>
KeT, ecén ¢

1

Sowrf |[[w]]|pde] .

ecép

1 s—1
+Ch [|wl a-1)

Note that for any a,b > 0 and positive m and n with m~! +n~! = 1 one has

ab <a™ +b".

> n [ lwllrae

421

(5.18)

(5.19)

(5.20)
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Applying the last inequality to the last term of (5.20) with a = e~ !h3 Hw||i;(15,1)(9) and
m=t=s/(s—1) yields

[[w]

SVl + 3 R / I[[w]]l”de)

KeTy, ec&y

is(n) <C <

3 h;P/H[w]dee] T o

syt 5 s(l—s
+e*hi [|w]| L a1 ) + Ce = [
ec&y

where € > 0 is an arbitrary, but positive real number. The inequality (5.21) implies the desired
estimate (5.9).
As to the inequality (5.10), we observe that for s < "2 one has

g(s—1) <s.

It follows that

HwHLé(S*l)(Q) < C|jw|

Lo(9) -
Substituting the last inequality into (5.9) yields
(1 - cehﬁ) ]|+ (e
1 1
<C ( SVl + 3 hip/u[w]npde) + =) lz h;P/H[w]dee] .
KeTy, ecéy, € ecéy €

By choosing € sufficiently small such that (1 — Ceht/ s) > % one obtains the desired estimate

(5.10). O

The next two corollaries emphasize the case p = 2 for the estimates established in Lemmas
5.3 and 5.2.

Corollary 5.1. Let n be the dimension of the domain Q and § = 2n/(n+1). Then the follow-
ing results hold true.

1. For any real number s satisfying +75 < s < %, there is a constant C' such that for any
function w € J(s,2;Q) one has

%
[wllLs2) < C(e) < > AVelizw + Y hel/|[[w]]|2d€)
KeTy, ec&y €

1
+ehD ||lwl| Lac-1)(q) » (5.22)
where € > 0 is an arbitrary, but positive real number.

2. For any real number s satisfying —"5 < s < %, there is a constant C' such that for any
function w € J(s,2;Q) one has

[[w] Y IVelZeg + D hel/l[[w]]|2d6> : (5.23)

KeTy, ecéy,

Lo < C (
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Proof. The estimate (5.22) is a direct application of (5.9) when p = 2. Similarly, the estimate
(5.23) stems from (5.10) since the condition s < np/(n — 1) is satisfied when p = 2. O

Corollary 5.2. Let n be the dimension of the domain 2, § = 2n/(n+1), and s be a real
number such that

< s < .
n—1 5_n72

Let $ =ns/(n+ s —1). Then the following results hold true.

(5.24)

1. There is a constant C' such that for any function w € J(s,2;Q):

<Z he||w] is(@) < C(e) ( > AIVeliem + Y h§1/|[[w]]|2d€>
e€y KeTy, e

eclp

1 1 a ¢
+€h2(571) HwHL‘i(S’U(Q) +Ch9 < Z |vw|i§(K)> 5 (525)
KeTy,

where € > 0 is an arbitrary, but positive real number.

2. If, in addition, s satisfies s < 2n/(n — 1), then there exists a constant C' such that

[Z hellwl[zs(e) Y IVwliag + D th/I[[w]]IQdel : (5.26)

ec&y, KeTy, ec&y

s

<C

Proof. With ¢ = s and § = § we have from (5.5) of Lemma 5.2 that

1
(Z hellwlis(e)) < Clw

ecly

1

Loo) + Ch* (Z Ileig(K)) : (5.27)

KeT,

The first term on the right-hand side of (5.27) can be estimated by using (5.22). The combined
inequality is exactly the desired estimate (5.25).

To derive (5.26), we use (5.23) to bound the first term of the right-hand side of (5.27) (note
that the condition for this application is satisfied!), yielding

: }
(Z hellwl is<e)> <C ( D IVellag + Y helfl[[w]]IQd6>
e€&h KeTn e€En ¢
%
+Ch* (Z |Vw|i§(K)> . (5.28)

KeT,

The additional condition of s < 2n/(n — 1) implies that § < 2. Thus, we have from the Holder’s
inequality that

3 3
iﬁ(K)) <C ( Z ||vw||2L2(K)> :

KeT,

(Z [Vl

KeT,

Substituting the above inequality into (5.28) gives the desired inequality (5.26). O

We end this section by establishing some estimates for functions in the finite element space
V.
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Corollary 5.3. Let n be the dimension of the domain ) and s be an arbitrary real number
satisfying —5 < s < % Then there exists a constant C' such that for any finite element

n
po
function w € V}, one has

o > IVl + 0t [ |[[w]]|2de> , (5.29)

KeTy, ec&y

L) <C (

[

<Z hellwl is(@) <C ( Z IVwl|72(xy + Z hel/|[[w]]|2d€> . (5.30)
e€Ey, KeT, e€E, €

Note that the right-hand sides of (5.29) and (5.30) are the discrete H* norm ||w||, as defined
in (4.3).

Proof. Corollary 5.3 should be viewed as an application of the Corollaries 5.1 and 5.2 to
finite element functions. For simplicity, we adopt the notations used in Corollaries 5.1 and 5.2
without redefining them.

The estimate (5.22) holds true when w € V;, is a finite element function. Without loss of
generality, we consider only the case §(s — 1) > s. Note that the condition s < 2n/(n —2)
implies 2s 4+ 2n — ns > 0. Using the standard inverse inequality one obtains

Q7D [w| -1 @) < chlaetn ety =)

|w] L3 ()

Ls(9)- (5.31)

254+2n—

= Ch =61 ||ul

o) < Cllwl

Now substituting the above into (5.22) yields

1
2
Jullzeo) < €10 ( > IVl + 3 bt [ |[[w]1|2de> +eC ol
KeT, ecén ¢

It follows that (5.29) holds true for appropriately chosen value of e.

To derive (5.30), we observe that the estimate (5.25) is valid for w € V3,. It suffices to treat
the last two terms on the right-hand side of (5.25). The Li(*~1-norm of w can be estimated
by using (5.31). The other term, which is

-

1 1 3 :
h= ||V pw Li(o) =h- ( Z [Vw] Lé(K)) )
KeT,

can be estimated by using the standard inverse inequality as follows:

n_n

h% Vh'w| L3 () < Ch% T2 Vhw||L2(Q)
2s4+2n—ns
=Ch 2s ||Vhw||L2(Q) < CllvthLQ(Q)

Substituting the above and the estimate (5.31) into (5.25) yields

(Z hellwl 5]’;5(@) < C(e) < Z Vw72 sy + Z h61/|[[w]]|2de)
ecéy, KeTy, €

ec&y

+eC ||w]

3
Lo +C < Z ||Vw||%2(K)) ;

KeTy,

which, together with (5.29), verifies the desired inequality (5.30). O
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6. Theory for the Finite Element Method

6.1. Coercivity and boundedness

The goal of this subsection is to establish some properties for the bilinear form dg(-,-) and
the quasi-trilinear form aq(:,-,-) which were used in the discrete equation (4.1). Notice that
the quasi-trilinear form aq(,-,-) disappears for Stokes problems, and the properties for the
bilinear form dg(-, -) has been well studied in [29]. Thus, our attention shall be focused on the
quasi-trilinear form a4 (-, -, ).

Recall that the bilinear form dg(-,-) was defined by (3.17) and (3.15), and the following
ellipticity has been established in [29].

Lemma 6.1. Let dg(-,-) be defined as in (3.17). Then the following results hold true, regardless
of the dimension n > 1 for the domain €.

1. For the symmetric scheme 3 = 1, there exists a constant aq independent of h such that
for any v eV,

2
ds(v,v) = vao|lv|l*, (6.1)
provided that the stabilization parameter o in Sg(-,-) is sufficiently large.

2. For the non-symmetric case § = —1, it is easy to see that for any finite element function
v € V}, one has

dg(v,v) = v(Vpv,Vv) + va Z hot / [v]?ds

e€&y

Y

. 2 . 2
v min(1, @)||vf; = v min(1, @)/Col|v]]",

where the relation (4.6) has been employed in the last inequality. Thus, the coercivity (6.1)
holds true for the bilinear form dg(-,-) with any positive value of a when § = —1.

Since the symmetric case is conditionally coercive, we shall assume that the parameter « is
chosen appropriately so that the ellipticity (6.1) holds true. The advantage for the symmetric
scheme is that the resulting matrix from the bilinear form dg(-,-) is symmetric and positive
definite, and hence there are more tools available in solution techniques than non-symmetric
forms.

As to the quasi-trilinear form a;(u, v, w), we recall that it is defined by (3.13) and (3.6) as
follows:

1
a1(u,v,w) := agi(u,v,w) + 3 Z u-n(vg-wp —vp-wg)ds
ecgl €

+v Y [ lu-n|[v][wlds, (6.2)

ec&y €
where

asp(u,v,w) 1= % ( Z (u-Vv,w)g — Z (u- VW,V)K> . (6.3)

KeT, KeT,
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For simplicity, we introduce the following notation

1
bi(u,v,w) := 3 Z u-n(vg-wy — vy - wg)ds,

ec0 7€
" (6.4)
ba(u, v, w) := Z /|u -n|[v][w]ds.
ecgl "¢
It is clear from (6.2) that
a1(u,v,w)) = ask(u,v,w) + by (u,v,w) + bz (u, v, w). (6.5)

It is also obvious that the trilinear form b; can be rewritten as follows
1
b1(u,v,w) = 5 Z /u ‘n(vg - [w] — [v] - wg)ds. (6.6)
ecg? V¢
Lemma 6.2. Let a;i(-,-,-) be defined by (6.5), (6.6), and (6.4). Regardless of the dimension
n > 1 for the domain 2, for any u and v € Vj, we have
a(u,v,v) =~ Z lu-n|[v]?ds. (6.7)
ec& V€

The rest of this subsection is devoted to a discussion of boundedness for the bilinear form
ds(-,-) and the quasi-trilinear form aq(-,-,-) in the finite element spaces under consideration.
First of all, we recall the following boundedness result [29] for the bilinear form dg(-,-) in the
linear space V (h, s) as defined in 3.16).

Lemma 6.3. Regardless of the dimension n > 1 for the domain ), there exists a constant C
independent of h such that

ldg(w, V)| < Cvllwlllivil, Vvw,veV(h,s). (6.8)

As to the boundedness of the quasi-trilinear form a;(-,-,-), it suffices to establish some
results for each component in the decomposition (6.5). Our first result along this line concerns
the trilinear form ag(-, -, ).

Lemma 6.4. Let the trilinear form asi(-,-,-) be given as in (6.3). Assume that the dimension
n for the domain € is no more than 4 (i.e., n < 4), then there exists a constant C' such that
for any u,v,w €V}, we have

|ask(u, v, w)| < Cllully [Ivll, lIwll,. (6.9)
In particular, the same estimate (6.9) holds true for any u,v,w € V(h,s) when n = 2.

Proof. Tt follows from (6.3) that

1
lask(u, v, w)| < > Z Il ey (Wl 22 IV VI L2y + 1V L) [ VW] L20))
KeTy,

IN

1
sl (Wlea@lIVVliea ) + VI @ I VW2 @) -
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Using the inequality (5.29) in Corollary 5.3 with s = 4 (note that all the conditions are satisfied
with s = 4) we obtain
Wiz < Cliwll, (6.10)

for any w € V},. Thus, there exists a constant C' such that
|ask(a, v, w)| < Cllully vl Iwll,

for any u,v,w € V},. This completes the proof of the lemma.

In the special case of n = 2, one may use the inequality (5.23) to arrive at the estimate
(6.10) for any w € V(h,s). This shows that (6.9) holds true when the functional arguments
vary in V(h, s). O

Lemma 6.5. Let the trilinear form by(-,-,-) be given as in (6.6). Assume that the dimension
n for the domain € is no more than 4 (i.e., n < 4), then there exists a constant C such that
for any u,v,w €V}, we have

b1 (a, v, w)| < Cllully [Iv]ly [Iwll;- (6.11)
In particular, the same estimate (6.11) holds true for any u,v,w € V(h,s) when n = 2.

Proof. The trilinear form by (-, -, ) contains two parts in its definition, but it suffices to deal
with the first one as the second one can be handled similarly. To this end, we observe that

> /U'H(VR'[[W]])de < urlps@lIVellzae 1wl 2

ecg) € e€Ey
1 1 1
4 4 2
_ 2
< Z hellur||za Z hell VR L1 Z he'lwlie |+ (6.12)
e€Ep ecEy e€&p

which, together with the estimate (5.30) when applied to both u and v with s = 4, leads to

Y [ u-n@e - [wl)de| < Cllull, Ivll; llwl,.

e€ky ¢

The inequality (5.26) can be used to deal with the case of n = 2 when the functional arguments
are no longer finite element functions. This completes the proof of the lemma. (|

The same argument as in the proof of Lemma 6.5 can be applied to estimate the quasi-
trilinear form by(-, -, -), yielding a boundedness result stated as follows.

Lemma 6.6. Let the quasi-trilinear form ba(-,-,-) be given as in (6.4). Assume that the di-
mension n for the domain Q is no more than 4 (i.e., n < 4), then there exists a constant C
such that for any u,v,w €V}, we have

[b2(w, v, w)| < Cllully [Ivll, liwll;- (6.13)

In particular, the same estimate (6.13) holds true for any u,v,w € V(h,s) when n = 2.
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To summarize, we have proved the following boundedness result for the quasi-trilinear form

al(', . )

Lemma 6.7. Let the quasi-trilinear form ay(-,-,-) be given as in (6.2). Assume that the di-
mension n for the domain § is no more than 4 (i.e., n < 4). Then, there exists a constant C
independent of h such that

a1 (a, v, w)| < Cllully [Ivll, Iwll, (6.14)

for allu,w,v € Vj,. In particular, the same estimate (6.14) holds true for any u,v,w € V(h, s)
when n = 2.

Readers are referred to [20,24] for boundedness results for related trilinear forms. We
emphasize that, due to the absolute value in the form ba(+, -, -), the form a4 (-, -, -) is not a trilinear
form. However, the definition of by(-, -, -), together with the general inequality ||a| —[b|| < |a—Db]
for any real numbers a and b, implies the following inequality:

lba(u, v, w) — by(@,v,w)| <7 Y [ |(u—u)-nl[[v]||[w]|ds.
ecg? "¢
It follows that there is a constant N independent of & such that
a1 (u, v, w) = ar(@, v, w)| < Nju—all, [Ivll, [Iwll, (6.15)

for all u,u,v,w € V},. The estimate (6.15) holds true for any u,v,w € V(h,s) when n = 2.

6.2. Existence of finite element solutions

The Leray-Schauder fixed point theorem can be employed to justify solution existence for the
finite element scheme given by (4.1) and (4.2). To this end, we recall that the Leray-Schauder
fixed point theorem states that if a compact map F defined on the closure of an open convex
subset U of a normed linear space X containing the origin has the property that F(z) # Az for
all A > 1 and all x on the boundary of U, then F' must have a fixed point in the closure of U.

In applying the Leray-Schauder fixed point theorem to the finite element scheme (4.1) and
(4.2), we introduce a divergent free subspace Dy, of V}, as follows:

Dh:{VGVhZ V'Vh:()}.

It is easy to see that the discrete problem (4.1) and (4.2) can be reformulated as seeking u;, € Dy,
satisfying
dg(up,v) + ai(up,up,v) = (f,v), Vve Dy (6.16)

Let F : Dy, — Dy, be a nonlinear map so that for each wy, € Dy, @), := F(wy,) is given as the
solution of the following linear problem:

dg(ﬁh,v) + al(wh,ﬁh,v) = (f, V), Vve Dy, (617)

The map F is clearly continuous and therefore is compact in the finite dimensional space Dj,.
If A > 0 and wy, satisfies 0y, = F(wy) = Awyp,, then we have from (6.17) that

Mg (wp,v) + da1(wp, wp,v) = (f,v), VY veD,. (6.18)
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By choosing in (6.18) v = wp,, we come up with
)\(dﬁ(wh,wh)+a1(wh,wh,wh)) = (f,Wh), VveDy. (619)
It now follows from (6.1) and (6.7) that
MM ovaollwill? +4 > [ Iwa - nl[wi]ds | <|(£,w)l. (6.20)
ecgl ¢

By introducing a mesh-dependent norm

f,v
1€l = sup )
e T

(6.21)

we have from (6.20) and (6.21) that

2 2
M vaollwall® +4 D [ Iwa - nl[wa]*ds | < [[£]l«nllwall.

ecéE)) ¢

It follows that

N
aovlwill

Thus, A < 1 holds true for any wj, being on the boundary of the ball in Dy, centered at the

origin with radius p > ||f||«n/(aov). Consequently, the Leray-Schauder fixed point theorem
implies that the nonlinear map F defined by (6.17) has a fixed point uy:

F(uh) = Up

in any ball centered at the origin with radius p > ||f||« n/(cov). This fixed point uy, is clearly
a solution of the finite element scheme (6.16), which in turn provides a solution of the original
numerical scheme (4.1) and (4.2). The results can be summarized as follows.

Theorem 6.1. The finite element discretization scheme (6.16) has at least one solution up
in the divergence-free subspace Dp. Moreover, all the solutions of (6.16) satisfy the following
estimates:

*,h
o < 121 622
and
S | { "
vy E lup, - n|[uy] ds < 20(0;/ . (6.23)

ecg? Ve

Proof. Note that u;, € Dy, is a solution of (6.16) if and only if it is a fixed-point of the
nonlinear map F'. Since F' has at least one fixed point in the ball of D;, centered at the origin
with radius p = ||f]|«,n/(cor), then the finite element scheme (6.16) must have a solution and
all the solutions must satisfy the estimate (6.22).

It remains to establish the estimate (6.23). To this end, let u, be a solution of (6.16). By
choosing v = uy, in (6.16) one arrives at

dg(up,up) + a1 (up, up,up) = (F,up). (6.24)
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Again, using (6.1) and (6.7) one has
2 2
vaollun[l* + v > /Iun-nl[[un]] ds < ||£]|«nllun]l- (6.25)
ec&y

The right-hand side of (6.25) can be estimated as follows:
QolV 2 1
]l nllanll < == lan ™ + ml\fﬂih

Substituting the above into (6.25) yields

voo L
D+ 3 [ o i ds < S (6.26)
ecgy

which implies the desired estimate (6.23). O

6.3. A uniqueness result

The analysis here follows the idea presented in Girault and Raviart [19] on solution unique-
ness for the Navier-Stokes equations. Let uy, and uy, € Dy, be two solutions of the finite element
scheme (6.16). Since both up and @y, satisfy the nonlinear equation (6.16), then one has

dg(up,v) + ai(up, up, v) = dg(ap, v) + a1(ap, ap, v)

for all v € Dy. By introducing e, = u — 0y, the above equation can be rewritten as
dg(en,v) + ai(up,up,v) — ai(ap, ap, v) = 0.
Observe that
ar(ap,up,v) — a1(ap, ap, v) = ar1(up, ep, v) + ar(up, ap, v) — ar (g, ap, v).
Thus, for any v € Dy,
dg(en,v) + ai(up, ep, v) = a1 (Qp, Up, v) — a1(ap, ap, v).
In particular, by letting v = ep,, we have from (6.1) and (6.7) that
vaollenll” +7v > /|uh n|[es]*ds < |a1(un, n, en) — a1(Wn, W, €p)]
ecgy

Moreover, using (6.15) we arrive at the following estimate

vagllenl* +7 Y /Iuh n|[en]*ds <N [lan]l flen]l”. (6.27)

ecé&))

Since @y, is a solution of (6.16), then the estimate (6.22) is applicable, i.e., [|[Qy[| < ||f]«.n/ (V).
Substituting the above into the right-hand side of (6.27) yields

Nllfl\*h

vaollenl* +~ ) /Iuh n|[ex]*ds < llenll”. (6.28)

e€ky

The estimate (6.28) implies obvious uniqueness under certain conditions. We summarize the
result as follows.
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Theorem 6.2. Let ai(-,-,-) be given in (6.2) and define

|a1 (u; v, W) — a1 (ﬁ; v, W)|

Nn = sup (6.29)

wavwev,  [lu—afffiviiw]

Assume that p = Ny||f]l«.n/(cov)? < 1 holds true, where ag is the ellipticity constant in (6.1)
and ||£]|«.n is given by (6.21). Then the finite element discretization scheme (6.16) has at most
one solution in the divergence-free subspace Dy,.

7. Error Estimates

In this section we shall establish the error estimates for the finite element schemes (4.1)-
(4.2). Our main objective is to derive an optimal-order error estimate for the pressure in L?(£2)
and the velocity in the discrete H'-norm given by (4.4). For simplicity, we consider only the
case of two space variables (i.e., n = 2); problems in higher dimensions such asn =3 and n = 4
can be handled by using the Sobolev-type inequalities presented in Section 5.

Assumption Al: There exists an operator Iy, : (HY(Q))? — V}, such that
b(v —pv,q) =0, Yq € Wp,. (7.1)
In addition, the operator Iy, is assumed to satisfy the following:
v —IIpv|s x < C’ht75|v|t,K, VK €7, s=0,1, (7.2)
where the constant C' depends only on the shape of K and 1 <t <r+1.
Inequalities (4.5) and (7.2) imply
Ilv = Tpvlly < vl
Since [|[v]l; = |v|1 < ||v]l1 for v € (H}())?, it follows by the above and triangle inequalities
vy < Cllvlls- (7.3)

For our finite element formulations, the inf-sup condition given in Brezzi’s framework would
read as follows: there exists a positive constant 3, independent of h, such that

b
sup (v.q)

> Bllall, Vg € Wh. (7.4)
vevi, VIl

To verify (7.4), we first use the operator II; to obtain

b b(I1 b
sup (v.9) > sup bIlnv, ) = sup (v,q) . (7.5)
vevi IVIE " vem@y: MavIl vecmra)z IMnvI

Observe that by using (7.3), and (4.6), we have for all v € (Hg())?
vl < ClHav]ly < Cliv]s- (7.6)
Thus, substituting (7.6) into the inequality (7.5) gives

b(v,q) S ot b(v,q)
vev, IVl vemi e [Ivih

> Bllall,
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where we have used the inf-sup condition for the continuous case [9,19].

Our error analysis requires a use of the L? projection from L2(Q) to the finite element space
W, which is denoted by Q. In addition, we need the following error equation: for all v € V},
and g € W), one has

dg(u—up,v) +ai(u,u,v) —ar(up,up,v) —b(v,p—pp) =0, (7.7)
b(u—up,q) =0.

The above error equations can be obtained from subtracting (4.1)-(4.2) from (3.18)-(3.19). We
recall that the exact solution of (1.1)-(1.3) satisfies the following boundedness

ully < pHIE] -1, (7.9)
where, as usual
f,v
= sup Y
vei@) VI

The following is an error estimate for the velocity approximation in the discrete H' norm.

Theorem 7.1. Let (u;p) be the solution of (1.1)-(1.3) and (up; ppn) € Vi, x W), be obtained from
(4.1)-(4.2). Assume that the Assumption Al holds true. Let

Vi ] 1

2,2
oGy

)

where g is the ellipticity constant in (6.1) and |||« is given by (6.21). Assume that p <1 so
that the finite element scheme (4.1)-(4.2) has a unique solution. Then, there exists a constant
C' independent of h such that

C
IIpu — G — —1II — 1
It = wsll < =S (Ml Tyl + I~ Qurlo) (7.10)
and o )
yu —up]?ds < ——— (M|Ju — Opul| + |[p — , 7.11
73 [ -l Ty Mila =Tl + o= Quplo) . (T.11)
where R
f|— f]|.
PR . 12
v QU
Proof. Let
& = up, — ju, N = pn — Qnp (7.13)

be the error between the finite element solution (up;pp) and the projection (II;,u; Qpp) of the
exact solution. Denote by

£ =u—1Iliu, n=p—Qnp (7.14)

the error between the exact solution (u;p) and it projection. It follows from the error equations
(7.7) and (7.8) that

dﬁ(fh, V) - b(V, nh) = dﬁ(fa V) - b(V, 77) + a1 (ua u, V) —a (uha Up, V)v (7'15)
b(&n,q) = b(&,q) =0 (7.16)
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for any v € V}, and ¢ € W),. By letting v = &, in (7.15) and ¢ = 7, in (7.16), the sum of (7.15)
and (7.16) gives

dg(&n, &n) = dp(& &) — b(&n,m) + ar(u,u, &) — ar(ap, up, ). (7.17)
It is easy to see that
a1(u,u,&,) — ar(up, up, &)
(

=a1(u,u,&) — a1(u,up, &) + a1(u, up, &) — a1 (up, up, &)

= a1(w,&,&n) — a1(u, &n, &) + a1 (w, un, &) — a1 (un, un, &n).
Substituting the above equation into (7.17) yields
dg(&ns&n) + ar(a, &n, En)
= dﬁ(ga fh) - b(gh; 7’) + al(ua fa gh) + al(ua up, gh) —a (uh; up, fh) (718)

To estimate each term on the right-hand side of (7.18), we use the boundedness result (6.8) to
deduce

|ds (&, &n)l < CrliEllIEnll, (7.19)
and it is trivial to see the following
16(&n, M| < lI€nlylInllo- (7.20)
As to the third term, we have from (6.14) that

a1 (w, &, )| < Cllully 1€l 1€ 11
= CllullullEN Nénlly < CvmHIEl-alEN Ngnll, (7.21)

where we have used the estimate (7.9) in the last inequality. The last two terms on the right-
hand side of (7.18) can be handled by using (6.15) and (6.29) as follows:

la1(w,up, &) — ar(up, up, &)
<la1(u,up, &) — ar(lpu, up, &p)| + |az(up, up, §n) — a1 (llpu, up, &)

Y v 2
< NEN lanlly €Tl + Nallanlly lIgn]l™
Furthermore, using the boundedness estimate (6.22) one obtains

NIIfII*h Nhllfllm

M Mgnly +
Now substituting the estimates (7.19)-(7.22) into (7.18) we obtain

d(En €8) + an (€ €) < CollElllEnl + Clnll, Inllo + Co £ -1 llell igall,
N £+, N |If .
Ay, s, + S0t g2

Nh||f||*h

liénll:. (7.22)

|a1(u,uh,€h) - al(uh7uh,€h)|

< C (MEN =+ IInllo) Nénll + === g7 (7.23)

where M is given by (7.12). Thus, it follows from the coercivity (6.1) and the above estimate

that R
( A
voyg — ——————
1467

) llEnll® + ar(a, &, ) < COMIEN + Imllo)lI€nll- (7.24)
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Using the notation and the condition of Theorem 6.2 we arrive at

(1 = plaovllénll + ar(a, &n, &n) < C(MIIENN+ [Inllo)

which, together with (6.7), implies

(L= paovllénll® + Y [ Ju-nllél*ds < C(MIEN + lInllo) lIénll-

ecgl V€
Using the inequality 2ab < ea® + e 1% with € = (1 — p)agr and a = ||&,|| we obtain
C
(1= paovlléall® + 27 D [ lu-nl[én]’ds < ———— (MIE]l + Imllo)*-
(Je (1= p)aoy
ec&y)
This leads to the error estimates (7.10) and (7.11). O

The following is a result on the pressure approximation.

Theorem 7.2. Let (u;p) be the solution of (1.1)-(1.3) and (up;pr) € Vi, x Wy, be obtained from
(4.1)-(4.2). Under the assumptions of Theorem 7.1, there exists a constant C independent of
the mesh size h such that

1Qrp — prllo < C(v + P)|lu—un| + Cllp — Qupllo, (7.25)
where B
C||f]| - £l
D= H H 1 + NH | JL. (7.26)
v gV

An error estimate for the pressure approzimation is easily given by combining (7.25) with (7.10).

Proof. To establish (7.25), we use the discrete inf-sup condition (7.4) and the error equation
(7.7) to obtain

b(v,pn — Qnp
[P — Qnrpllo < sup 2, pn = Qnp)
vevh (M
_ b(v,pn —p) + b(v,p — Qnp)
= sup
vevi (M
— up BB v) +a1(w,u,v) — a1 (W, un, V) + 5(v,p — Qnp) (7.27)
vevi vl
Since
b(v,p — @Qnp)| < llp — QupllolIvIl,
we have from the boundedness (6.8) and the estimate (7.28) that
|dﬁ(u — Up, V) + al(ua u, V) - al(uh; Uup, V) + b(V,p - th)|
< (Cv[la = up[| + Pllu = sl + Clip = Qupllo) IVl
Substituting the above into (7.27) yields
lpn — Qupllo < C(v + P)llu — unl| + Cllp — Qupllo- O

The following Lemma was used in the proof of Theorem 7.2.
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Lemma 7.1. Let (u;p) be the solution of (1.1)-(1.3) and (up;pp) € Vi, x Wy, be obtained from
(4.1)-(4.2). Under the assumptions of Theorem 7.1, for any w € Vj, we have

lay(w,u, w) — ay(up, up, w)| < Pllu— ) [|wll;, (7.28)
where P is given by (7.26).
Proof. Note that
a1(u,u, w) — aq(ap,up, w) = ar(u,u — up, w) + a1 (u,up, w) — ag (up, up, w).
Thus, it follows from (6.14) and (6.15) that
a1 (u, u, w) — a (up, wp, w)| < Clluflsfla =yl Wil +Nlla =l sl fwll,

Now we use the boundedness estimates (7.9) and (6.22) to obtain

lai(u,u,w) — a1 (up, up, w)| < < ” P

Cllfll—1 | NI£lls.n
+ o =l fiwlly,

which completes the proof. O
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