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Abstract. Let E be a real Banach space and T be a continuous Φ−strongly accretive
operator. By using a new analytical method, it is proved that the convergence of Mann,
Ishikawa and three-step iterations are equivalent to the convergence of multistep iteration.
The results of this paper extend the results of Rhoades and Soltuz in some aspects.
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1 Introduction

Let E denote an arbitrary real Banach space and E∗ denote the dual space of E. The duality
map J : E → 2E∗

is defined by

Jx := {u∗ ∈ E∗ : 〈x, u∗〉 = ‖x‖2; ‖u∗‖ = ‖x‖},

where 〈·, ·〉 denotes the generalized duality pairing between elements of E and E∗. We first recall
and define some concepts as follows:

Definition 1.1. Let K be a nonempty subset of E and let T : K → E be an operator.

(i). T is said to be accretive if, for ∀x, y ∈ K, there exists j(x − y) ∈ J(x − y) such that

〈Tx − Ty, j(x − y)〉 ≥ 0. (1)

(ii). T is said to be strongly accretive if, for ∀x, y ∈ K, there exists j(x − y) ∈ J(x − y) such
that

〈Tx − Ty, j(x − y)〉 ≥ k‖x − y‖2, (2)

where k > 0 is a constant. Without loss of generality, we assume that k ∈ (0, 1).
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(iii). T is said to be Φ−strongly accretive if, for ∀x, y ∈ K, there exists j(x− y) ∈ J(x− y) such
that

〈Tx − Ty, j(x − y)〉 ≥ Φ(‖x − y‖)‖x − y‖, (3)

where Φ: [0,∞) → [0,∞) is a function for which Φ(0)=0, Φ(r)>0 for all r>0, lim inf
r→∞

Φ(r)>0

and the function h(r) = rΦ(r) is nondecreasing on [0,∞).

If I denotes the identity operator, it follows from inequalities (1)-(3) that T is pseudocon-
tractive (respectively, strongly pseudocontractive, Φ−strongly pseudocontractive) if and only
if (I − T ) is an accretive (respectively, strongly accretive,Φ−strongly accretive). It is shown
in [1] that the class of single-valued strongly pseudocontractive operators is a proper subclass of
the class of single-valued Φ−strongly pseudocontractive operators. The classes of single-valued
operators have been studied by many authors (see, for example [1]- [13]).

Now, we state concepts which will be needed in the sequel.

(a). The iteration (see [9])

{

xn+1 = (1 − αn)xn + αnTy1
n,

y1
n = (1 − β1

n)xn + β1
nTxn, n = 0, 1, 2, · · ·

(4)

is called the Ishikawa iteration sequence, where {αn}, {β
1
n} are real sequences in [0, 1]

satisfying some appropriate conditions.

(b). In particular, if β1
n = 0 for n ≥ 0, the sequence {xn} defined by

xn+1 = (1 − αn)xn + αnTxn, n = 0, 1, 2, · · · (5)

is called the Mann iteration (see [10]).

(c). In [11], Noor introduced the three-step procedure







xn+1 = (1 − αn)xn + Ty1
n,

y1
n = (1 − β1

n)xn + β1
nTy2

n,

y2
n = (1 − β2

n)xn + β2
nTxn, n = 0, 1, 2, · · · ,

(6)

where {αn}, {β
1
n}, {β

2
n} are real sequences in [0, 1] satisfying some appropriate conditions.

(d). In [13], Rhoades and Soltuz introduced the multi-step procedure







xn+1 = (1 − αn)xn + Ty1
n,

yi
n = (1 − βi

n)xn + βi
nTyi+1

n , i = 1, · · · , p − 2,

yp−1
n = (1 − βp−1

n )xn + βp−1
n Txn, n = 0, 1, 2, · · · ,

(7)

where p ≥ 2 is a fixed order, {αn} is a sequence in (0, 1) such that for all n ∈ N

lim
n→∞

αn = 0,

∞
∑

n=1

αn = ∞. (8)

Moreover, for all n ∈ N

{βi
n} ⊂ [0, 1), 1 ≤ i ≤ p − 1, lim

n→∞
β1

n = 0. (9)
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Taking p=3 in (7), we get the three-step iteration (6). Taking p=2 in (7), we get the Ishikawa
iteration (4). Iterative methods for approximating fixed points of strongly (Φ−strongly) accretive
operator have been studied by some authors (see, e.g., [1–10]), using the Mann iteration process
or the Ishikawa iteration process. Then we have a question: are there any differences on conver-
gence between these sequences? Can we prove the equivalence on convergence between the two
sequences? Rhoades and Soltuz in [13] show that the convergence of Mann, Ishikawa iterations
are equivalent to the multi-step iteration for strongly pseudocontractive operator and strongly
accretive operator in uniformly convex Banach space. Motivated and inspired by the results
of [13], we prove in this paper that the convergence of Mann, Ishikawa iterations are equivalent
to the multi-step iteration for Φ−strongly pseudocontractive operator and Φ−strongly accre-
tive operator in any Banach space. The results of this paper extend and improve Rhoades and
Soltuz’s results in some aspects.

We shall use the following lemmas in the sequel.

Lemma 1.1. ([8]) Let {σn}, {µn}, {tn} be nonnegative real sequences. Assume there exists a

positive integer n0 such that

σn+1 ≤ (1 − tn)σn + µn, for ∀ n ≥ n0,

where 0 ≤ tn ≤ 1,
∑∞

n=1
tn = ∞, µn = o(tn). Then σn → 0 (n → ∞).

Lemma 1.2. ([14]) Let E be a real Banach space and T : E → E be a continuous Φ−strongly

accretive operator. Then the equation Tx = f has a unique solution for any f ∈ E.

2 Main results

Theorem 2.1. Let E be a real Banach space and T : E → E be a continuous Φ−strongly

accretive operator. Assume {αn} ⊂ (0, 1) satisfies (8) and {βi
n} ⊂ [0, 1) (i = 1, · · · , p − 1)

satisfies (9). If the sequences {Tun}
∞
n=0, {Txn}

∞
n=0, {Tyi

n}
∞
n=0 (i = 1, · · · , p−1) or the sequences

{un −Tun}
∞
n=0, {xn −Txn}

∞
n=0, {y

i
n −Tyi

n}
∞
n=0 (i = 1, · · · , p− 1) are bounded and u0 = x0 ∈ E,

then the following are equivalent:

(i). the Mann iterative sequence {un} defined for ∀u0 ∈ E by

un+1 = (1 − αn)un + αn(f + un − Tun), n = 0, 1, · · · (10)

converges strongly to the solution of the equation Tx = f for any given f ∈ E.

(ii). the multi-step iterative sequence {xn} defined for ∀x0 ∈ E by







xn+1 = (1 − αn)xn + αn(f + y1
n − Ty1

n),
yi

n = (1 − βi
n)xn + βi

n(f + yi+1
n − Tyi+1

n ), i = 1, · · · , p − 2,

yp−1
n = (1 − βp−1

n )xn + βp−1
n (f + xn − Txn), n = 0, 1, 2, · · ·

(11)

converges strongly to the solution of the equation Tx = f for any given f ∈ E.

Proof It follows from Lemma 1.2 that the equation Tx = f has a unique solution q ∈ E.
Define S: E → E by Sx = f + (I − T )x for ∀x ∈ E. Then we know that S is continuous
and q is a unique fixed point of S. If the multi-step iterative sequence (11) converges strongly
to a point x∗, we can prove that x∗ is a fixed point following a procedure in [12]. Setting
βi

n = 0 (i = 1, 2, · · · , p − 1) in (11), we get the convergence of the Mann iteration. Conversely,
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we will prove that the convergence of the Mann iteration implies the convergence of the multi-
step iteration. Since T is Φ−strongly accretive operator, then the operator S is Φ−strongly
pseudocontractive and for ∀x, y ∈ E, there exists j(x − y) ∈ J(x − y) such that

〈Tx − Ty, j(x− y)〉 ≥ Φ(‖x − y‖)‖x − y‖,

which implies that

Φ(‖x − y‖) ≤ ‖Tx − Ty‖.

Then, for ∀x, y ∈ E, we have

‖Sx − Sy‖ ≤ ‖x − y‖ + ‖Tx− Ty‖ ≤ Φ−1(‖Tx − Ty‖) + ‖Tx− Ty‖, (12)

and

‖Sx − Sy‖ ≤ ‖x − Tx‖ + ‖y − Ty‖. (13)

It follows from the boundedness assumptions on Txn, Tun, Tyi
n, as well as (12) and (13)

that the sequences {Sxn}, {Sun}, {Syi
n, i = 1, · · · , p − 1} are bounded. If we denote M =

max{supn∈N
{‖Sxn − q‖}, supn∈N

{‖Sun − q‖}, supn∈N
{‖Syi

n − q‖ : 1 ≤ i ≤ p − 1}} + ‖x0 − q‖,
then M < ∞. By induction, we have that

‖un − q‖ ≤ M, ‖xn − q‖ ≤ M, n ∈ N. (14)

Using (10) and (11) gives

‖xn+1 − un+1‖
2 ≤ (1 − αn)‖xn − un‖ · ‖xn+1 − un+1‖ + αn〈Sy1

n − Sun, j(xn+1 − un+1)〉

= (1 − αn)‖xn − un‖ · ‖xn+1 − un+1‖ + αn〈Sxn+1 − Sun+1, j(xn+1 − un+1)〉

+αn〈Sy1
n − Sun − (Sxn+1 − Sun+1), j(xn+1 − un+1)〉

≤ (1 − αn)‖xn − un‖ · ‖xn+1 − un+1‖

+αn[‖xn+1 − un+1‖
2 − Φ(‖xn+1 − un+1‖)‖xn+1 − un+1‖]

+αnqn‖xn+1 − un+1‖, (15)

where qn = ‖Sy1
n − Sun − (Sxn+1 − Sun+1)‖. From (10) and (8), we have

‖un+1 − un‖ ≤ αn[‖un − q‖ + ‖Sun − q‖] ≤ 2Mαn → 0, (n → ∞).

It follows from (11), (8) and (9) that

‖xn+1 − y1
n‖ ≤ αn‖xn − Ty1

n‖ + β1
n‖xn − Ty2

n‖

≤ 2M(αn + β1
n) → 0, (n → ∞).

Since S is continuous, we have

qn ≤ ‖Sxn+1 − Sy1
n‖ + ‖Sun+1 − Sun‖ → 0, (n → ∞).

Note that

(1 − αn)‖xn − un‖ · ‖xn+1 − un+1‖ ≤
1

2
((1 − αn)2‖xn − un‖

2 + ‖xn+1 − un+1‖
2),

‖xn+1 − un+1‖ ≤
1

2
(1 + ‖xn+1 − un+1‖

2).
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If we set bn = ‖xn − un‖, then it follows from (15) that

[1 − αn(2 + qn)]b2
n+1 ≤ (1 − αn)2b2

n − 2αnΦ(bn+1)bn+1 + αnqn. (16)

Owing to limn→∞[1 − αn(2 + qn)] = 1 > 0, then there exists a positive integer N0 such that
1 − αn(2 + qn) > 0 for n ≥ N0. Without loss of generality, let 1 − αn(2 + qn) > 0 for ∀n > 0.
Thus, for ∀n > 0, from (16), we get

b2
n+1 ≤

(1 − αn)2

1 − αn(2 + qn)
b2
n −

2αn

1 − αn(2 + qn)
Φ(bn+1)bn+1 +

αnqn

1 − αn(2 + qn)
. (17)

It readily follows from (17) that bn → 0 as n → ∞. However, for completeness, we present the
details. We consider the following cases which cover all the possibilities:

1. Suppose infn≥0 bn+1 > 0. Then due to the assumption on the function Φ, there exists r > 0
such that

r <
Φ(bn+1)

bn+1

, ∀n > 0. (18)

Combining (17) and (18) yields

b2
n+1 ≤

(1 − αn)2

1 − αn(2 + qn) + 2rαn

b2
n +

αnqn

1 − αn(2 + qn) + 2rαn

. (19)

Since αn → 0, qn → 0 (n → ∞), there exists n0 such that

(

1 − αn

)2

−
(

1 −
r

2
αn

)[

1 − αn(2 + qn) + 2rαn

]

= αn

[

αn + qn −
r

2
αn(2 + qn) + r2αn −

3

2
r
]

≤ 0, ∀n ≥ n0.

Therefore, we get

(1 − αn)2

1 − αn(2 + qn) + 2rαn

≤ 1 −
r

2
αn, ∀n ≥ n0. (20)

It follows from (19) and (20) that

b2
n+1 ≤

(

1 −
r

2
αn

)

b2
n +

αnqn

1 − αn(2 + qn) + 2rαn

, ∀n ≥ n0.

Let µn =
αnqn

1 − αn(2 + qn) + 2rαn

. Using Lemma 1.1, we have bn → 0 (n → ∞), which is a

contradiction.

2. If infn≥0 bn+1 = 0, then there exists subsequence {bnj+1} ⊂ {bn+1} such that bnj+1 → 0
(j → ∞). Since αn → 0, qn → 0 (n → ∞), ∀ε ∈ (0, 1), there exists a positive integer nj0

such that

bnj0
+1 < ε,

αn <
1

4
Φ(ε), qn <

1

4
Φ(ε)ε

}

(21)
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for n ≥ nj0 . Our next step is to show that

bnj0
+i ≤ ε, ∀i ≥ 1. (22)

In fact, for i=1, we know the conclusion holds from (21). For i=2, we assume the conclusion
does not holds. Then we have

bnj0
+2 > ε. (23)

Since h(r) is nondecreasing, we have Φ(bnj0
+2)bnj0

+2 ≥ Φ(ε)ε. Let hn =
1

1 − αn(2 + qn)
.

Then the first term of the right-hand side of (17) becomes

(1 − αn)2

1 − αn(2 + qn)
b2
n = b2

n + hnαn(αn + qn)b2
n.

Consequently, it follows from (17) and (21) that

b2
nj0

+2 ≤ b2
nj0

+1 + hnj0
+1αnj0

+1

{

[αnj0
+1 + qnj0

+1]b
2
nj0

+1 − 2Φ(ε)ε + qnj0
+1

}

≤ ε2 + hnj0
+1αnj0

+1

{

[1

4
Φ(ε) +

1

4
Φ(ε)ε

]

ε2 − 2Φ(ε)ε +
1

4
Φ(ε)ε

}

≤ ε2 + hnj0
+1αnj0

+1

{

3

4
Φ(ε)ε − 2Φ(ε)ε

}

< ε2,

which is a contradiction with (23). Hence bnj0
+2 < ε holds and inductively we can show

that (22) holds. This implies that limn→∞ bn = 0, i.e.,

lim
n→∞

‖xn − un‖ = 0. (24)

Suppose that lim
n→∞

un = q∗. The inequality

0 ≤ ‖xn − q∗‖ ≤ ‖un − q∗‖ + ‖xn − un‖

and (24) imply that limn→∞ xn = q∗. This completes the proof.

Remark 2.1. Theorem 2.1 extends and improves Theorem 2.1 of [13] in the following aspects:

1. Abolish the condition that E∗ is uniformly convex used in [13];

2. The hypotheses conditions that a closed, convex, bounded subset B of E in [13] is replaced
by the more general conditions {(I − T )un}, {(I − T )xn}, {(I − T )yi

n} or {Tun}, {Txn},
{Tyi

n}(1, · · · , p − 1) are bounded;

3. The strongly pseudocontractive operator in [13] is replaced by the Φ−strongly pseudocon-
tractive operator.

Taking p = 2, 3 in (11), respectively, Theorem 2.1 leads to the following result.

Corollary 2.1. If the assumptions in Theorem 2.1 hold, then the following are equivalent:

(i). the Mann iterative sequence (10) converges strongly to the solution of the equation Tx = f

for any given f ∈ E;
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(ii). the Ishikawa iterative sequence {xn} defined for any x0 ∈ E by

{

xn+1 = (1 − αn)xn + αn(f + y1
n − Ty1

n),
y1

n = (1 − β1
n)xn + β1

n(f + xn − Txn), n = 0, 1, 2, · · ·
(25)

converges strongly to the solution of the equation Tx = f for any given f ∈ E;

(iii). the three-step iterative sequence {xn} defined for any x0 ∈ E by







xn+1 = (1 − αn)xn + αn(f + y1
n − Ty1

n),
y1

n = (1 − β1
n)xn + β1

n(f + y2
n − Ty2

n),
y2

n = (1 − β2
n)xn + β2

n(f + xn − Txn), n = 0, 1, 2, · · ·
(26)

converges strongly to the solution of the equation Tx = f for any given f ∈ E;

(iv). the multi-step iterative sequence (11) converges strongly to the solution of the equation

Tx = f for any given f ∈ E.

If we put S=I + T and T : E → E be a continuous Φ−strongly accretive operator. It is
easy to prove that S is a continuous Φ−strongly accretive operator. For all x ∈ E, we have
f − Tx = f − (S − I)x = f + x − Sx. Thus, the Mann iterative sequence (10) becomes

un+1 = (1 − αn)un + αn(f − Tun), n = 0, 1, · · · . (27)

The Ishikawa iterative sequence (25) becomes

{

xn+1 = (1 − αn)xn + αn(f − Ty1
n),

y1
n = (1 − β1

n)xn + β1
n(f − Txn), n = 0, 1, 2, · · · .

(28)

The three-step iterative sequence (26) becomes







xn+1 = (1 − αn)xn + αn(f − Ty1
n),

y1
n = (1 − β1

n)xn + β1
n(f − Ty2

n),
y2

n = (1 − β2
n)xn + β2

n(f − Txn), n = 0, 1, 2, · · · .

(29)

The multi-step iterative sequence (11) becomes







xn+1 = (1 − αn)xn + αn(f − Ty1
n),

yi
n = (1 − βi

n)xn + βi
n(f − Tyi+1

n ), i = 1, · · · , p − 2,

yp−1
n = (1 − βp−1

n )xn + βp−1
n (f − Txn), n = 0, 1, 2, · · · .

(30)

The following result follows from Corollary 2.1.

Corollary 2.2. Let E be a real Banach space and T : E → E be a continuous Φ−strongly

accretive operator. Assume that {αn} ⊂ (0, 1) satisfies (8) and {βi
n} ⊂ [0, 1)(i = 1, · · · , p − 1)

satisfy (9). If the sequences {un +Tun}
∞
n=0, {xn +Txn}

∞
n=0, {y

i
n +Tyi

n}
∞
n=0 (i = 1, · · · , p− 1) or

the sequences {Tun}
∞
n=0, {Txn}

∞
n=0, {Tyi

n}
∞
n=0 (i = 1, · · · , p − 1) are bounded and u0 = x0 ∈ E,

then the following are equivalent:

(i). the Mann iterative sequence (27) converges strongly to the solution of the equation x+Tx =
f for any given f ∈ E;

(ii). the Ishikawa iterative sequence (28) converges strongly to the solution of the equation x +
Tx = f for any given f ∈ E;
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(iii). the three-step iterative sequence (29) converges strongly to the solution of the equation

x + Tx = f for any given f ∈ E;

(iv). the multi-step iterative sequence (30) converges strongly to the solution of the equation

x + Tx = f for any given f ∈ E.

Let S = I − T and f = 0. If T is a continuous Φ−strongly pseudocontractive operator, then
S is continuous Φ−strongly accretive operator. It follows from Lemma 1.2 that Sx = 0 has a
unique solution p ∈ E if and only if the operator T has a unique fixed point p ∈ E. On the other
hand, ∀x ∈ E, we have Tx = f + (I − S)x = (I − S)x. Thus, the Mann iterative sequence (10)
becomes

un+1 = (1 − αn)un + αnTun, n = 0, 1, · · · , (31)

and the Ishikawa iterative sequence (25) becomes

{

xn+1= (1 − αn)xn + αnTy1
n,

y1
n = (1 − β1

n)xn + β1
nTxn, n = 0, 1, 2, · · · .

(32)

Moreover, the multi-step iterative sequence (11) becomes







|Dxn+1= (1 − αn)xn + αnTy1
n,

yi
n = (1 − βi

n)xn + βi
nTyi+1

n , i = 1, · · · , p − 2,

yp−1
n = (1 − βp−1

n )xn + βp−1
n Txn, n = 0, 1, 2, · · · .

(33)

It follows from Theorem 2.1 that we get the following result.

Corollary 2.3. Let E be a real Banach space and T : E → E be a continuous Φ−strongly

pseudocontractive operator. If {αn}, {βi
n}, T and u0 satisfy the assumptions of Theorem 2.1,

then the following are equivalent:

(i). the Mann iterative sequence (31) converges strongly to the fixed point of T ;

(ii). the Ishikawa iterative sequence (32) converges strongly to the fixed point of T ;

(iii). the multi-step iterative sequence (33) converges strongly to the fixed point of T .

Remark 2.2. The iteration parameters {αn}, {βi
n} (i = 1, · · · , p − 1) in Theorem 2.1 and

Corollaries 2.1-2.3 do not depend on any geometric structure of the Banach space E or on any
property of the operator T .

Following the above results, we know that if the simple Mann iterative sequence converges,
then the convergence properties of the Ishikawa, three-step, and multi-step iterative processes
are obtained.
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